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Modeling Real Thermodynamic Cycles  
 
While the Carnot cycle is useful in its simplicity, it does not adequately model 

cycles commonly found in practical engines, refrigerators or heat pumps.  The focus of 
this chapter is modeling practical cycles.  With one exception, we will continue to assume 
all processes in each cycle are reversible so that these cycles will continue to be 
idealizations.  The efficiencies we compute, then, will still represent upper limits of what 
is achievable rather than what one may reasonably expect in actual operation.  
Nevertheless, by understanding these upper limits and what determines them, we can gain 
insight into how the efficiency of practical engines may be improved. 

The Stirling Cycle 
 
Robert Stirling was granted a patent in 1816 on an engine designed to be more 

efficient than the then-popular steam engine.  Over the next three decades, he and his 
brother James refined the design, acquired more patents, and built several working 
engines.  The most successful was a 34 kW engine used in a foundry for almost four 
years.  While it was apparently significantly more efficient than steam engines of the 
time, it broke down so frequently that it was not economically feasible.   

 
Improvements in materials since the Stirlings' original patents have led to more 

economically feasible uses.  One application is in the harnessing of solar energy (see 
Problem 9).  A solar collector is used to concentrate radiant energy on the hot end of a 
Stirling engine.  The work output from the engine can then be used to generate electrical 
energy.  A second application is in the area of cooling.  Refrigeration units based on the 
Stirling cycle turn out to be particularly effective at low temperatures (roughly 80K). 

 
The Stirling engine and the steam engine are examples of external combustion 

engines.  Their energy source comes from outside the piston/cylinder device at the heart 
of the engine.  This type contrasts with automobile engines that are internal combustion: 
the fuel is burned right in the cylinder.   

 
The Stirling cycle is an idealized model of what takes place in the Stirling engine.  

It consists of two constant volume (isochoric) processes alternated with two isothermal 
processes.  There is another distinctive feature of this cycle.  During the first isochoric 
process, heat flows out of the working fluid into a device known as a regenerator.  The 
purpose of this device is to store thermal energy until it can be returned to the working 
fluid during the second isochoric process.  The process is depicted in Figures 9.1-9.3. 
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Figure 9.1 The four processes comprising the Stirling cycle.  In processes B and D the pistons 
are moved at the same rate to ensure that the total volume available to the working fluid is 
constant.  The shaded area represents the regenerator. 
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Figure 9.2 The Stirling cycle in the temperature-entropy plane.  Processes B and D occur at 
constant volume. 
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Figure 9.3 The Stirling cycle in the pressure-volume plane.  Processes A and C occur at 
constant temperature. 

 
The working fluid starts at temperature TH.  Heat enters the fluid from a reservoir 

at the same temperature, causing an isothermal expansion and producing work output.  In 
process B, the pistons are moved simultaneously and at the same rate to cause the fluid to 
move through the regenerator to the cold side of the engine, whose temperature is 
maintained at TL through contact with a reservoir.  This process keeps the volume of the 
fluid constant but reduces its temperature.  The temperature reduction is accomplished 
via a flow of heat into the regenerator as the fluid passes through. 

 
Heat exhaust takes place in the isothermal compression labeled process C.  When 

sufficient heat has been expelled (as determined by entropy considerations), process D 
begins, in which the fluid is moved back to the hot side of the engine at constant volume, 
recovering the thermal energy which had been stored in the regenerator. 

 
The only incoming heat flow from outside the engine enters during process A.  

This process is isothermal so that 
 

! 

Qinto sys = TH " S . 
 

The entropy change associated with this heat flow is what must be compensated for in the 
heat exhaust process (C): 

 

! 

Qexhaust= TL " S , 
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where we have again taken advantage of the isothermal nature of the process.  We can 
calculate the efficiency of the cycle directly from these quantities using equation 8.7: 

 

! 

" =1#
Qexhaust

Qinto sys

=1#
TL $S

TH $S

 . 

 
This result reduces to an expression identical to that for the Carnot cycle: 
 

! 

" =1#
TL

TH

  (Stirling cycle).     (9.1) 

 
The common features between these two cycles are that the only heat which enters the 
engine does so through an isothermal process at temperature TH, and the only heat to 
leave does so through an isothermal process at temperature TL.  As can be seen from the 
above calculation, these features alone are sufficient to determine the efficiency of the 
cycle. 

 
In process B, when heat flows out of the working fluid into the regenerator, we 

have 
 

  

! 

QB = mcv T,V' '( )
TL

TH

" dT, 

 
Here cV is the specific heat of the working fluid, and we have used the fact that process B 
occurs at a constant volume, V'' (see Figure 9.3).  The heat which flows out of the 
regenerator and back into the working fluid is similarly calculated: 

 

  

! 

QD = mcv T,V'( )
TL

TH

" dT. 

 
These two heat flows will be equal if there is no volume dependence in the 

specific heat.  Such is the case for ideal gases as discussed in Chapter 4, but it is not the 
case for gases in which intermolecular attractions are significant.  Changing the volume 
of a non-ideal gas changes the average distance between molecules and hence the 
potential energy associated with their interactions.  If there is volume dependence in cV, 
then it is very unlikely that the heat flow from the regenerator will bring the working 
fluid back to state 1.  Thus we see that for all but ideal gases, the Stirling cycle as 
described will not be closed.  To close the cycle, at least one feature needs to be altered.  
In order for the regenerator to be restored to its original state at the conclusion of each 
cycle, the heat flows and entropy changes associated with processes B and D must cancel.  
If we choose to make process B isochoric, we have no guarantee that we can achieve the 
requisite entropy change with the required heat flow via an isochoric process in D.  That 
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is, for a non -ideal gas working fluid, we cannot expect to complete the cycle with 
process D being isochoric. 

 
It is interesting to note a common feature of the Stirling and Carnot cycles.  When 

an ideal gas is used as the working fluid for a Stirling cycle, heat is extracted from the gas 
by the regenerator during one process in the cycle, and exactly the same amount is 
returned in a subsequent process.  That is, energy is stored during one part of the cycle, to 
be retrieved later.  In the Carnot cycle, work is extracted from the gas during the 
isentropic expansion.  If the working fluid is an ideal gas, then exactly the same amount 
of work is required for the isentropic compression later in the cycle.  Again, energy is 
pulled out of the fluid during one part of the cycle, and returned later. 

The Otto Cycle 
 
While the Stirling cycle has applications primarily to external combustion 

engines, the Otto cycle models some types of internal combustion engines.  We will 
begin with a qualitative description of a four stroke engine cycle.  From that description 
we will see how the Otto cycle captures many of its essential features.  The four stroke 
engine begins with the intake of the air-fuel mixture as the volume in the cylinder 
expands.  When the intake is complete, the intake valve closes, and compression of the 
air-fuel mixture begins.  At approximately maximum compression, a spark ignites the 
fuel, causing rapid combustion.  The combustion represents a conversion of chemical 
potential energy to thermal energy.  The rapid rise in the temperature of the gas causes 
expansion in a process known as the power stroke, since it is where the output work 
comes from.  The final process begins with the opening of the exhaust valve, allowing 
some gas to escape.  The piston then moves back in, pushing the remaining combustion 
products out of the chamber. 

 Spark
Plug

 Intake
Valve

Exhaust
Valve

 Air-Fuel
Mixture

 
Figure 9.4 A schematic representation of the combustion chamber in a four stroke internal 
combustion engine. 
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In developing an ideal cycle to model this process, several simplifications are 
made.  The most significant simplification is that the working substance is taken to be 
confined in a closed system.  In the real four stroke engine, the entrance of the fuel/air 
mixture and the exit of the combustion products are clear signs of an open system.  
However, many of the same features of the cycle can be captured using a closed system 
model.   

 
Figure 9.5 The Otto cycle is shown in the pressure-volume plane. 

Figure 9.6 The Otto cycle is shown in the temperature-entropy plane.  Processes B and D occur 
at constant volume. 
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Process A of the idealized Otto cycle is an isentropic compression, mimicking the 

air/fuel compression in the real cycle.  In modeling the compression this way, we are 
assuming reversibility and that the compression stroke occurs rapidly enough that there is 
insufficient time for any significant heat flow to occur.  Process B models the combustion 
of the fuel.  In our model we can no longer rely on the chemical potential energy to 
thermal energy conversion for an energy source.  Fuel can only be burned once--there is 
no way to replenish it in our idealized closed system.  Thus we model this conversion by 
the entrance of an equivalent amount of heat.  Since combustion occurs rapidly, there is 
little chance for volume to change in the real four stroke cycle.  Therefore, in the Otto 
cycle, it is assumed that the heat enters in a constant volume process.  Process C is the 
power stroke, modeled (for reasons similar to those for process A) as an isentropic 
expansion.  Process D is modeled as an isochoric heat exhaust to account for the thermal 
energy lost when exhaust gases are expelled in the real four stroke cycle. 

 
The working substance we will use in our model cycle is an ideal gas of constant 

quantity (as measured in moles).  The reasoning behind this is that the incoming mixture 
of fuel and air is predominately nitrogen (from the air), and that portion of the mixture 
does not change during combustion.  In the temperature range of interest (roughly room 
temperature and higher), air is well away from condensation, so the ideal gas model 
would be appropriate.  It is worth noting, however, that the attraction of fuel molecules to 
each other in a real engine will somewhat decrease the accuracy of this approximation as 
will the change in n, the number of moles of gas present, due to the combustion process.   

 
We will make the further assumption that the specific heat of air is constant 

during the cycle.  While this approximation allows us to develop a compact expression 
for the efficiency of the Otto cycle, it is a bit more of a stretch.  The specific heat will, in 
fact, vary with temperature.  In a later example, we shall look at the amount of variation 
we might reasonably expect.  It is also worth noting that the composition of the gas will 
change due to combustion.  The effect of this change on the specific heat of the gas is 
also ignored since the mixture is dominated by nitrogen before and after combustion. 

 
In determining the efficiency of the cycle, it is easiest to begin from equation 8.7: 
 

! 

" =1#
Qexhaust

Qinto sys

 . 

 
Heat enters in process B at constant volume.  Since we assume cV is constant, we can 
write 

 

! 

Qinto sys = mcV T3 " T2( ) .       (9.2) 
 

Likewise, in the heat exhaust process (D) we have 
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! 

Qexhaust= mcV T4 " T1( ) .        (9.3) 
 

Thus 
 

! 

" =1#
T4 # T1

T3 # T2

 .        (9.4) 

 
While the efficiency would seem to depend on the temperatures of the four 

different states of the cycle, we can make significant simplifications by using information 
about processes A and C.  Each is an isentropic ideal gas process with constant γ, so that 

 

! 

T1V1
"#1 = T2V2

"#1 T3V3
"#1 = T4V4

"#1 . 
 
We define the compression ratio  
 

€ 

r =
V1

V2

 ,        (9.5) 

which represents the factor by which the gas is compressed in process A.  Since V1=V4 
and V2=V3,  

 

€ 

r =
V4

V3

 . 

 
We can then rewrite the isentropic relations as 

! 

T2

T1

= r"#1 =
T3

T4

 .       (9.6) 

 
Now the efficiency becomes 

 

! 

" =1#

T4 1#
T1
T4

$ 

% 
& 

' 

( 
) 

T3 1#
T2
T3

$ 

% 
& 

' 

( 
) 

=1#
T4
T3

 .      (9.7) 

 
where T1/T4=T2/T3 follows from equation 9.6 above.  Finally, we replace the temperature 
ratio with an expression involving the compression ratio to obtain 

 

! 

" =1#
1

r$#1    (Otto cycle using ideal gas with constant specific heat).  (9.8) 

 
It is thus seen that increasing the compression ratio increases the efficiency of the Otto 
cycle. 
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A conventional gas powered automobile engine is spark-based.  That is, it is 
designed to use a spark to ignite the compressed fuel.  The proper timing of ignition is 
essential to smooth operation of the engine.  However, if the air-fuel mixture is 
compressed too much, it can reach a state where it ignites itself, giving rise to the 
phenomenon known as engine knock.  This problem puts a practical upper limit on the 
compression ratio, r.  The exact upper limit depends in part on the type of fuel used.  
Typically, automobile gas engines operate with a compression ratio in the range of 7 - 10. 

 
Example 9.1: Consider an Otto cycle with air as the working fluid, for 

which the compression ratio is 9.0,  T1=300 K and 500 kJ/kg of heat flows in 
during process B. Assume the air behaves like an ideal gas with constant 
specific heats. Determine the maximum temperature during the cycle. 

 
The room temperature value of cV for air is 0.718 kJ/kg K and that for !  

is 1.402 (Appendix D).   We calculate T2 using equation 9.6: 
 

  

! 

T2 = T1r
"#1 = 300K 9.0( )1.402#1

= 726K  . 
 

T3 then follows from equation 9.2: 
 

  

! 

qinto sys = cV T3 " T2( )

500
kJ
kg

= 0.718
kJ

kg¥K
T3 " 726K( )

T3 =1422K .

 

 
This is a substantial temperature increase.  In fact, at this temperature, cV for 
air is about 0.92 kJ/kg K, some 28% higher than the value we assumed for our 
calculations.  Thus there is good reason to doubt the quantitative accuracy of 
our result.  A more careful calculation would account for the temperature 
variation in the specific heat function (see Problem 5). 
 

The Rankine Cycle 
 
The Rankine cycle is used to model steam engines and generators.  One portion 

of the cycle involves extracting work from a fluid as it flows through a turbine.  Let us 
first focus our attention on that process.  A turbine is a set of blades attached to a shaft.  
As fluid flows against and past the blades, the shaft is caused to rotate.  The rotating shaft 
can be attached to an electrical generator or some other machine in order to extract work.   
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P1
 P2 ! V1  ! V2

 
Figure 9.7 A schematic representation of a turbine.  This representation can also be used for a 
compressor. 

 
Let us first imagine the following situation: a turbine (which we schematically 

represent by a box in Figure 9.7 has an inlet pipe and an outlet pipe, each containing a 
piston.  By moving these two pistons, we are able to move a small amount of mass, δm, 
through the turbine.  Defining the system as being the fluid inside the box, we see there is 
work δW=P1δV1 done on the system on the inlet side.  The piston pushes on the fluid in 
the pipe, and that fluid in the pipe in turn pushes on the fluid in the system.  Similarly, the 
work done by the system on the fluid in the outlet pipe is P2δV2.  The net boundary work 
done on the system is then P1δV1- P2δV2.  At the same time, if mass δm is pushed in on 
the inlet side, it carries with it thermal energy in the amount of u1δm.  The exiting thermal 
energy is u2δm, where we have assumed that just as much mass enters the system as 
leaves the system.  Such would be the case in a steady state flow problem.  Thus the net 
thermal energy transmitted into the system is u1δm-  u2δm.  The total energy transmitted 
to the fluid inside the turbine, due to fluid flow is 

 

€ 

P1δV1 −P2δV2 + u1δm−u2δm = δm u1 + P1v1( )− u2 + P2v2( )[ ] = δm h1 −h2( )  . 
 

This energy can leave in the form of heat flow out of the system or work done by 
the system (e.g., mechanical work done on the rotating shaft of the turbine): 

 

€ 

δm h1 −h2( ) = δQout +δWby system . 
 

In arriving at this equation, we have assumed there is no significant change in the 
gravitational potential energy (i.e., no significant height change in the fluid) and no 
significant change in the fluid kinetic energy (i.e., no significant change in the fluid 
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speed).  As a first approximation for a turbine, we neglect heat loss, due to the speed with 
which the fluid moves through.  Thus we have 

 

€ 

δWby system= δm hin −hout( )  . 
 

Keeping in mind that the system is the fluid and we are calculating the work it does on 
the turbine, we find 

 

  

! 

"Won turbine = "m hin # hout( ) .      (9.9) 
 
While work done by a fluid on a turbine is associated with an enthalpy decrease, 

similar arguments show that work done by a compressor on a fluid shows up as an 
enthalpy increase: 

 

€ 

δWby compressor = δm hout − hin( )  .      (9.10) 
 
An alternative expression for the work done by a compressor (or on a turbine) 

involves a volume-pressure integral.  Consider equation 6.25: 
 

€ 

dH = TdS+ VdP . 
 

If we assume as above that the compression is reversible and involves no heat flow, then 
 

! 

" H = VdP#  . 

 
Combining this with equation 9.10 yields 

 

! 

" Wby compressor= " mvdP#  . 

 
When the compressor is working on a liquid, it will produce very little change in the 
specific volume or specific thermal energy.  Thus, 

 

! 

" Wby compressor# " m Pout $ Pin( )v  (Liquid).    (9.11) 
 

Bear in mind that the compressor is assumed to be performing work isentropically.  This 
is in contrast to the isothermal conditions that were examined in Chapter 5 (see equation 
5.13). 

 
We now apply these ideas to the Rankine cycle depicted in Figure 9.8.  Process A 

in the cycle involves heat entering a boiler, causing the working fluid to move from the 
liquid phase into the vapor phase and warming it further.  This additional warming is 
known as superheating.  It improves the efficiency of the cycle and helps minimize the 
amount of liquid water that might inadvertently sneak through the cycle at this point.  
Process A is modeled as a constant pressure process.  The hot vapor flows to the turbine 
where, in process B, it does work on the turbine, causing the blades to turn.  This being 
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an ideal cycle, we assume each process in it is reversible.  We further assume that in 
process B the vapor flows through rapidly enough that there is insufficient time for any 
significant amount of heat flow.  Hence we model process B as isentropic.  In process C, 
the vapor/liquid saturated mixture enters a condenser at constant pressure, where heat can 
be exhausted and liquefaction can take place.  The liquid flows into a pump, where in 
process D it is compressed.  We model the compression as isentropic work being 
performed on the fluid.  The compressed liquid is ready to enter the boiler and start the 
cycle anew. 

 
By increasing the pressure on the fluid during the compression process, we cause 

it to enter the coexistence region at a higher temperature than found in the heat exhaust 
process.  As can be seen in Figure 9.8, this results in a greater area enclosed by the cycle 
in the temperature-entropy plane.  Since this area is equal to the net work done during the 
cycle (as discussed in Chapter 8), we can now see why the compression is useful. 

 
When we examine the temperature-entropy plot of the cycle, we can see that most 

of the heat uptake and exhaust is associated with phase changes.  This allows the whole 
cycle to occur over a much smaller temperature range than would otherwise be possible.  
The price paid for this advantage is that when the cycle is run with water, the liquid phase 
tends to degrade the engine parts more rapidly than if the entire cycle were run in the 
vapor phase. 
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Figure 9.8 The Rankine cycle with superheating is plotted in the temperature-entropy plane 
and compared to a schematic of a steam engine.  The cycle depicted in the center plot is 
superheated and may be achieved by ensuring the heat source (from combustion for instance) 
is in thermal contact with both the liquid and the vapor phases of the water during process A. 

 
 
 



Chapter 9 

Copyright 2009  Marshall Thomsen 

15 

  
 
We now turn our attention to the efficiency of the cycle.  Heat enters the working 

fluid in process A.  Since this process is isobaric, we can write that for a bit of mass, δm, 
moving through the boiler, 

 

! 

" Qin = " m#h = " m h2 $ h1( ) .      (9.12) 
 

The heat exhaust occurs in the condenser, and this is also an isobaric process: 
 

! 

"Qexhaust = "m h3 # h4( )  .      (9.13) 
 

The efficiency of the cycle is then 
 

! 

" =1#
Qexhaust

Qin

=1#
h3 # h4
h2 # h1

 (Rankine Cycle).    (9.14) 

 
Alternatively, note that work is involved in processes B and D, involving the 

turbine and the compressor, respectively.  According to equation 9.9, the work done on 
the turbine by the fluid is 

 

  

€ 

δWon turbine = δm hin −hout( ) = δm h2 −h3( )  , 
 

while the work done by the compressor on the fluid is 
 

! 

" Wby compressor= " m hout # hin( ) = " m h1 # h4( )  . 
 

Thus the net work done by the fluid during the cycle is 
 

! 

"Wnet,cycle = "m h2 # h3( ) # "m h1 # h4( ) = "m h2 # h1( ) # h3 # h4( )[ ] . 
 

Using equation 9.12 for the input heat, this gives us an expression for the efficiency of 
the cycle: 

 

! 

" =
#Wnet,cycle

Qin

=
#m h2 $ h1( ) $ h3 $ h4( )[ ]

#m h2 $ h1( )
=1$

h3 $ h4
h2 $ h1

, 

 
as before. 

 
Example 9.2: Suppose a steam engine operates using a Rankine cycle.  

The water enters the turbine at 400oC and with a pressure of 5 MPa.  The 
specific enthalpy and entropy of this state are 3196.7 kJ/kg and 6.6483 kJ/(kg 
K), respectively.  It leaves the condenser at 60 kPa.  Calculate the maximum 
possible efficiency of this engine. 
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In order to calculate the efficiency, we need to determine the specific 

enthalpy of each of the four states in the cycle that mark the beginning of the 
next process.  From Figure 9.8, we see that state 2 corresponds to the water 
vapor just before it enters the turbine.  We are given that the pressure and 
temperature at that point are 5 MPa and 400oC and that h2=3196.7 kJ/kg and 
s2=6.6483 kJ/kg K.  

 
The work done in the turbine is modeled as isentropic, so we know that 

s3=s2=6.6483 kJ/kg K.  Furthermore, the condensation process (C) is isobaric, 
so that P3=P4=60 kPa.  We now have two specific pieces of information about 
state 3, which in principle is enough to completely define the state. By looking 
up the values of sl and sg at 60 kPa in Appendix F, we see that sl<s3<sv, so state 3 
is a liquid/vapor coexistence state.  We can calculate the quality x of the state: 

 

  

! 

s3 = 1" x( )sl +xsg

6.6483
kJ

kg¥K
= 1" x( )1.1454

kJ
kg¥K

+x 7.5311
kJ

kg¥K

 . 

 
which gives x=0.8618.  From this we obtain  

 

  

! 

h3 = 1" x( )hl +xhg

= 1" 0.8618( )359.91
kJ
kg

+ 0.8618( )2652.9
kJ
kg

= 2336.0
kJ
kg

,

 

where the values of the enthalpy correspond to the saturated values at 60 kPa. 
 
When the fluid exits the condenser in state 4, it is saturated liquid at 60 

kPa.  Thus h4=359.91 kJ/kg. 
 
To obtain h1, we first use equation 9.11: 
 

! 

" Wby compressor# " m P1 $ P4( )v. 
 
We know that process A is isobaric, so that P1=P2=5 MPa.  Defining 

w=W/" m, we find 
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wby compressor = vl@60kPa P1 ! P4( )
= 1.03307 " 10! 3 m3

kg
5000kPa ! 60kPa( )

= 5.10 kJ
kg

 

 
Finally, from equation 9.10 we get 
 

  

! 

h1 = h4 +wcompressor

= 359.91
kJ
kg

+5.10
kJ
kg

= 365.01
kJ
kg

 

 
Having completed our task of determining the enthalpies, we can now 

calculate the efficiency from equation 9.14: 
 

  

! 

" =1#
h3 # h4

h2 # h1

=1#
2336.0

kJ
kg

# 359.91
kJ
kg

3196.7
kJ
kg

# 365.01
kJ
kg

= 0.302

 

 
Since this is the efficiency for an ideal Rankine cycle operating under the 
prescribed conditions, then it represents the maximum efficiency possible.  Real 
efficiencies will be substantially lower due to dissipation and other 
irreversibilities. 
 

Vapor Compression Refrigeration Cycle 
 
We now turn our attention to a cycle used in refrigeration processes.  We begin by 

modeling a reversible refrigeration cycle, as depicted in Figure 9.9.  In state 1, the 
working fluid is in liquid-vapor coexistence.  During Process A, heat enters the fluid 
under isobaric conditions until all the liquid has become vapor.  This is the essential 
function of the cycle, to absorb thermal energy from a room or refrigerated compartment.  
The remaining processes are present to dump this thermal energy elsewhere and complete 
the cycle.  Process B is an isentropic compression which raises the temperature of the 
vapor.  Process C allows heat to flow out of the vapor under isobaric conditions until all 
of the vapor has condensed into a liquid.  Thus this process is where heat exhaust into the 
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warmer environment takes place.  At the end of process C, all of the fluid is saturated 
liquid.  In process D, the fluid does work through an isentropic expansion.  This causes 
the temperature to drop and the fluid ends up in the liquid-vapor coexistence region, back 
at its starting state. 

 
Figure 9.9 The reversible vapor compression refrigeration cycle. 

 
 
Overall, this cycle requires us to input work (process B), some of which we get 

back (process D), in order to extract thermal energy from a cool environment (process A) 
and dump it plus a little more energy into a warmer environment (process C).  In order to 
achieve maximum efficiency, a mechanism for converting the output work from process 
D into input work for process B must be built.  As a practical matter, it turns out that 
most often building such a mechanism does not make economic sense.  Instead of 
allowing the fluid to do work as it expands isentropically, the fluid is allowed to cool in 
an irreversible process involving no external work. 

 
The device that is used to create the temperature and pressure drop in the working 

fluid is known as a throttling valve.  It is essentially a constriction in the fluid-carrying 
tube followed by a larger diameter tube connected on the output side.  This allows the 
fluid to expand rapidly, so to a good approximation no heat flow is involved.  However, 
this rapid expansion is irreversible.  Thus when a fluid moves through a throttling valve, 
the process is adiabatic but not isentropic.  The thermodynamics of a throttling valve is 
analyzed in a similar fashion to that of the turbine, except in the throttling valve there is 
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no way for the fluid to perform work on its surroundings.  Thus in equation 9.9 for the 
turbine, we set the work term equal to zero to obtain 

 

! 

hinlet = houtlet   (throttling valve).     (9.15) 
 
 
With the use of a throttling valve in process D, the overall cycle becomes an 

irreversible vapor compression refrigeration cycle and is depicted in Figure 9.10 .  
Since process D is no longer reversible, there is an entropy increase associated with it.  
Recalling that the heat absorbed in process A is equal to the area under the process A line 
in the temperature/entropy plot, it becomes visually clear that the irreversibility of 
process D results in less heat being absorbed in process A and thus in a less effective 
cycle.   

 

 
 
Figure 9.10 The irreversible vapor compression refrigeration cycle.  Note the slanted line 
associated with the irreversible process D results in less area under the process A line and thus 
in less heat taken in during the cycle. 

 
To determine the coefficient of performances for this cycle as a refrigerator and as 

a heat pump, we need to calculate heat flows and the work input.  Heat comes into the 
fluid in process A, an isobaric process: 

 

! 

"Qin = "m h2 # h1( ) , 
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where δm represents a small amount of mass moving through the cycle.  Heat flows out 
of the fluid in process C, also isobaric: 

 

! 

" Qexhaust= " m h3 # h4( )  . 
 
The work input is calculated using the compressor equation 9.10.  Thus, 
 

€ 

Win = δm h3 −h2( )  . 
 

We can also determine this work using energy conservation.  Since for a complete cycle, 
ΔU=0, 

 

! 

Wnet,in,cycle +Qnet,in,cycle = 0

Win +" m h2 # h1( ) # " m h3 # h4( ) = 0

Win = " m h3 # h2( ) ,

 

 
where in the last step we have used that h4=h1 due to the throttling process. 

 
We can now obtain the coefficients of performance for the refrigeration and heat 

pump cycles: 
 

! 

COPref =
Qin

Win

=
h2 " h1
h3 " h2

  ,      (9.16) 

 
and 

 

€ 

COPhp =
Qexhaust

Win

=
h3 − h4
h3 − h2

  .      (9.17) 

 
Thus determining the coefficient of performance for this cycle requires a detailed 
knowledge of the states of the working fluid, as was the case for the Rankine cycle. 
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Chapter 9 Problems 
 

1. An engine based on the Stirling cycle uses 2.2 kg of N2 as its working fluid.  570 kJ 
of heat enters at a temperature of 850 K during each cycle.   Heat is exhausted at 330 
K.  You may neglect the temperature dependence of the specific heat in this problem.  
a. What is the ideal efficiency of the cycle? 
b. What is the maximum amount of work that can be obtained per cycle? 
c. What is the minimum amount of heat that must be exhausted during each cycle? 
d. How much heat is transferred to and from the regenerator during each cycle? 

 
2. A plot of a Rankine cycle is shown below in the pressure vs. specific enthalpy plane.  

The dashed line is the liquid-vapor coexistence curve.  Determine the efficiency of 
this cycle.  

 
 

 
Figure 9.11 The Rankine cycle described in problem 2. 
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3.  In a non-superheated Rankine cycle, water leaves the boiler at saturation.  Suppose 

such a cycle takes place with saturated water vapor entering the turbine at 3500 kPa 
and water (in an unknown phase) leaving at 100 kPa.  Determine the efficiency of this 
cycle.  

 
4. An irreversible vapor compression refrigeration cycle involving R-134a is shown on 

the plot below.  Portions of the liquid-vapor coexistence curve are shown in dashed 
lines for reference.  Calculate COPR for this cycle.  If this cycle were used in a heat 
pump, what would COPHP be?  

 

Figure 9.12 Cycle described in problem 4. 
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5.  In this problem, you will investigate the influence of temperature dependence in the 

specific heat on Otto cycle efficiency calculations.  Start with the assumptions in 
Example 9.1:  The working fluid is air, the compression ratio is 9.0, T1=300 K and 
500 kJ/kg flows into the gas during process B.  Over the temperature range of 300 K 
to 1800 K, cV for air can reasonably be approximated by 
  

! 

cV = C0 +C1T = 0.6635+0.0001806T 
where T is measured in Kelvin, and cV has units of kJ/kg.K . 

a. In Chapter 6, we found 

! 

dS=
mcv
T
dT+

"P
"T

# 

$ 
% 

& 

' 
( 
V

dV.  Starting from this equation, show 

that T1 and T2 (the endpoints of process A) are related to each other by the equation 

    

! 

0 = C1 T2 " T1( )+C0! n
T2

T1

"
R
M

! n 9.0( ) 

where M is the mass of 1 mole of air. 
b. Find a numerical solution to the above equation for T2.  Note that you will not be 
able to solve this equation algebraically.  You need to use trial and error, a spread 
sheet program, or some other numerical technique.  
c. Show that the heat flow into the gas in process B can be written as 

€ 

Qin = mC1

T3
2 −T2

2

2
+ mC0 T3 −T2( )  

where m is the total mass of the air in the cylinder. 
d. Find a numerical solution to the above equation for T3. 
e. Set up an equation similar to that found in part a, now covering the isentropic 
expansion associated with process C.  
f. Find a numerical solution to the above equation for T4. 
g. Set up an equation similar to that found in part c, now covering the heat exhaust in 
process D.  
h. Find a numerical value for the heat exhaust per unit mass in process D. 
i. Using only your expressions for heat intake and heat exhaust, calculate the 
efficiency of this cycle and compare it to the result one would obtain from equation 
9.8 .  
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6. Consider ammonia as the working fluid in an irreversible vapor-compression 

refrigeration cycle.  Fluid flows through the cycle at a rate of 0.070 kg/s.  The 
thermodynamic properties of each of the states are given in the figure below.  

 
 
T2=4.07 oC 
P2=500 kPa 
v2=0.250 m3/kg 
u2=1325 kJ/kg 
h2=1450 kJ/kg 
s2=5.29 kJ/(kg K) 
Saturated vapor 

    B 
   ⇒  

T3=52.2 oC 
P3=1000 kPa 
v3=0.146 m3/kg 
u3=1397 kJ/kg 
h3=1544 kJ/kg 
s3=5.29 kJ/(kg K) 
Vapor 

 

  A ⇑  
 
 

 
 

Refrigeration 
Cycle 

 
   ⇓   C 
 

T1=4.07 oC 
P1=500 kPa 
v1=0.0216 m3/kg 
u1=289.0 kJ/kg 
h1=299.7 kJ/kg 
s1=1.141 kJ/(kg K) 
x1=0.0803 

       D 
   ⇐  

T4=24.8 oC 
P4=1000 kPa 
v4=0.00166 m3/kg 
u4=298.1 kJ/kg 
h4=299.7 kJ/kg 
s4=1.126 kJ/(kg K) 
Saturated liquid 

 
a. Determine the rate  of heat flow in each of the 4 processes in this cycle. 
b. Determine the rate at which work must be input into this cycle. 
c. Determine the coefficient of performance for this cycle. 

 
7. Water vapor at 300 kPa and 140oC is throttled through a valve so that its final 

pressure is 100 kPa.  Determine the temperature of the vapor after throttling.  
 

8.   General result for the Otto Cycle: 
a. Show that in the Otto cycle, for a working fluid with constant specific heats, 

! 

Tmax =
qB +cvr

"#1T1

cv

 

where qB=QB/m represents the heat flow into the working fluid in process B, per unit 
mass of the working fluid.  
b. Apply this result to determine T3 in Example 9.1. 
c. Comment on the design constraints this imposes on internal combustion engines.  
In particular, note that the melting point of steel is around 1650K, close to the 
maximum temperature found in the cycle described in Example 9.1.  
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9.  The Solar Power and Sun Lab at Sandia National Laboratory describes the use of a 
concave mirror to concentrate solar energy onto Stirling engine.  The mechanical 
output of the Stirling Engine is used to operate an electrical generator.  The report 
indicates that solar energy is available at the rate of 2.7 MWh/m2/yr.  Of this energy, 
approximately 90% is reflected by the mirror onto a receiver.  Approximately 90% of 
this energy, in turn, makes it to the hot side of the Stirling engine.  The high-
performance Stirling engine can operate at an upper temperature of 700oC.  
a.  Assuming the cold side of the Stirling engine is 30oC, calculate the upper limit on 
the efficiency of this engine.  
b.  Combine the efficiency in part (a) with the other given information to estimate an 
upper limit for the overall conversion efficiency of solar energy into mechanical 
energy by this system.  
c.  The report states that the overall solar-electric conversion efficiency is 29.4%.  
What factors might account for the discrepancy between this number and what was 
calculated in (b)?  
d.Using the 29.4% efficiency as a guide, how large a solar collector would be 
required to produce an average electrical power output of 1.0 kW?  

 
10. Show that when an ideal gas flows through a throttling valve, the inlet temperature is 

equal to the outlet temperature.  Make clear at what stage you need to rely on the 
properties of an ideal gas.  (This result does not apply to non-ideal gases).  

 
11. Show that the heat flow into the working fluid during an irreversible vapor 

compression cycle is given by 

! 

" m 1# x1( ) hg P1( ) # hl P1( )[ ]  

where x1 and P1 are the quality and pressure respectively of state 1. 
 

12. The specific enthalpy of r134a for saturated vapor can be reasonably well fit to the 
function 

    

! 

hg =17.9 * !n 0.056P+0.0029( )+317.51 
where P is in MPa and h is in kJ/kg.  This gives less than 1% error over the range 0.06 
MPa to 0.80 MPa.  The specific enthalpy of r134a for saturated liquid can be 
reasonably well fit to the function 

  

! 

hl = 81.9+ 35.4P"
1

0.00939+0.0501P
 

where P is in MPa and h is in kJ/kg.  This gives less than 4% error over the range 0.06 
MPa to 0.80 MPa.  Let qin denote the heat flow per unit mass into r134a during an 
irreversible vapor compression refrigeration cycle.  
a. With the help of problem 11, show that over the pressure range 0.06 MPa to 0.80 
MPa, qin has its maximum at 0.06Mpa and its minimum at 0.80 MPa.  You may do so 
either by generating and submitting a plot or by showing that the first derivative is 
negative over the entire interval.  
b. Taking x1=0.30, determine the maximum and minimum values for qin. 
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13.  Suppose in Example 9.2 that the water leaves the condenser at a pressure of 100 kPa.  
What is the new efficiency of the cycle?  

 
14. Gasoline contains predominately octane (the ÒoctaneÓ value quoted on the pump is 

approximately equal to the percent of octane in the gasoline).  Octane has an 
autoignition temperature of 417oC.  In the isentropic compression portion of the Otto 
cycle, the point is to get the air-fuel mixture hot without exceeding the autoignition 
temperature for the fuel.  Estimate the upper limit on the compression ratio in this 
cycle such that the autoingition temperature is not exceeded in state 2 (just prior to 
spark ignition). You may assume the incoming air-fuel mixture is an ideal gas that 
has a γ value of 1.4 (constant) and a temperature of 25oC.  

 
15. Consider a Rankine cycle in which steam enters the turbine at 300oC and 1.00 MPa, 

and the condenser operates at a pressure of 100 kPa.  Calculate the efficiency of this 
cycle, assuming it is reversible.  Note that these numbers are not necessarily realistic 
but were chosen so that data would be readily available in the appendices.  

 
16. Suppose water is used as a working fluid in an irreversible vapor compression cycle.  

The temperature at which heat uptake occurs is 1oC and the pressure of the fluid 
during the heat exhaust process is 4.50 kPa. 

 a. Calculate the coefficient of refrigeration performance for this cycle.  You will need 
to use Excel files WaterGasPhase and WaterSaturation. 

 b. Aside from the lower bound on the temperature of the heat uptake portion of the 
cycle being the triple point of the water, can you identify other serious design 
concerns with this refrigeration device?  
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