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Ideal Thermodynamic Cycles  
 
A cycle is a set of consecutive processes, moving a system through a sequence of 

states, that bring the system back to the same thermodynamic state from which it started.  
Cycles are of significance in the operation of a wide range of engines as well as of 
heating and cooling devices.  Most often there is a fluid in the device, known as the 
working fluid, which undergoes a series of processes at least some of which involve heat 
flow.  The net result of the cycle may be work output by the device or it may be the 
transfer by the device of thermal energy from a low temperature reservoir to a high 
temperature reservoir.  When the net result is work output by the device, we refer to the 
device as a heat engine, since the device uses heat as its energy source.  While the First 
Law of Thermodynamics imposes some energy-related constraints on cycles, the Second 
Law also imposes some significant constraints on cycles because heat flow always has 
entropy associated with it. 

 
Let us begin by looking at restrictions the First Law places on cycles.  

Mathematically, we express the First Law as 
 

€ 

ΔU = Wonsys + Qinto sys .       (8.1) 
 

Subscripts on the work term and the heat term have been reintroduced to make explicit 
our sign convention.  We will also use the subscript "net" to indicate the algebraic sum of 
the term over all processes in the cycle.   

 
If we apply the First Law to one full cycle, then ! Unet=0 since the starting and 

ending thermodynamic states of a cycle are identical.  Thus 
 

  

! 

Wnet, on sys = "Qnet, int o sys   (complete cycle) .   (8.2) 
 

This energy balance can usefully be interpreted in two different ways.  If the purpose of 
the cycle is to produce work output, then Wnet by sys = -Wnet on sys and we can write 

 

  

! 

Wnet, by sys = Qnet, into sys . 
 

That is, the source of energy for the work output is, ultimately, incoming heat.  On the 
other hand, if the point of the cycle is to move thermal energy from a low temperature 
environment to a high temperature environment, as is the case for refrigerators, work 
input is required and there is a net heat flow out of the system: 

 

  

! 

Wnet, onsys = Qnet, out of sys     . 
 
 
A graphical analysis can be helpful in providing insight into the details of the 

cycle.  Recall that work on a hydrostatic system can be calculated through 
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! 

Wonsys = " PdV#  ,       (8.3) 

 
and thus it equals (in magnitude) the area under the curve in a pressure vs. volume plot.  
If the volume decreases during the process, the integral is negative.  Accounting for the 
minus sign in equation 8.3 gives a positive value for work done on the system.  As 
expected, work is required to compress a fluid.  Conversely, a system does work on its 
surroundings when it expands.   

 
When one plots pressure vs. volume for a cyclic process, the curve must result in 

a closed figure, since the system is returned to its original thermodynamic state.  The net 
work done during the entire cycle is equal to the area enclosed by the figure.  The sign of 
the work can often be determined by looking at the direction of the uppermost (highest 
pressure) portion of the cycle.  If the volume of the working fluid decreases during that 
portion, net work is being done on the fluid. 
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Figure 8.1 (a) When a substance is compressed, work is done on the system.  (b) When the 
substance expands, it does work on its surroundings, which we indicate mathematically by 
making Won sys negative.  In both cases, the work has a magnitude equal to the area under the 
pressure vs. volume curve.  
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Figure 8.2 (a) When a cycle is traversed counterclockwise in the pressure-volume plane, there 
is net work done on the system. (b) When the cycle is traversed clockwise, there is negative 
work done on the system; equivalently the system does work on its surroundings (as in a heat 
engine cycle). 
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Heat flow during a reversible process can also be expressed as an integral: 
 

! 

Qinto sys = TdS"  .        (8.4) 

 
In the case where entropy increases during the entire process, Q will be positive, meaning 
heat is flowing into the system.  If we plot temperature vs. entropy for the process, the 
heat flow is equal the area under the temperature curve.  Finally, plotting temperature vs. 
entropy for a cycle produces a closed figure, with the area in the interior being equal to 
the net heat flow for the cycle.  Note equation 8.2 requires that the numerical value of this 
area must equal that of the corresponding pressure vs. volume plot for the closed cycle. 

 

Temperature

Entropy

 
Figure 8.3 A cycle which has a net heat flow into the system is clockwise in the temperature-
entropy plane.  The net heat flow equals the area enclosed by the cycle. 

 
Figure 8.3 shows a temperature vs. entropy plot for a complete cycle.  Given the 

direction the path is traversed, there is a net heat flow into the working fluid during the 
cycle.  Heat enters along the upper line as the entropy of the system increases.  In order to 
return the system to its original state, its entropy must be reduced.  Our discussion of the 
Second Law of Thermodynamics at the end of Chapter 6 made the point that the only way 
to decrease the entropy of a system is to allow heat to flow out.  Hence this cycle can 
only be complete if there is a heat exhaust portion.   

 
Now since the net heat flow in the cycle depicted in Figure 8.3 is into the system, 

the system must in turn give up this energy in the form of work on its surroundings.  So 
we have from an energy perspective 

 

  

! 

Wnet out = Qinto sys " Qexhaust ,       (8.5) 
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where Wnet out is the net work done by the system during the complete cycle.  Put another 
way, if we build a cyclic heat engine-- that is a device designed to convert incoming heat 
flow into work output--then it is impossible to convert all of the incoming heat into work.  
There must always be some heat exhaust to take care of the entropy increase associated 
with the heat uptake portion of the cycle.  This is the essence of an alternative statement 
of the Second Law:  It is impossible for a cyclic process to convert all incoming heat into 
work output. 

 
We define the efficiency of a heat engine as 
 

! 

" =
Wnet out

Qinto sys

 .        (8.6) 

 
Keep in mind that the denominator refers to all of the heat entering the system, not the 
net heat flow (Qinto sys-Qexhaust).  The reason for defining efficiency this way is that we 
typically pay for the heat source (for instance, coal in a power plant) regardless of how 
effectively we are able to use the heat generated by that source.  Using equation 8.5, we 
can rewrite the efficiency definition entirely in terms of heat flow: 

 

! 

" =
Qinto sys #Qexhaust

Qinto sys

=1#
Qexhaust

Qinto sys

  .     (8.7) 

 
The latter form makes explicit the effect of heat exhaust in reducing efficiency. 

 
Equation 8.7 demonstrates that the efficiency of a heat engine must be less than 1 

if it is to operate cyclically.  This was a result of an entropy-related constraint: the only 
way the working substance in the heat engine could be returned to its original entropy 
was to exhaust heat.  Thus the inefficiency of a heat engine is linked closely to the 
entropy-based statement of the Second law of Thermodynamics.  In fact, the Kelvin-
Planck version of the Second Law states that it is impossible for a cyclic process to take 
heat from a single reservoir and convert all of it into work. 

 

Idealizations and the Carnot Cycle  
 
When analyzing problems in classical mechanics we often begin by neglecting 

friction or other resistive forces.  After the problem is solved in a friction-free setting, 
then friction can be added back in at least qualitatively, if not quantitatively, to complete 
a more realistic analysis.  Similarly, in thermodynamics it is often easier to examine 
cycles based on idealizations.  In our case, we will define an ideal cycle as one in which 
all of the processes are locally reversible.  This means that not only are there no 
dissipative actions taking place, but all of the processes are quasistatic.  It is of course 
difficult to imagine a world free of friction in which we have an infinite amount of time 
to wait for a cycle to be completed (as is required for a quasistatic process).  However, by 
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examining ideal cycles first, we can place an upper limit on the effectiveness of a variety 
of cycles, and at the same time we can examine some of the essential thermodynamical 
features of these cycles.   

 
The first ideal cycle we will consider is the Carnot Cycle.  This cycle is 

characterized by 4 steps, alternating between isothermal and isentropic processes.  While 
it does not have many practical applications, its simplicity provides useful insight into the 
restrictions that the First and Second Laws of Thermodynamics place on cycles. 

 

A
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Figure 8.4 A Carnot cycle operating in the heat engine mode. 
 
 
Figure 8.4 depicts a Carnot cycle operating in a direction appropriate for a heat 

engine.  Notice the labeling convention, which will be consistent throughout this chapter 
and the next.  We will use numbers to identify the states at the beginning of each process 
in the cycle and we will use letters to label the processes.  Starting from state 1, heat is 
allowed to enter the system in an isothermal process.  During this phase, work is being 
done by the system on its surroundings.  At the completion of process A, the system is 
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still at its original temperature, TH, but its entropy is greater than before.  The relationship 
between heat flow and entropy change for this isothermal process is 

 

  

! 

Qinto sys = TH" S=TH S2 #S1( )  . 
 
Process B is essentially designed to set up a means for disposing of the excess 

entropy at a lower cost in heat.  The system undergoes an isentropic process, causing its 
temperature to drop to TL.  Recall that in Chapter 6 we saw that an isentropic expansion 
of an ideal gas produces a temperature drop.  The work done by the gas in the expansion 
comes at the expense of its thermal energy.  The temperature drop reflects the drop in 
thermal energy.  

 
Process C allows the excess entropy to be eliminated at lower temperature and 

thus at a lower cost in heat.  Since this is an isothermal process, we can write 
 

! 

Qexhaust= TL " S = TL S4 #S3 = TL S2 #S1( )  . 
 

To keep the collection of processes cyclic, the value of ! S in process C must be the 
opposite to that in process A. Thus the only way we can minimize the heat exhaust is to 
minimize the exhaust temperature, TL.   

 
Finally, in process D, we do isentropic work on the system, causing its thermal 

energy to increase.  This work stops when the system is restored to its original 
temperature, TH. 

 
The efficiency of the Carnot cycle is easily determined: 
 

! 

" =1#
Qexhaust

Qinto sys

=1#
TL S2 #S1( )
TH S2 #S1( )

 . 

 
which simplifies to 

 

€ 

η=1−
TL

TH

  (Carnot cycle) .     (8.8) 

 
We have arrived at this result based entirely upon considering the implications of the 
First and Second Laws of Thermodynamics.  No reference has been made to the nature of 
the working substance that is put through the cycle.  

 
The Carnot efficiency puts an upper limit on heat engine efficiency in the 

following sense.  Suppose we have available to us a heat source that is initially at TH, but 
it is not a good thermal reservoir.  As we extract heat from that source to operate an 
engine, the temperature of the source will fall.  Since dS=d'Q/T in a reversible process, 
the more the temperature falls the greater the entropy price we pay for energy we bring 
into our engine.  The larger the entropy gain, the more heat that must be exhausted later 
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in the cycle to get rid of the entropy.  Thus we get the most efficient cycle if the 
temperature drop from the heat source is negligible.  This is precisely what is built into 
the Carnot cycle since heat intake occurs in an isothermal process.  A similar argument 
shows that the most efficient heat exhaust process is one that occurs isothermally into the 
coldest environment available.  We will see other cycles that have different expressions 
for efficiency, but none will exceed that of the Carnot cycle. 

 

The Ideal Gas Carnot Cycle  
 
Since the ideal gas is well characterized, it makes a useful model system that we 

can use to illustrate the Carnot cycle in more detail.  We will assume in this analysis that 
the specific heats (and hence ") are temperature independent. 

 

Figure 8.5 A Carnot cycle with an ideal gas as the working substance is shown.  States 
marking the beginning of each process are indicated.  States 2 and 4 occur at somewhat subtle 
discontinuities in the slope. 

 
 
Process A: Starting with n moles of an ideal gas at temperature TH and volume 

V1, we allow an isothermal expansion to volume V2.  We will see that the value of V2 
helps determine how much net work is obtained from a cycle.  During this process, we 
find that 

 

  

! 

Wby gas
A = nRTH! n

V2

V1

 , 

Volume

Pr
es
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re
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where we have used equation 5.10 for isothermal work done on an ideal gas, with a sign 
change to reflect our interest in work done by the gas.  Because the thermal energy of an 
ideal gas depends on temperature only (and not volume), it does not change during an 
isothermal process.  Hence all of the energy for this work must have come from heat flow 
into the gas: 

 

  

€ 

Qinto gas
A = nRTHn

V2

V1

 . 

 
For any isothermal reversible process, ! S=Q/T, so that 

 

  

! 

" SA = nR! n
V2

V1

 , 

 
a result which can also be found from equation 6.32.  

 
Process B: A further expansion from V2 to V3 takes place, this time under 

isentropic conditions.  The expansion continues until the gas is cooled to the temperature 
TL of the reservoir into which heat will later be exhausted. For a reversible, isentropic 
process,  

 

! 

QB = 0 ,  
 
so that by the First Law of Thermodynamics, 

 

  

! 

Wby gas
B = " #UB = U2 " U3 =

d
2

nR(TH " TL ) , 

 
where d is the effective number of degrees of freedom per molecule (see equation 4.10).  
The volume V3 is determined by the equation governing ideal gas isentropic processes 
with constant " (see Chapter 6 problem 9): 

 

€ 

T2V2
γ−1 = T3V3

γ−1 . 
 
Solving for V3 and using TH and TL for our temperatures, 

 

! 

V3 = V2

TH

TL

" 

# 
$ 

% 

& 
' 

1
( ) 1

.        (8.9) 

 
 
Process C: Heat is exhausted by isothermally compressing the gas.  Enough heat 

must be exhausted to exactly compensate for the entropy increase in process A.  That is, 
we require 
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€ 

S4 −S3 = −ΔSA = −nR! n
V2

V1

= nR! n
V1

V2

 . 

 
Alternatively, by analogy with our discussion of process A, we can write 

 

  

€ 

S4 −S3 = nR! n
V4

V3

 . 

 
Comparison of these last two results shows that 

 

! 

V4
V3

=
V1
V2

 . 

 
Therefore, in process C, the compression must continue until 

 

€ 

V4 =
V1V3

V2

= V1

TH

TL

 

 
 

 

 
 

1
γ−1

 ,     (8.10) 

 
where we have used equation 8.9 for V3.  As with the other isothermal process (A), we 
recognize that the thermal energy does not change and so the work done is related to heat 
flow.  In this case, work is done on the gas during the compression, resulting in heat flow 
out of the gas: 

 

  

! 

Wongas
C = Qout of gas

C = nRTL! n
V3

V4

= nRTL! n
V2

V1

 . 

 
Process D: The goal of the final isentropic compression is to return the gas to 

state 1.  Thus the gas is compressed back to V1.  Does this return the system to 
temperature TH?  For this isentropic process, we have 

 

! 

T4V4
"#1 = TfinalVfinal

"#1  . 
 
We know T4=TL.  Furthermore, inserting our expression 8.10 for V4 in terms of V1 and 
setting Vfinal=V1 gives us 

 

! 

TL V1

TH

TL

" 

# 
$ 

% 

& 
' 

1
( ) 1* 

+ 

, 
, 

- 

. 

/ 
/ 

( ) 1

= Tfinal V1
( ) 1 , 

 
From this it is easily seen that the final temperature is indeed TH.  Since we have returned 
the system to its original state, the four processes outlined above constitute a cycle.  No 
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heat flows during process D, so the work done on the gas shows up as an increase in its 
thermal energy: 

 

! 

Wongas
D = " UD =

d
2

nR TH # TL( ) . 

 
Energy Analysis for the Cycle:  Only two of the four processes result in an 

thermal energy change.  For the entire cycle: 
 

  

! 

" U = " UB +" UD = #
d
2

nR(TH # TL )+
d
2

nR TH # TL( ) = 0 . 

 
This result is to be expected for all cycles: the thermal energy must return to its starting 
value when the cycle is complete.   

 
In examining work during the cycle, notice that the work done in the two 

isentropic processes cancel out.  (For a real gas, these two work terms will not exactly 
cancel.)  The net work for the cycle reduces to 

 

  

€ 

Wnetby gas = Wby gas
A −Wongas

C

= nRTH! n
V2

V1

−nRTL! n
V2

V1

= nR TH −TL( )! n
V2

V1

.

 

 
The net work in the cycle is thus determined by the temperature of the reservoirs 
available and the volume ratio associated with the expansion of the gas in process A.   

 
To determine the efficiency of the cycle, we need to compare the net work by the 

gas to the heat flow into the gas.  Keeping in mind that the relevant quantity is only the 
heat which actually enters the gas, and not the net heat flow, we see only process A 
involves heat flow into the gas: 

 

    

! 

Qcycle, in =Qinto gas
A = nRTH! n V2

V1
 

 
so that the efficiency is 

    

! 

" =
Wnetby gas

Qcycle, in

=
nR TH # TL( )! n

V2

V1

nRTH! n
V2

V1

=1#
TL

TH

. 

 
This equation agrees with the general expression (8.8) for the efficiency of a Carnot 
cycle. 
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We have been able to examine in detail the ideal gas Carnot cycle since we have 

at our disposal a wealth of equations for the ideal gas.  A step-by-step analysis can also 
be performed using a real gas, but then numerical data would be required and the 
calculation would be dependent on the specific values of the temperatures and volumes in 
the cycle.  In the end, despite the details of the calculations being different, we would still 
find the same efficiency for the cycle (see Problem 10 at the end of this chapter). 

 

The Hurricane as a Carnot Engine  
 
While the Carnot cycle as we have defined it involves a closed system, that is, 

working fluid does not enter or leave the engine, there are some cycles involving open 
systems that can nevertheless be reasonably modeled by the Carnot cycle.  The hurricane 
is one such example.  The well-known spiral pattern evident in pictures of hurricanes 
masks a more complex, time dependent and three-dimensional airflow.  Consider a 
hurricane over the ocean.  Air near the surface of the water spirals inward towards the eye 
wall.  The close proximity of the air to the water maintains a nearly constant temperature 
environment for the air and allows for the evaporation of water from the ocean into the 
air.  This evaporation adds both mass and energy to the air.  If we focus our attention on 
the energy added to the air, we can model this process as an isothermal process in which 
heat flows in, just like Process A in the Carnot cycle. 

 
When the airflow reaches the eye wall, it turns upward.  The pressure drop at 

higher altitudes allows this air mass to expand.  It does so rapidly enough that we may 
neglect heat flow in and out of the flowing air during its rise, and hence the air expands 
nearly adiabatically.  If we further assume that the expansion is reversible, then we have 
Process B of the Carnot cycle, an isentropic expansion. Near the top of the eye wall, the 
air flows out towards the edge of the hurricane as it continues to rise.  In the real 
hurricane system, this air continues to flow outward as it levels off and different (drier) 
air moves down to lower altitudes to complete the cycle.  In the Carnot cycle model of 
the hurricane, we can imagine the air at the top, outer edge of the hurricane undergoing 
an isothermal process resulting in an entropy decrease.  This corresponds to Process C.  
Finally, the air works its way down to lower altitudes via an adiabatic process (Process 
D) to close the cycle. 

 
The two isothermal processes in this Carnot cycle occur near the surface of the 

ocean, where the temperature is about 27oC (300 K) and at high altitudes, where a typical 
temperature is around -73oC (200 K).  Thus the Carnot efficiency of this model hurricane 
cycle is 

 

! 

" =1#
TL

TH

=1#
200K
300K

=
1
3

 . 

 
The energy uptake is from the ocean and the energy output is used to create the strong 
winds in the hurricane.  See Physics Today August 2006 p. 74-76 for more details. 
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When Cycles Are Not Ideal  
 
Having examined the Carnot cycle in detail, it is now useful to discuss what 

happens in a non-ideal cycle.  The assumption in an ideal cycle is that all processes are 
reversible.  We have seen a number of ways in which a process can be irreversible.  For 
instance, when the state of the working fluid is changed rapidly, the fluid is forced into a 
non-equilibrium state.  As the system evolves back into an equilibrium state, there is an 
entropy increase associated with the irreversible nature of the process.  If there is a 
dissipative force present, such as friction, then energy which otherwise is destined for 
work is instead converted into thermal energy.  Associated with this increase in thermal 
energy is an irreversible increase in entropy.  Regardless of how the excess entropy is 
created, the only way to get rid of it (as required to keep the process cyclic) is to exhaust 
more heat.  Additional exhaust leaves less energy available for work output, so the 
efficiency of a real cycle is less than that of an ideal cycle. 

 
Example 8.1: A heat engine takes in 20 kJ of energy each cycle from a 

reservoir at 500 K.  It exhausts heat into a reservoir at 300 K.  Discuss the 
constraints that the First and Second laws of Thermodynamics place on this 
engine. 

 
The First Law of Thermodynamics gives the constraint 
 

! 

Qexhaust +Wout = 20kJ  
 

Wout work done by the working fluid on its surroundings.  Due to friction and 
other losses, not all of that work will be available to accomplish the task of the 
engine.  The Second Law of Thermodynamics places a constraint on the heat 
flows.  In order to ensure that entropy increases associated with both heat 
uptake and irreversible processes are offset by an appropriate entropy decrease, 
we require 

 

! 

" Sexhaust = " Sheat in +" Sirrev
Qexhaust

TL
=
Qinto sys

TH
+" Sirrev

Qexhaust

300K
#
20kJ
500K

, 

 
or, 

 

! 

Qexhaust" 12kJ 
 

Finally, comparing this to the First Law constraint, we find that the maximum 
work we can get out of each cycle is 8 kJ. 
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Refrigeration Cycles  
 
Suppose that we reverse the heat engine Carnot cycle.  We could start with a fluid 

in contact with a high temperature thermal reservoir and compress it isothermally rather 
than allowing it to expand.  Heat is exhausted into the reservoir during this process.  Next 
we can expand the fluid isentropically until it cools to a desired lower temperature.  We 
continue by allowing the fluid to expand isothermally at the lower temperature, in a 
process that draws heat in from the cooler reservoir.  An isentropic compression then 
restores the fluid to its original state.  During this cycle, we will have done net work on 
the fluid with the result being a heat extraction from the cooler reservoir and heat exhaust 
into the warmer reservoir. 

 

A

D

C

B

2 1

4

Temperature

Entropy! S

TH

TL 3

 
Figure 8.6 The Carnot cycle operating in the refrigeration mode. 

 
 
What we have just described is a Carnot cycle operating in the refrigeration 

mode.  An air conditioner, for instance, uses electrical energy as its source for work 
input.  Heat flows out of a room into the air conditioner and is exhausted outside, where it 
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is warmer.  Normally, thermal energy flows from high temperature to low temperature, 
but if we want to reverse the direction of that flow, we must do work. 

 
In general for a refrigeration cycle, we find that the requirement of the First Law 

of Thermodynamics is 
 

! 

QH " QL = Wnet in   ,      (8.11) 
 

where QH represents the heat flow out of the working fluid into the hotter environment 
and QL is the heat flow out of the lower temperature environment into the working fluid.  
When heat flows into the working fluid from the low temperature environment, the 
entropy of the fluid increases.  In order for the process to be cyclic, the entropy of the 
fluid must decrease at some other point(s) in the cycle.  That is why there must be a heat 
exhaust term, QH.   

 
If one were to set up a window air conditioning unit in the middle of a room, the 

unit would draw heat QL in from the room during each of its cycles.   It would exhaust 
out of the back of the unit (and consequently right back into the room) an amount of heat, 
QH, equal to QL + Wnet in, where the work comes in the form of electrical energy provided 
to the unit.  The result of this process is to convert electrical work input into heat exhaust 
into the room.  That is, when an air conditioner is used this way it has the same net effect 
on the room as an electrical space heater. 

 
When studying the performance of a refrigeration unit, we are interested in 

extracting a given amount of energy QL from the cooler environment for as little work as 
possible.  That is, we want to maximize the Coefficient of Performance for 
Refrigeration, 

 

! 

COPR =
QL

Wnet in

 .       (8.12) 

 
Using the result from the First Law (8.11), we can rewrite this as 

 

! 

COPR =
QL

QH " QL
 .      (8.13) 

 
Unlike the heat engine efficiency, #, which is restricted to lie between 0 and 1, there is no 
such restriction on the Coefficient of Performance.  In realistic refrigerators, the COPR 
quite commonly exceeds 1. 

 
In the special case of using a Carnot cycle for refrigeration, we have heat entering 

only in the isothermal process (process C in Figure 8.6), 
 

! 

QL = TL " S , 
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and leaving during one process (process A), 
 

€ 

QH = TH ΔS . 
 

Note that 

! 

" S is the same for Processes A and C as seen in figure 8.6.  Using these two 
expressions in equation 8.13, we find 

 

! 

COPR =
TL

TH " TL

  (Carnot Cycle).    (8.14) 

 
The greater the temperature difference between the hot and cold environments, 

the lower the coefficient of performance.  This result is to be expected since it is the 
temperature difference that creates the tendency for thermal energy to flow from hot to 
cold.  The greater this difference, the more work that must be done to oppose the 
tendency.  This analysis also helps us understand qualitatively the importance of keeping 
the coils on the back of a refrigerator clean and well ventilated.  Without ventilation, 
thermal energy becomes trapped, raising the temperature of the environment into which 
heat is being exhausted and thus reducing COPR. 

 

Heat Pumps  
 
While a refrigeration device can be thought of as a heat engine run backwards, a 

heat pump can be thought of as a refrigeration device turned around.  Consider the 
following thought experiment: take a window air conditioner and turn it around so that 
the exhaust points into your room.  This is called a thought experiment because you 
should not actually do this.  The air conditioner is not designed to work this way and you 
may create a shock hazard in wet weather.  However, if one were to run an air 
conditioner turned around, the effect would be to use electrical energy to extract thermal 
energy from outside and dump it into your room.  That is, in cooler weather you would 
have a way of heating your room.  If you actually wanted to do this, you would go out 
and purchase a heat pump.   

 
If we consider the First Law as applied to heat pump cycles, 
 

! 

QH = Wnet in +QL   (heat pump).     (8.15) 
 

An electrical space heater converts electrical energy directly into thermal energy that then 
flows as heat into the rest of the room.  That is, 

 

! 

QH = Wnet in  (space heater).       (8.16) 
 
By contrast, a heat pump uses electrical energy to extract as much thermal energy 

as possible from the outside and dump it, along with the original electrical energy, into 
your room.  Thus a heat pump will generally outperform a simple electric space heater.  
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However, heat pumps are more complex devices and hence they cost more to buy and 
maintain.  The economic question thus becomes, is the heat pump sufficiently better to 
warrant the increased initial expense?  To shed light on this question, we will look at 
factors that affect heat pump performance.  

 
In a heat pump, our goal is to get as much heat, QH, dumped into our room for as 

little work as possible.  Thus we define the Coefficient of Performance for a heat pump as 
 

! 

COPHP =
QH

Wnet in

 .       (8.17) 

 
Using the First Law constraint, this definition can be rewritten 

 

! 

COPHP =
QH

QH " QL

.       (8.18) 

 
For a Carnot cycle, it is then easy to show that 

 

! 

COPHP =
TH

TH " TL

 .       (8.19) 

 
Once again, we see the COP improves as the temperature differential decreases.  

For this reason, heat pumps that use air as their thermal energy source are generally 
economical only in warmer climates.  On the other hand, some heat pumps use a 
geothermal energy source and can thus be effective in colder climates.  Typically, pipes 
are buried well below the frost line, where the temperature is more nearly constant year 
around.  Fluid is circulated through the pipes, absorbing thermal energy from the ground.  
This fluid is brought into the house where the thermal energy is extracted by a heat pump.  
The fluid continues in a closed loop cycle back underground to pick up more energy.  
This system is easily modified to run as an air conditioner during the summer, taking 
advantage of the ground's relatively cool temperature as compared to hot summer air. 
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Figure 8.7 Schematic representation of a house heated with a ground source heat pump.  
Diagram courtesy of the Geothermal Heat Pump Consortium, Inc. 
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Chapter 8 Problems  
 

1.  Each line in the following table refers to a separate cycle in an ideal heat engine.  
Calculate the missing entries. 

 
 Qinto sys Qexhaust Wnet out # 
A 50 kJ 35 kJ   
B 50 kJ  10 kJ  
C 50 kJ   0.25 
D  30 kJ  0.30 

 
2.  Derive expressions for the pressures P1, P2, P3, P4 in the ideal gas Carnot cycle, 

assuming constant ".  You should express your answers in terms of n, TH, TL, V1, V2, 
and ". 

 
3.  Sometimes it is tempting to find a way to get around the efficiency limits on the 

Carnot cycle imposed by the First and Second Laws of Thermodynamics.  Suppose 
we have an ideal Carnot engine which extracts heat QH from a reservoir at 
temperature TH and exhausts heat QL into a reservoir at temperature TL, while 
performing work W1.  Rather than "wasting" QL, let us imagine we have a second 
ideal Carnot engine which takes in the same amount of heat heat QL from that 
reservoir at temperature TL, performs work W2, and exhausts heat QC into a still 
colder reservoir at temperature TC.  
a. Write out an expression for W1 in terms of the reservoir temperatures and QH.   
b. Write a similar expression for W2, in terms of the reservoir temperatures and QL.  
Next transform this to an expression in terms of the reservoir temperatures and QH.  
c. Calculate the total output work, W1+W2 and from that, show that the overall 
efficiency of the two engines is equal to the efficiency of a single engine operating 
between the temperatures of TH and TC.  

 
4.  Consider a freezer whose interior is to be maintained at 0oF.  Plot the ideal (Carnot) 

coefficient of performance as a function of exhaust temperature for values varying 
from 60oF to 100oF.  By what percentage does the COP vary over this temperature 
interval?  

 
5.  Compare the coefficient of performance of a Carnot heat pump when the thermal 

energy source is outdoor air at 30oF to an underground thermal energy source at 50oF.  
Assume the desired output temperature of the heat pump is 75oF.  
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6.  A cycle consisting of three reversible processes is shown in Figure 8.8.  Taking the 
values T1=282 K, T2=403 K, S1=2.3 J/K, and S2=3.1 J/K, find the efficiency of the 
cycle and determine whether it is a heat engine cycle or a refrigeration cycle.  

 
 

 A

 B

 C

 T1

T2

 S1  S2

 S

 T

 
Figure 8.8 The thermodynamic cycle described in Problem 6. 

 
7.  An ideal gas of d degrees of freedom per molecule (constant) undergoes the following 

cycle:  (A)Starting at pressure Po and volume Vo, the gas expands isobarically to 
volume 2Vo.  (B)The pressure is then reduced isochorically to 0.7Po.  (C)The gas is 
iobarically compressed to Vo.  (D)Finally, the pressure is restored isochorically to its 
original value, Po.  
a. Sketch this cycle in the pressure-volume plane. 
b. Calculate the net work done by the gas during the cycle in terms of Po and Vo. 
c. Identify the portion(s) of the cycle during which heat flows into the gas, and 
calculate the total heat flow in, in terms of Po, Vo, and d.  
d. Calculate the efficiency of the cycle, in terms of Po, Vo, and d. 

 
8.  A Carnot engine operates between the temperatures of 35oC and 510oC.  If the desired 

work output rate is 1.0 kW, at what rate must heat be input?  
 

9.  As a rough estimate, the average adult gives off heat at the rate of 100 W.  Suppose 
there is a classroom of 20 adults that is to be maintained at 22oC on a day when the 
outdoor air temperature is 32oC.  What is the minimum amount of power that must be 
supplied to an air conditioner to maintain this temperature?  
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10. In this problem, you will follow saturated water through a Carnot cycle.  Note that 

ideal gas equations will not apply.  The cycle uses 1.00 kg of water.  
 

Process A: The water starts from all saturated liquid at 120oC (state 1) and is allowed 
to expand isothermally until it is all saturate vapor (state 2).  

 
Process B: The vapor expands further, this time isentropically, until the temperature 
has dropped to 40oC (state 3).  You will find that state 3 is a mixed saturated state.  

 
Process C: The water is compressed isothermally until the entropy drops by exactly 
the same amount it increased in process A.  The end state (4) will also be liquid/vapor 
coexistence.  

 
Process D: The water is compressed isentropically until it is returned to state 1.  

 
Find the missing information in the following charts for states 1-4, processes A-D, 
and summary information for the cycle.  

 
State X T  

(oC) 
P  
(kPa) 

H  
(kJ) 

S  
(kJ/K) 

V  
(m3) 

U 
(kJ) 

1        
2        
3        
4        
 
Process Qin(kJ) Wby fluid(kJ) ! U(kJ) ! S(kJ/K) 
A     
B     
C     
D     
 
For the cycle:  
Heat flow in (not the net flow)  
Net work done for whole cycle  
#=Wnet/Qin  
#=1-TL/TH  

Note that if you have performed your calculations correctly, the last two efficiencies 
should give the same result.  

 
 

11. A Carnot cycle using 0.15 moles of an ideal gas ("=1.4, constant) operates between 
the temperatures of 500 K and 350 K.  The net work performed by the gas during one 
cycle is 56 J.  Find the ratio between the maximum pressure and the minimum 
pressure during the course of the cycle.  
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12. By examining the expression for the Carnot efficiency, it is clear that the efficiency 
may be increased by either increasing TH or decreasing TL.  

a. Evaluate 

€ 

∂ηCarnot

∂TH

. 

b. Evaluate 

! 

"# Carnot

" TL

. 

c. By comparing the size of those derivatives, determine which will produce a greater 
increase in the Carnot efficiency, a 1 K increase in TH or a 1 K decrease in TL.  

 
13. Using an approach similar to that outlined in problem 12, determine the most 

effective way to increase (a) COPHP and (b) COPR for Carnot cycles, changing TH by 
1 K or TL by 1 K.  

 
14. One application of heat pumps is to the warming of swimming pool water through 

extracting heat from surrounding air.  A typical COPHP for a heat pump operating in 
air at 75oF and delivering heat to a pool at 82oF is 5.0.  
a. What is the COPHP for a Carnot cycle operating between 75oF and 82oF? 
b. To get heat to flow at a reasonable rate between the heat pump and its surroundings 
(water on one side and air on the other), there must be some temperature difference to 
drive the heat flow.  For the sake of argument, suppose the heat intake of the heat 
pump was actually at 65oF and the heat outlet was at 92oF.  What would the COPHP of 
a Carnot cycle be under these circumstances?  
c. Defining the efficiency of the heat pump as being the ratio between the actual 
COPHP and the Carnot COPHP, calculate the efficiency of this heat pump under the 
assumptions of part (b) and using as its actual COPHP the typical value of 5.0.  
d. Assuming the efficiency does not change, calculate the actual COPHP if, due to cool 
weather, the heat inlet temperature drops from 65oF to 60oF.  

 
15. The derivation of the Carnot cycle efficiency assumed, among other things, that all of 

the heat input actually made it to the working fluid, and that there were no 
irreversibilities.  Modify these assumptions by assuming that a portion of the heat 
input in each cycle, Qlost, never makes it to the working fluid, and that irreversibilities 
in each cycle result in an additional entropy increase of ! Sirrev in the working fluid. To 
avoid sign confusion, assume each of these algebraic symbols stands for a positive 
number.  The remainder of the Carnot cycle details are unchanged (two isothermal 
processes alternated with two adiabatic processes).  Show that the efficiency can be 
written as 

 

! 

" =1#
TL

TH

#
Qlost

Qoutof hotreservoir

1#
TL

TH

$ 

% 
& 

' 

( 
) #

TL* Sirrev

Qoutof hotreservoir

  . 
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16. The temperature vs. entropy plot of a reversible cycle is sketched below. 

a.  In what direction (clockwise or counter clockwise) must this cycle run to operate 
as a heat engine?  Calculate the efficiency of the cycle in that case.  
b. In what direction must the cycle run to operate as a refrigerator?  Calculate the 
coefficient of performance in this case.  
c. In what direction must the cycle run to operate as a heat pump?  Calculate the 
coefficient of performance in this case.  
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Figure 8.9 The reversible cycle discussed in problem 16. 
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17. Consider an ideal Carnot engine that extracts heat from a thermal reservoir at 
temperature THH and exhausts heat into a thermal reservoir at TLL.  However, let us 
assume that heat flows from hot reservoir through an area with thermal resistance Rth 
and cross sectional area A.  In order to drive this heat flow, the hot side of the Carnot 
engine must be at a temperature TH<THH.  Similarly, assume that the temperature on 
the exhaust side of the Carnot engine is some value TL>TLL, and that heat flows into 
the low temperature reservoir through the same size cross sectional area A and 
encountering the same size thermal resistance Rth.  Finally, let 

! 

˙ W  be the rate at which 
this engine is performing work.  
a. Write out four independent equations involving the following 9 variables: 

! 

Rth, A, THH, TLL , ú Q H, ú Q L , ú W , TH, TL , where 

€ 

ú Q H  is the heat flow from the hot reservoir, 
and  

! 

ú Q L   is the heat flow into the cold reservoir.   Note that not all variables will 
appear in each equation, but to be a useful set of equations each variable must appear 
at least once in the set of equations.  Two equations are associated with the thermal 
conduction process, one with energy conservation in the engine, and one with the 
implications for entropy of reversibility within the engine.  
b. Use the equations above to eliminate 

€ 

ú Q L , TH, TL , resulting in a single equation 

! 

ú W = 1"
TLL

THH " 2ú Q H
Rth
A

# 

$ 
% 

& 

' 
( ú Q H 

c.  The result in (b) demonstrates when one takes into account that a finite 
temperature difference is required to drive heat flows into and out of a Carnot engine, 
the conditions for maximum efficiency and for maximum power output are not the 
same.  Demonstrate this by plotting the power output, 

! 

ú W as a function of the rate of 

heat input 

! 

ú Q H  and then plotting the efficiency 

! 

ú W 
ú Q H

as a function of 

€ 

ú Q H.  Take 

THH=380 K, TLL=300 K, and Rth/A=5.00 K/Watts.  For what value of 

! 

ú Q H does the 
power output peak and for what value of 

! 

˙ Q H does the efficiency peak?  Hint: explain 
why you should limit your search to the range 0<

! 

ú Q H<8W. 
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