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Chapter 7: Phase Transitions in Hydrostatic Systems  
 
In Chapter 1, we introduced briefly the concept change of phase in order to 

distinguish it from change of state.  A change of state takes place when any 
thermodynamic property (temperature, volume, pressure, internal energy, etc.) changes.  
A change of phase, on the other hand, refers to the more dramatic changes we associate 
with, for instance, a solid melting or a liquid evaporating.  In fact, the solid/liquid and 
liquid/vapor phase transitions are the two most recognizable phase changes in our 
everyday life.  A third phase transformation, solid/vapor, is less commonly observed but 
is seen, for instance, when frost forms during cold weather. 

 
There are far more phase transitions than those described above.  For example, 

water in its solid form has many different phases that can be accessed at higher pressure.  
Each phase corresponds to a different arrangement of molecules forming the ice crystal.  
When ice is changed from one solid form to another, it has undergone a phase transition, 
even though the change may not be visually as obvious as when ice melts. 

 
Beyond structural phase transitions are a host of transitions associated with 

magnetic and electrical properties.  A "permanent" magnet, when heated, will become 
demagnetized in a process that illustrates the transition from the ferromagnetic phase to 
the paramagnetic phase.  The material will look essentially the same as before, it will just 
have significantly different magnetic properties.  In other materials, a phase transition 
takes place at low temperatures during which the electrical resistance of the material 
abruptly changes to zero.  This process describes the transition into a super conducting 
phase. 

 
There are many other phase transitions that have been discovered, and 

undoubtedly many left to be discovered.  Our next task is to develop a more formal 
definition of the phase transition so that we can understand how to decide if one has taken 
place. 

 

Definition of Phase Transition 
 
In Example 6.1, we calculated the entropy change associated with water moving 

from the liquid phase to the vapor phase.  This entropy change was associated with a heat 
flow.  In fact, if the transition takes place isothermally, then the saturation pressure is also 
fixed, so we can write 

 
  

! 

Q = " H = T" S .       (7.1) 
 
The heat flow associated with the liquid to vapor phase transition is referred to as 

the latent heat of vaporization and represented by Lv (or, if we divide by the mass, lv).  
Latent heat is common to all vaporization transitions.  Its value depends not only on the 
substance but also on the temperature at which the transition takes place. By the same 
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token, when we examine the solid to liquid phase transition, we find that there is latent 
heat involved there, generally called the latent heat of fusion (Lf).  

 
Equation 7.1 suggests that if there is a latent heat, then the entropy function at the 

phase transition must be discontinuous.  That is, in a liquid to vapor transition, 
 

  

! 

sl(Tsat,Psat ) " sg(Tsat,Psat )  ,       (7.2) 
 

which is confirmed in the case of water by studying the data in Appendix E.  We also see 
in Appendix E that water shows a quite substantial change in its specific volume as it 
moves from the liquid to the vapor phase.  In general, the liquid/vapor transition is 
accompanied by a volume change, as is the solid/liquid transition: 

 

  

! 

vl Tsat,Psat( ) " vg Tsat,Psat( )  .       (7.3) 
 

Thus we see that there are at least two thermodynamic variables that are discontinuous 
functions of temperature and pressure at the phase transition line.  

 
 It is interesting to note that both of these variables can be expressed as a 

derivative of the Gibbs free energy: 
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A phase transition relating to melting or vaporization is therefore associated with 

a discontinuity in a first derivative of the Gibbs free energy.  Generalizing this 
observation, we will define a phase transition to take place where there is a 
discontinuity in a derivative of the Gibbs free energy.  The transitions discussed above, 
since they involve discontinuities in the first derivative, are known as first order phase 
transitions.  In a second order phase transition, all of the first derivatives are 
continuous, but there is a discontinuity in a second derivative of the Gibbs free energy.  
The transition from the paramagnetic phase to the ferromagnetic phase is an example of a 
second order transition.  It will be discussed in more detail in Chapter 11. 

 
We saw above that the latent heat associated with a phase transition is directly 

related to the entropy discontinuity.  However, this discontinuity is present only in first 
order transitions.  A second order transition has continuous first order derivatives of G, 
and so entropy is continuous during the transition.  Therefore, second order phase 
transitions do not have a latent heat associated with them.  Using the same argument, we 
see also that second order transitions do not have an abrupt volume change.  Recall, 
though, that the specific heat of a material can be related to a first derivative of the 
entropy (see equation 6.6) and hence to a second derivative of the Gibbs free energy.  
That is why we associate a discontinuity in the specific heat with a second order phase 
transition. 
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Temperature

Entropy

 
Figure 7.1 An isobar (a plot at constant pressure) showing the entropy as a function of 
temperature for a substance which undergoes a first order phase transition. 

Temperature

Entropy
 

Figure 7.2 A repeat of Figure 7.1, but with the horizontal and vertical axes interchanged.  Note 
that the area under the flat part of the function represents the latent heat associated with the 
transition. 
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Figure 7.3  In a second order phase transition, entropy is continuous, but its first derivative has 
a subtle discontinuity at the transition temperature (marked with a vertical line). 

 
Because of the latent heat associated with a first order phase transition, a system 

cannot undergo a complete transition instantaneously.  Time is required for a finite 
amount of heat to enter.  Thus we have the possibility of a mixed phase.  We have 
previously referred to this mixed phase as a coexistence region.  While the average 
properties (such as volume, entropy, internal energy, etc.) of the system may vary 
continuously in the coexistence region, it is important to recognize that the 
thermodynamic state consists of two distinct phases with very different properties. 
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The Van Der Waals Model Revisited 
 
In Chapter 4 we saw that the van der Waals model demonstrates a transition from 

the liquid to the vapor phase below the critical temperature.  We will now examine this 
transition in more detail. 

 

Volume

Pr
es

su
re

T<Tc

T>Tc

 
Figure 7.4 The van der Waals model has two different types of isotherms, depending on 
whether the temperature is greater than or less than the critical temperature. 

 
When we plotted isotherms--pressure/volume relationships at constant 

temperature--we saw that a dip in the function developed when the temperature of the 
plot is less than the critical temperature.  The dip creates an unphysical region where the 
volume actually increases as the pressure increases.  That problem is eliminated by 
replacing a portion of the plot with a horizontal line, which will then be identified with 
the coexistence region.  In this region, for a fixed temperature and pressure, the volume 
can vary depending on the mix of liquid and vapor phases. 

 
We will now address the issue of how to locate the coexistence line.  Recall from 

Chapter 6 that an infinitessimal process in a closed system which is both isothermal and 
isobaric is characterized by no change in the Gibbs free energy.  Mathematically, we 
write dG=0.  We can just as well extend this to finite processes, in which case we write 
! G=0.  An example of such a process would be the isobaric transition of a finite amount 
of a saturated liquid to saturated vapor.  Now consider the general equation for 
infinitessimal changes in G: 
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! 

dG= " SdT+VdP .       (6.22) 
 
If we were to follow an isotherm on a van der Waals plot, then dT=0.  Thus a 

process associated with that plot which represents an isobaric phase transition must be 
characterized by 

 

! 

" G = 0 = dG= VdP
liq

vap

#
1

2

#  ,     (7.4) 

 
where the limits qualitatively indicate the substance being moved from a saturated liquid 
to a saturated vapor state.  The integral can be zero either because P is constant or 
because there is positive area canceling negative area.  Let us pursue the latter possibility. 

 

Volume

Pressure

 
 Figure 7.5 A qualitative sketch of an isotherm for the van der Waals model.  Some features 
have been exaggerated to help illustrate points made in the text. 

 
 



Chapter 7 

Copyright 2009 Marshall Thomsen 

7 

Volume

PressureP1    Po  P2  
Figure 7.6 The plot of Figure 7.5 has been redisplayed with volume as the ordinate in order to 
visualize the VdP integration. 

 
 
In order to visualize an integrand of the form VdP, we need to examine a plot of 

volume vs. pressure.  Viewed this way, the integral is somewhat tricky to carry out since 
the function is multivalued.  However, we can evaluate the integral if we break it up into 
pieces.  The arrow in Figure 7.6 marks our starting point, the saturated liquid phase.  We 
follow the isotherm off to the left, resulting in a negative contribution to the VdP integral 
(since dP is negative).  The size of the integral is proportional to the area under the curve.  
As the isotherm swings back to the right, we begin to accumulate a positive contribution 
to the integral.  By the time we reach the vertical line marking Po, the net integral is 
positive and has a value proportional to the area enclosed in the shape marked with the 
"+" sign.  Moving past the vertical line, we accumulate an additional positive portion of 
the integral, but this portion is more than cancelled out as the curve brings us back to the 
left.  When we hit the vertical Po line again, our integral is complete: we have arrived at 
the saturated vapor phase.  The final portion contributes a negative term to the integral, as 
shown in the figure. 

 
Our goal is to find out what it takes for ! G to be zero during the phase transition.  

The answer is now clear: we need to adjust Po until the positive and negative 
contributions exactly cancel. Returning to the isotherm in the more conventional pressure 
vs. volume orientation, we see that for a given temperature, the pressure at which 
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coexistence takes place (Psat) is determined by the location of a constant pressure line 
which results in equal amounts of area between the constant pressure line and the 
isotherm, above and below the pressure line. Thus the determination of the coexistence 
region for the van der Waals model is not arbitrary, but instead follows from a constraint 
on the Gibbs free energy. 
 

Volume

Pressure

Psat

 T=const

 
Figure 7.7 The conventional pressure vs. volume isotherm of a van der Waals gas below Tc, 
showing the construction for determining the saturation pressure at the given temperature. 

 
While the van der Waals model provides an analytical tool for studying first order 

phase transitions and as such can provide nice insight into the process, the model is not 
known for being particularly accurate quantitatively.  For instance, in Problem 12 of 
Chapter 4, the following relationships were found between the critical parameters of a 
fluid and the van der Waals a and b parameters: 

 

€ 

v cr = 3b

Tcr =
8a

27Rb

Pcr =
a

27b2 .

 

 
On combining these relations we find 
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! 

Pcrv cr

RTcr

=
3
8

= 0.375   (van der Waals model).    (7.5) 

 
From Appendix D, we obtain the values for water: 
 

  

! 

Tcr = 647.13K

Pcr = 22.065MPa= 2.21" 107Pa

v cr = 5.595" 10#5 m3

mole
.

 

 
Thus for water the dimensionless ratio is 

 

€ 

Pcrv cr

RTcr

= 0.230, 

 
nearly 40% below the value predicted by the van der Waals model. 

 

The Clausius-Clapeyron Equation 
 
A phase transition which is carried out under isothermal conditions is constrained 

by the relation that ! G=0.  If we have a substance in liquid/vapor coexistence, then when 
one gram of the substance makes the transition from liquid to vapor, the amount by which 
the liquid contribution to the Gibbs free energy decreases must exactly balance the 
amount by which the vapor contribution to G increases.  This can only happen if 

 

  

! 

gl Psat,Tsat( ) = gg Psat,Tsat( ) .       (7.6) 
 

We can use this constraint to provide information about the functional relationship 
between Tsat and Psat.   

 
Let us imagine that we are at a particular point, (Psat, Tsat) on the liquid/vapor 

coexistence curve (see for instance Figure 4.3) and we wish to locate a neighboring point 
on the coexistence curve, (Psat+d Psat ,Tsat+d Tsat).  We can write 

 

  

! 

gl Psat+dPsat,Tsat +dTsat( ) = gg Psat+dPsat,Tsat +dTsat( )  . 
 

It is useful to expand this equation to first order in the infinitessimals: 
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The first term on the left and right sides cancel by equation 7.6 . From equation 6.23, we 
can make the replacements: 

 

  

€ 
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Equation 7.7 is then simplified to 

 

€ 

vldPsat − sldTsat = vgdPsat − sgdTsat  . 
 

Rearranging, we obtain the following constraint on the coexistence curve: 
 

! 

dPsat

dTsat

=
sg " sl

vg " vl

 .        (7.8) 

 
While the specific volumes appearing in the denominator are readily measured, 

entropy changes are not easily measured in a direct way.  Recall, though, that in a 
reversible, isothermal process, Q=T! S.  Applied to this situation, this heat flow is what 
we have referred to as latent heat.  Using specific quantities, we can then write 

 

! 

lv = Tsat sg " sl( ) 
 

so that 
 

! 

dPsat
dTsat

=
lv

Tsat vg " vl( )
 .      (7.9) 

 
This result is known as the Clausius-Clapeyron equation.  Similar expressions apply to 
the solid-liquid and solid-vapor transitions. 

 
If we are looking at a transition sufficiently far from the critical point, then 

vl<<vg, so the former can typically be neglected in the denominator of equation 7.9.  
However, as we approach the critical point along the coexistence line, the distinction 
between the liquid and vapor phases decreases so that we cannot ignore the volume of the 
liquid phase.  At the critical point, these two phases merge, causing the denominator to 
approach zero.  At the same time, though, the latent heat approaches zero.  The result is 

that the slope of the coexistence curve, 

€ 

dPsat

dTsat

, remains finite at the critical temperature. 
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Example 7.1: Using saturation data for water at 100oC, estimate the 

coexistence pressure at 120oC. 
 
From equation 7.1 we know that the latent heat can be calculated from 

the enthalpy data in Appendix E: 
 

  

€ 

lv = hg − hl = 2675.6 kJ
kg

− 419.17 kJ
kg

= 2256.4 kJ
kg

 

 
The specific volume data from the same appendix allows us to complete the 
calculation in the Clausius-Clapeyron equation: 

 

  

! 

dPsat

dTsat

=
lv

Tsat vg " vl( )

=
2256.4

kJ
kg

100+273.15( )K # 1.6718
m3

kg
" 0.00104

m3

kg

$ 

% 
& 

' 

( 
) 

= 3.62
kPa
K

 

 
We can now estimate the saturation pressure at 120oC: 

 

! 

Psat T=120oC( ) " Psat T=100oC( )+
dPsat
dT

# 120oC$100oC( )

" 101.42kPa+3.619 kPa
K

# 20K

" 174kPa

 

 
Note we have rounded off the final answer to three significant digits, 

which is still likely to be more precision than the calculation warrants.  While 
there was more precision in the data, the linear approximation we made in the 
final step may introduce a significant error owing to the large size of ! Psat as 
compared to Psat.  When we check Appendix E for the actual saturation 
pressure at 120oC, we find it to be 199 kPa.  This tells us we were right to be 
suspicious about the precision of our calculation.  At the same time, however, 
we did get the order of magnitude of ! Psat correct. All three factors on the right 
hand side of the Clausius-Clapeyron equation are temperature dependent, 
information that was not accounted for when we estimated the new saturation 
pressure.  Had we instead set out to estimate Psat at 105oC, we would have 
obtained 120 kPa, a result that differs by only about 1% from the table value. 
 



Chapter 7 

Copyright 2009 Marshall Thomsen 

12 

Liquid-Vapor Transitions in Water 
 
Figure 7.8 shows the liquid-vapor coexistence curve for water, in the temperature-

entropy plane.  To the left of the curve lies the liquid phase, to the right the vapor phase.  
Under the curve is the coexistence region.  The interpretation of the specific entropy in 
this region is that it represents the average of the specific entropy for the particular 
combination of phases present.  The gray line shows the coexistence region at 
approximately room temperature.  Saturated liquid will have a specific entropy whose 
value is found at the left end of the line (about 0.37 kJ/kg K) while saturated vapor has 
the specific entropy found at the right end of the line (8.19 kJ/kg K).  A system which 
contains both phases in equilibrium will have an overall specific entropy which is the 
average of these two values, but if one were to measure the specific entropy of a single 
phase portion of the system, one would find either 0.37 kJ/kg K or 8.19 kJ/kg K, but not 
any value in between. 
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Figure 7.8 The phase plot for water in the temperature-entropy plane.  Room temperature is 
marked with a gray line. 

 
We have seen that the latent heat of vaporization is equal to T! s, where ! s is the 

entropy change associated with moving from saturated liquid to saturated vapor.  
Graphically, this would be the rectangular area under the gray line.  Clearly this area will 
change as we draw the line across at different temperatures, and hence we see that the 
latent heat is temperature dependent.  Notice that as the line moves up towards the peak 
of the coexistence curve, the latent heat goes to zero.  The peak of the curve occurs at the 



Chapter 7 

Copyright 2009 Marshall Thomsen 

13 

critical temperature.  Above this temperature, there is no distinction between the liquid 
and vapor phases.  Figure 7.9 shows the temperature dependence of the latent heat. 

 
Figure 7.9 The latent heat of vaporization for water.  Note that it vanishes at the critical 
temperature.  Below the triple point (273.16 K) there is no liquid-vapor coexistence. 

 
Example 7.2: A sealed 1.0 l  container holds pure water at 100oC.  1.23% 

of the water (by mass) is in the vapor phase, the rest is liquid.  Determine the 
pressure in the container.  Next, suppose heat is allowed to enter the container 
just until all of the water is vapor.  Determine the heat required and the final 
temperature.  Neglect any change in the volume of the container. 

 
The initial state described is a coexistence state at the temperature of 

100oC.  Thus the initial pressure must equal the saturation pressure at 100oC 
that, according to Appendix E, is 101.42 kPa. 

 
In Chapter 4, we defined the quality, x, as the fraction by mass of a 

substance in liquid/vapor coexistence that is in the vapor phase.  The quality of 
our initial state is thus 0.0123  .  The overall initial specific volume is then 
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! 

v = 1" x( )vl +xvg

= 1" 0.0123( )1.043
cm3

g
+0.0123#1671.8

cm3

g

= 21.59
cm3

g

 

where the specific volumes are the saturated values at 100oC, drawn from 
Appendix E. 

 
Since the mass of water in the container is fixed, as is the volume of the 

container, then the specific volume cannot change during the heating process.  
Furthermore, the final state is saturated water vapor.  Thus we seek the 
temperature at which saturated water vapor has a specific volume of 21.59 
cm3/g.  Appendix E shows that this occurs at very nearly 300oC.  In fact, 
interpolation suggests that this estimate is good to within one degree. 

 
To determine the heat flow, one can apply the First Law of 

Thermodynamics: 
 

! 

W+Q = " U , 
 

or, 
 

€ 

Q = ΔU 
 

since no work is done (volume is constant).  We can get at the internal energy 
via enthalpy data (U=H-PV):  

 

€ 

Q = 0+Δ H −PV( )
= m hf −Pfv( )− hi −Piv( )[ ]

 

 
where no subscript on the specific volume is required since it is constant.  We 
obtain the mass from knowledge of the total volume and the specific volume: 

 

€ 

m =
V

v
=

1000cm3

21.59cm3
g

= 46.3g 

 
While the final specific enthalpy is that of saturated water vapor at 

300oC (2749.6 kJ/kg), the initial specific enthalpy is obtained by averaging that 
of saturated liquid and saturated vapor at 100oC: 
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! 

hi = 1 " x( )hl + xhg

= 1 " 0.0123( )419.17 kJ
kg

+ 0.0123( )2675.6 kJ
kg

= 446.9
kJ
kg

 

 
Thus we find for the heat flow, 

 

  

! 

Q = m hf " Pf v( ) " hi " Piv( )[ ]

= 46.3#10" 3kg( ) 2749.6
kJ

kg
" 8587.9kPa# 21.59x10" 3 m3

kg

$ 

% 
& 

' 

( 
) " 446.9

kJ

kg
" 101.42kPa# 21.59x10" 3 m3

kg

$ 

% 
& 

' 

( 
) 

* 

+ 
, 
, 

- 

. 
/ 
/ 

= 98.1kJ

 It is tempting, but incorrect, to proceed as follows: the latent heat of 

vaporization at 100oC is 

! 

hg " hl = 2675.6
kJ
kg

" 419.17
kJ
kg

= 2256.43
kJ
kg

. We have 

a total of 46.3 g of water, of which, (100-1.23)%=98.77% is in the liquid phase.  
This amounts to 45.7 g or 0.0457 kg.  The heat required to produce this 

transition would then be 

! 

Q =ml= 0.0457kg 2256.43kJ
kg

=103.2kJ .  This 

incorrectly assumes the entire transition takes place at 100oC, which as we have 
shown above is not the case.  Nevertheless, it may be surprising that these two 
results are so close.  Picturing these two processes in the temperature-entropy 
plane illuminates the difference while also accounting for the similarity in the 
results: 
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Water Coexistence Curve
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Figure 7.10 The process described in Example 7.2 is temperature dependent, as 
correctly shown by the upper dashed curve.  The incorrect solution is the horizontal 
dashed curve.  The area under each of these curves represents the heat flow in the 
processes they describe, and these flows turn out to be very nearly the same. 

 

Taking Advantage of Latent Heat 
 
The latent heat associated with a first order phase transition is often quite large 

compared to the amount of heat typically used to change the temperature of a substance.  
For instance, if we have 1 kg of liquid water at 20oC, we require about 335 kJ of heat to 
warm it to 100oC.  To move it from 100oC liquid to 100oC vapor requires an additional 
2256 kJ of heat, nearly seven times as much.  For this reason, if one needs to move 
substantial quantities of thermal energy, it is often advantageous to exploit of phase 
transitions. 

 
In the next two chapters, we will discuss some cyclic processes that employ phase 

transitions, such as those used in refrigerators.  In this chapter, we will discuss a few 
processes that are not necessarily cyclic. 

 
Evaporation cooling is an excellent example of using a phase transition to move 

thermal energy.  Consider an athlete perspiring on a hot day.  Water builds up on the 
surface of her skin and then evaporates as heat flows into it.  The heat, of course, comes 
from her skin, and the result is that she cools off.  Let us imagine for a moment that on a 
hot day she unwisely covers part of her skin with plastic.  As water evaporates from her 
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skin, the water vapor builds up inside the plastic enclosure.  When the partial pressure of 
the water vapor reaches its saturation value (as can be determined by the saturation data 
of Appendix E), the net transition from liquid to vapor ceases.  We say the relative 
humidity in that air is now 100%.   Evaporation no longer helps cool her skin, so she 
begins to feel hot and muggy.  Taking the plastic off allows the saturated air to be 
replaced with drier air, and evaporation can resume. 

 
On a humid day, the air surrounding you is closer to saturation and hence the 

evaporation rate from your skin is reduced.  That is why humid days feel warmer.  By the 
same token, if there is not much wind and you are standing still, you can become 
surrounded by a barrier of warm, humid air, slowing down both evaporative cooling and 
heat loss through conduction to the air.  When a breeze blows or you stand in front of a 
fan, the warmer, damper air is replaced by cooler, drier air, and the heat loss from your 
body speeds up. 

 
While natural evaporative cooling is significant, it is also possible to exploit this 

phenomenon to create artificial cooling.  A fairly direct example of this is a swamp 
cooler.  In essence, this device functions as an air conditioner in dry climates.  A source 
of water is used to keep a large pad wet.  As water evaporates, the pad cools down.   A 
blower forces air through the pad, replacing the humid air with drier air, thus helping to 
maintain the evaporation rate.  At the same time, contact with the cool pad causes the air 
to cool down.  The net effect is that evaporation results in cooler (albeit more humid) air. 

 
An advantage of this device is its energy savings.  Unlike conventional air 

conditioners, no compressor is required.  A major disadvantage, however, is the 
requirement that the air be relatively dry.  For instance, on a day when the air temperature 
is 32oC, if the relative humidity is 20%, a typical swamp cooler can produce 21oC air.  If 
the relative humidity is 50%, it can only cool the air down to 26oC.  Furthermore, the 
requirement for a dry climate may be at odds with another key requirement for a swamp 
cooler: plentiful water. 

 

Evaporation Cooling: A Microscopic Perspective 
 
The thermal energy of molecules in a liquid is associated with both their kinetic 

energy and their potential energy of interaction with neighboring molecules.  Because of 
the randomness associated with thermal energy, we know that not all molecules will have 
the same kinetic energy.  Rather, there will be a distribution of kinetic energies.  The 
same statement applies to potential energies associated with molecular interactions. 

 
The potential energy of a single molecule, since it arises from attraction to 

neighboring molecules, increases as the molecule moves further away from its neighbors.  
This is analogous to the potential energy of an object on the earth's surface increasing as 
we lift it away from the surface.  We also know that if we throw an object up in the air, it 
exchanges kinetic energy for potential energy as it slows down.  If we give it enough 
kinetic energy, it can escape from the earth's gravitational pull entirely.  By the same 



Chapter 7 

Copyright 2009 Marshall Thomsen 

18 

token, an individual molecule in a liquid with enough kinetic energy can escape from the 
pull of its neighboring molecules and hence escape from the liquid. 

 
Of prime importance is the observation that in order to escape from the liquid, a 

molecule must have a large kinetic energy.  Put another way, some molecules of high 
kinetic energy are selectively allowed to escape through evaporation.  The result is a 
lower average kinetic energy of the remaining liquid molecules and thus a lower 
temperature of the liquid.  If this evaporation is associated with a drop of sweat on your 
skin, then the sweat is kept near thermal equilibrium by heat flowing into it from your 
skin.  This, then, is what cools your body off. 
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Chapter 7 Problems 
 

1. Define the following reduced variables for fluids: 

€ 

Pr =
P
Pcr

Tr =
T
Tcr

vr =
v 
v cr

 

Show that in terms of these variables, the van der Waals equation can be written 

  

€ 

Pr +
3
vr

2

 

 
 

 

 
 vr −

1
3

 

 
 

 

 
 =

8
3

Tr  

This equation is known as the Law of Corresponding States.  It suggests that all gases 
look alike when expressed in terms of their reduced variables.  While experimental 
measurements do suggest that many gases behave in a similar way when expressed in 
terms of reduced variables, this common behavior is not too closely modeled by the 
van der Waals equation.  For more information, see a textbook such as 
Thermodynamics: An Engineering Approach by Yunus Cengel and Michael Boles, 
under the topic of compressibility factor. 

 
2. Use the following data for R-134a to estimate its saturation pressure at 8oC.  Compare 

your result to the experimental value of 388 kPa.  
 
T 0oC 
Psat 293 kPa 
vl 0.772 cm3/g 
vg 68.9 cm3/g 
hl 50.0 J/g 
hg 247.2 J/g 
 
 

3. At one atmosphere of pressure, ice cream has a freezing point of about -6oC.  The 
latent heat associated with the freezing transition is 210 kJ/kg.  Suppose 0.75 kg of 
ice cream is left out on a table at room temperature and allowed to melt. 
a. By how much does the entropy of the ice cream change just due to its melting?   
b. Is this melting a reversible process?  Why? 

 
4.  Show that at a liquid-vapor phase transition, 

! 

ug " ul = lv " Psat vg " vl( ) 
where lv is the latent heat of vaporization.  Use this result and the data from Problem 
2 to calculate ug-ul for R-134a at 0oC.  

 
5. How will the solid-liquid coexistence curves differ qualitatively for substances that 

contract upon freezing as opposed to those which expand upon freezing?  
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6. Figure 7.8 is reproduced below with gridlines.  Use this figure to estimate the latent 
heat of vaporization of water at 400 K by the area under the curve method.  Is your 
answer consistent with Figure 7.9?  

 

Figure 7.11 Problem 6 
 

7.  Estimate the reduced saturation pressure for a van der Waals fluid at a reduced 
temperature of 0.90.  Use the graphical method with the help of Figure 7.12 below 
and see problem #1 above for the definition of reduced variables.  

Figure 7.12  Problem 7. 
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8.  a. Repeat Example 7.2, but now the 1.0 l  container starts out at 40oC with 1.8% of 
the water (by mass) in the vapor phase.  Use Excel file WaterSaturation rather than 
Appendix E. 
b. If one neglects the fact that the temperature of the water will rise during this 
process and that this in turn will affect the latent heat, one can naively calculate the 
latent heat of vaporization through lv=hg-hl at 40oC.  Multiplying this by the mass of 
water in the container to “calculate” the heat required for the process.  Perform this 
calculation and compare your answer to part (a). 
c. The process in part (a) occurs at constant volume.  The process implied by the 
calculation in part (b) does not occur at constant volume.  What is constant during 
that process? 

 
9.  Suppose the molar latent heat of vaporization for a substance can be approximated as 

€ 

l v = aT+ b, where a and b are constants fit to experimental data.  If one point on the 
liquid/vapor coexistence curve is known (To, Po), show that  

€ 

P ≈ Po
T
To

 

 
 

 

 
 

a
R

exp
b
R

1
To
−
1
T

 

 
 

 

 
 

 

 
 

 

 
 .   

The approximation comes from using the ideal gas equation of state to determine the 
molar volume of the vapor phase and from neglecting the volume of the liquid phase 
compared to that of the vapor phase.  

 
10. Using data from Appendix D, calculate the ratio 

! 

Pcrv cr

RTcr

 

for argon, carbon monoxide, carbon dioxide, helium, nitrogen, and neon.  Compare to 
equation 7.5 and discuss any trends you notice.  

 
11. At 1.00 atm of pressure, carbon dioxide exhibits equilibrium between its vapor and 

solid phases when the temperature is –78.5oC.  The latent heat of sublimation under 
those conditions is 5.711x105 J/kg.  Assume that the temperature dependence of this 
value can be neglected.  
a. How can the result from problem 9 be modified to fit this situation? 
b. The triple point for carbon dioxide occurs when T=-56.4oC.  Estimate the triple 
point pressure using the result from problem 9, and compare to the experimentally 
measured value of 5.11 atm.  

 
12. The Sunpentown Portable SF-609 Air Cooler is an evaporative cooling device.  Its 

specifications include that its fan can move 1380 cubic feet per minute and that it can 
cool air by about 12-15oF.  Calculate the volume of liquid water that would need to 
evaporate in one hour in order to cool 1380 cubic feet per minute of air by 12oF.  You 
will need to make some reasonable assumptions about the air that is being cooled.  

 
 



Chapter 7 

Copyright 2009 Marshall Thomsen 

22 

 
13. The following data for aluminum is taken from Physical and Thermodynamic 

Properties of Pure Chemicals (Greyden Press1989):  
Melting Point = 933.45 K 
Heat of fusion @ melting point = 1.0711x107 J/kmole 
Specific heat = 2.2149x104  + 5.7062T +  6.7408x10-3 T2 
 (where T is in Kelvin and the specific heat is in J/kmole.K) 
Molecular Weight =28.951 kg/kmole 

 
Using this information, calculate how much heat must flow into 1.00 kg of aluminum 
at 25oC in order to turn it into liquid at 933.45 K.  

 
14. The following data is taken from Physical and Thermodynamic Properties of Pure 

Chemicals (Greyden Press1989):  
 

Compound  Pcr (Pa) Tcr (K) 

! 

v cr m3/kmole( ) b (m3/kmole) 

Methane CH4 4.5990x106 190.56 0.09860 0.01705 
Methanol CH4O 8.0970x106 512.64 0.11800 0.02171 
Ethylene C2H2 5.0318x106 282.36 0.12907 0.02388 
Propane C3H8 4.2480x106 369.83 0.20000 0.03757 

Here b is the excluded volume parameter in the van der Waals equation.   
a. For these four species, compare 

! 

v cr  to 3b (as predicted in chapter 4) and comment 
on trends.  

b. Evaluate 

€ 

Pcrv cr

RTcr

 and 

€ 

Pcr 3b( )
RTcr

 to see which ratio comes closer to the 3/8 predicted by 

van der Waals theory.  
 

15. Estimate the amount of sweat (in grams) that must evaporate in order to remove the 
amount of heat from a typical adult human body that would otherwise cause the 
temperature of that body to rise by 1oC.  Note that there is enough water in the body 
that for the purposes of a rough estimate we may take the body’s specific heat to be 
that of liquid water.  

 
 

16. Suppose I wish to keep a room cool in the summer with the aid of frozen carbon 
dioxide (dry ice).  Assume the primary cooling will come through the latent heat of 
sublimation which, for dry ice at one atmosphere, is 6030 cal/mole.  Further assume 
that the primary “heat leak” in the room is the presence of 20 individuals, each of 
whom radiates heat at the rate of about 100 W.  
a. About how long can the room temperature be maintained by allowing 10 kg of dry 
ice to sublimate?  
b. Estimate the percentage (by moles) of CO2 in the room air after the sublimation is 
complete, assuming a tightly sealed room of dimensions 4mx8mx10m.  Note that 
when this reaches 3%, breathing becomes more difficult, at 10% people experience 
severe distress, and at 18% suffocation is likely.  
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17. The normal boiling point for 4He, the most common helium isotope, is 4.2304 K.  

This is its saturation temperature at 1.00 atm of pressure.  The latent heat of 
vaporization under these conditions is 20.73 kJ/kg, while the density of the saturated 
liquid is 0.12473 g/ml.  Use this information to estimate the saturation temperature at 
50 kPa.  You will need to approximate the saturated vapor as an ideal gas in order to 
determine its density.  Aside: the experimental value is about 3.5 K.  This means if 
you use a vacuum pump to reduce the pressure in a container with liquid helium to 50 
kPa, the temperature will drop to 3.5 K.  

 
18.  The following table lists for several substances the saturation temperature at 1 atm 

and the latent heat of vaporization at that temperature.  Calculate the molar specific 
entropy change associated with vaporization of each one of these substances and 
comment on any trends you notice.  

 
Substance Saturation Temperature (K) Latent heat (J/mole) 
Ar 87.28 6440 
H2O 373.15 40800 
He (specifically, the isotope 4He) 4.22 83.4 
N2 77.34 5568 
Ne 27.09 1719 
O2 90.19 6785 
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19. A sealed vessel contains nothing but liquid and vapor hydrogen (26.0 g total) in 
equilibrium.  The volume of the container is 1.50 l , which you can assume to be 
constant.  The contents are initially at 18.7 K.  From the reference book, Physical and 
Thermodynamic Properties of Pure Chemicals (published by Taylor & Francis, 1999), 
the saturation pressure as a function of temperature for hydrogen is well described by 
the function 

  

! 

P = exp A+
B
T

+CnT+DTE
" 
# $ 

% 
& ' where

A =10.351 B= ( 85.680 C =1.7947
D = 3.3588 ) 10( 11 E = 6.000

 

and the pressure is in Pascals while the temperature is in Kelvin.  The latent heat of 
vaporization is well described by the function 

€ 

l v = A 1− Tr( )β where

Tr =
T
Tcr

β = B+ CTr + DTr
2

A = 8.6644×105 B = 0.060875

C = −0.73731 D = 0.93732

 

and the latent heat is in units of J/kmole while the temperature is in Kelvin. The 
critical temperature for hydrogen is 32.976 K and its molecular mass is 2.016 u.  
Finally, the molar specific volume of saturated liquid hydrogen is 0.028457 m3/kmol, 
a value that you may assume is constant for this problem.  

 
a. Determine the pressure in this container. 
b. Suppose heat flows into the container until the temperature rises to 29.2 K.  What 
will the new pressure be?  
c. Calculate the molar latent heat of vaporization at the initial temperature and the 
final temperature, and from that compute the average.  
d. Calculate the molar latent heat of vaporization at the average temperature during 
this process and compare your result to that of part (c).  
e. In determining the nature of the final state of this system, we can reduce the 
problem to four unknowns, the final volume of the liquid, the final volume of the 
vapor, the final number of moles of liquid, and the final number of moles of vapor.  
Write out four independent equations involving these four unknowns and solve the 
number of moles of liquid and vapor. You may approximate the vapor phase as an 
ideal gas.  
f. Choose your result to either (c) or (d), indicate why you chose that one, and 
estimate the heat flow into this system during the process.  
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20.  The specific heat of copper can be reasonably well described by the function 

€ 

c V = 3R θE

T
 

 
 

 

 
 

2 e
θE

T( )

e
θE

T( ) −1 
  

 
  

2  

where " E is known as the Einstein temperature and has a value of 240 K for copper.  
At very low temperatures, the specific heat deviates measurable from this function, 
but that will not be a concern here.  Suppose there is a container of liquid nitrogen 
exposed to the atmosphere and a 1.00 g piece of copper at room temperature (294 K) 
is dropped into the nitrogen.  How many grams of liquid nitrogen must evaporate in 
order to bring the copper into equilibrium?  Note that the atomic mass of copper is 
63.55 u.  The latent heat of vaporization of liquid N2 at one atmosphere of pressure is 
5568 J/mole.  In this problem you will need to numerically integrate the specific heat 
function.  You may do so by whatever technique you wish (including plotting and 
box counting) provided you explain how you did it.  
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