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Chapter 6: Entropy Changes and Related Thermodynamic 
Functions  

 
Entropy is the fundamental concept that sets thermodynamics apart from classical 

mechanics.  It creates a distinction between the classical mechanics concept of energy 
and the thermodynamical concept of accessible energy.  We have already seen that our 
discussion of the concept of entropy led to the introduction of two other key 
thermodynamical concepts: temperature and heat. 

 
In this chapter we will focus on entropy as a property of a system and investigate 

how to evaluate changes in entropy.  Along the way, we will introduce the specific heat 
and free energy functions.  While some of the material will have immediate application, 
we are also laying the groundwork for subsequent chapters on phase transitions and 
cyclic processes. 

The Second Law of Thermodynamics Revisited  
 
In Chapter 2, we introduced the Second Law of Thermodynamics.  We now 

make a more formal statement of it: 
 
There is no process that can decrease the total entropy of the universe. 
 
The reader should be aware that there are quite a number of different ways of 

stating the second law.  Some, like that above, refer directly to entropy, while others do 
not.  The above statement has been chosen for its simplicity.  Having already defined 
"entropy" and "process", and presuming the term "universe" is unambiguous, this 
statement is precise, concise, and well defined.  However, it is not very practical because 
it implies that in order to verify the law one must measure the entropy of the entire 
universe, both before and after the process.   

 
A more practical statement of the Second Law of Thermodynamics is possible if 

we introduce a new term.  We define an isolated system as one that cannot exchange 
energy or matter with its surroundings.  We can now look at a piece of the universe, 
rather than the whole, and state that 

 
There is no process that can decrease the entropy of an isolated system. 
 
This statement makes the size of the system more reasonable, but the notion of an 

isolated system is an idealization.  It is challenging to get a process to occur in a system 
that is truly isolated, since such a system cannot interact with its surroundings.  Even if 
one could initiate a process, monitoring it without any energy exchange taking place 
poses an additional challenge.  Practical applications of this principle require an 
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understanding of what sorts of processes change entropy so that we can understand when 
interactions between a system and its surroundings will have a significant impact on our 
entropy analysis. 

Reversible and Irreversible Processes  
 
Since the Second Law precludes any process which decreases the entropy of the 

universe, we now consider processes which do not change the entropy of the universe and 
those which increase the entropy of the universe.  If a process is carried out in such a way 
that the entropy of the universe increases, then according to the Second Law the entropy 
of the universe can never be restored to its earlier (smaller) value and hence the universe 
as a whole can never return to its earlier state.  This type of process is therefore called an 
irreversible process.  If, on the other hand, a process is carried out which does not 
increase the entropy of the universe, then in principle it would be possible to return to the 
state the universe had at the start of the process, since doing so would not require a 
decrease in entropy.  A process that does not increase the entropy of the universe is then 
called a reversible process.   

 
Reversible processes, like frictionless processes that are considered in classical 

mechanics, are idealizations except under exceptional circumstances.  Even if one could 
imagine designing and constructing an experiment to carry out an ideal, reversible 
operation, the external mechanisms required to initiate and control the process are likely 
to be irreversible, so the process as a whole is irreversible.  In order to make the notion of 
reversibility useful, we define a locally reversible process as one that does not involve 
irreversibilities within the system under study.  Local reversibility is still an idealization.  
However, it is a manageable idealization in that it puts a constraint on only a very small 
portion of the universe.  For instance, we can imagine confining a gas to a cylinder with a 
moveable piston.  By moving the piston very gradually we can avoid creating significant 
irreversibilities within the gas itself.  However, the piston and cylinder experience kinetic 
friction as the piston is moved, and we shall see later that kinetic friction gives rise to 
irreversibilities.  Hence we would describe this process as being locally reversible with 
respect to the confined gas. 

 
In Chapter 2, we defined entropy as the natural log of the number of accessible 

microscopic states of a system.  We saw that if an isolated system was not in equilibrium, 
then it evolved in such a way as to maximize the entropy.  In probabilistic terms, the most 
likely macroscopic thermodynamic state is the one with the most accessible microscopic 
states.  Thus a system that is not in thermodynamic equilibrium will display an increase 
in its entropy as it evolves towards an equilibrium state.  This evolution can be 
accomplished in isolation so the entropy increase will not be compensated for by an 
entropy decrease elsewhere in the universe.  Since evolution towards equilibrium results 
in a net increase in entropy of the universe, it is an irreversible process. 

 
Consider a gas confined to one half of a container by a barrier, the other half of 

the container being a vacuum.  If we abruptly remove the barrier, then momentarily we 
have a system which is not in thermodynamic equilibrium.  All of the gas molecules are 
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on one side of the container.  In analogy with the coin tossing problems of Chapter 2, 
there are many more microscopic states that correspond to a nearly even distribution of 
molecules in the container than there are microscopic states in which all the molecules 
are on just the left side of the container.  Hence we will in short order find the system in a 
state of greater entropy as the gas molecules spread out to fill the container.  This process 
is irreversible in the sense that we can wait however long we wish, but we are not going 
to see those molecules spontaneously recongregate on the left side of the container.  This 
is no more likely than getting all heads if we toss the same number of pennies as there are 
molecules.  The length of time we would expect to have to wait to observe that result 
exceeds not only our lifetime but the age of the universe.   

 
A non-quasistatic process by definition places a system out of equilibrium, if only 

briefly.  The evolution towards equilibrium is, as discussed above, an irreversible 
process.  Hence non-quasistatic processes are irreversible. 

 
Figure 6.1 Immediately after the removal of a barrier confining the gas to the left half of the 
container, the system is out of equilibrium.  There are many more microscopic states that 
correspond to a nearly uniform distribution of gas molecules than there are corresponding to 
all of the molecules on the left side. 

 
Another general class of irreversible processes are those which involve dissipative 

forces.  When a book sliding across a table comes to rest due to friction, we describe the 
frictional force as a dissipative force.  While the book was sliding, the average velocity of 
most molecules was directed the same way.  The book had the macroscopic type of 
kinetic energy we discuss in classical mechanics.  As the book slowed and this 
macroscopic kinetic energy began to disappear, it was replaced by the microscopic form 
of kinetic and potential energy that we have called thermal energy.  The energy has been 
dissipated, or spread out, not just in a spatial sense (some of the energy is now in the 
table) but also in velocity space.  Whereas at first the distribution of molecular velocities 
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was centered on the velocity of the book, by the time sliding stops, the distribution of 
velocities is broader and the center shifts to zero. 
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Figure 6.2 A qualitative representation of the distribution of molecular speeds in a sliding 
object experiencing friction, before and after it stops. 

 
 
The broadening of the velocity distribution is associated with more accessible 

microscopic states, and thus with an increase in entropy.  Similar arguments apply when 
an object moving through a fluid encounters fluid resistance or we run a current through 
an electrical resistor.  These dissipative actions all result in a net entropy increase and 
hence are irreversible.  We can try waiting for most of the randomly vibrating molecules 
in the book to move, by chance, in the same direction at one instant, causing the book to 
slide back towards its starting point, but our wait would likely be a time that greatly 
exceeds the present age of the universe. 

 
We conclude, then, that a process is irreversible if it either involves a dissipative 

action or is not a quasistatic process.  We see now how the notion of a "reversible 
process" is clearly an idealization.  It is very difficult to design a process that involves a 
nontrivial change but also involves no dissipation.  While it is conceivable that one could 
design a process with a super fluid, which displays no resistance to flow, or with a super 
conductor, which displays no resistance to electrical current, other aspects of the 
experimental apparatus will most certainly involve dissipation.  On the other hand, our 
ability to minimize or eliminate dissipation locally makes the concept of locally 
reversible processes useful.  The requirement that a locally reversible process be 
quasistatic also imposes a significant constraint.  In a truly quasistatic process, any finite 
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change is only allowed to take place in a series of infinitessimal steps.  Thus it takes 
infinitely long to complete.  In practice, quasistatic will come to mean that the process is 
slow enough that non-equilibrium effects do not contribute significantly to the entropy of 
the system. 

 

Calculating Entropy Change From Heat Flow  
 
In Chapter 2, we saw that if a small quantity of heat, d'Q, flowed into a system at 

temperature T, then the entropy of the system increased by an amount 
 

  

! 

dS=
d'Q
T

 (reversible processes) .   (6.1) 

 
This equation accounts for entropy changes due to reversible heat flow only.  If there are 
other, irreversible processes taking place, the resulting entropy change must be accounted 
for separately.  For now, attention will be focused on reversible processes. 

 
Depending on the circumstances, the incoming heat could increase  the 

temperature of the system, but as long as we restrict ourselves to infinitessimal heat 
flows, the resulting infinitessimal temperature change can safely be ignored in equation 
6.1.  Of course equation 6.1 applies as well to situations in which heat leaves the system.  
In that case, d'Q is negative, and as a result the entropy of the system decreases.  Finally 
note that in an isothermal process, we can easily integrate the equation to obtain 

 

! 

" S=
Q
T

 (isothermal process) .    (6.2) 

 
In non-isothermal processes, however, we must understand how the temperature varies 
before the integral can be carried out. 

 
Example 6.1: Using the heat flow method, calculate the entropy change 

in 1.00 kg of water when it changes from saturated liquid to saturated vapor at 
100oC. 

 
Since the water is being held at constant temperature and it is always 

saturated, the pressure it experiences must also be constant (101.42 kPa, 
according to Appendix E).  We have seen in Chapter 5 that when a system 
undergoes an isobaric process, the heat flow is related to the change in 
enthalpy: Q=! H=m! h.  Again from Appendix E, for saturated liquid at 100oC, 
h=419.17 kJ/kg, while for saturated vapor h=2675.6 kJ/kg. Thus 

 

  

! 

Q = m" h = 1.00kg( ) 2675.6 kJ
kg

# 419.17
kJ
kg

$ 

% 
& 

' 

( 
) = 2256kJ 
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This process is also isothermal, so equation 6.1 applies: 
 

  

! 

" S=
Q
T

=
2256kJ

100+273.15( )K
= 6.05

kJ
K

 

 
Notice that we have used the absolute temperature, as is required in almost all 
of our equations.  Also, the final answer has been rounded to three significant 
digits since the precision of our mass data is limited.  Our answer is consistent 
with the value of ! s taken directly from Appendix E. 
 

Relating Temperature Change to Heat Flow  
 
For non-isothermal processes, calculating the entropy change will generally 

require knowledge of how the heat flow is affecting the temperature of our system.  In 
particular, we wish to know if heat Q enters a system of mass m, by how much does the 
temperature increase?  The temperature increase will depend on the mass and type of 
material contained in the system, but the relationship may be conveniently written as 

 

! 

Q =mc" T  ,        (6.3) 
 

where c is the specific heat of the material.  It turns out that the specific heat itself may 
be temperature dependent, so equation 6.3 is best written as an infinitessimal equation.  A 
second concern is that the specific heat varies depending on the details of the process 
during which heat enters.  In particular, in a hydrostatic system, the specific heat takes on 
a different value when volume is held constant than when pressure is held constant.  Thus 
we write 

 
  

€ 

d'QV =mcVdTV ,      (6.4) 
 

where cV is the specific heat at constant volume, d'QV refers to heat entering the system 
while the volume is held fixed, and dTV refers to the resulting temperature change when 
the volume is held fixed.   We take this equation to be our definition of cV.  We can 
rewrite this definition by noting that if the process is reversible, equation 6.1 applies: 
d'QV=TdSV.  Then we have 

 

! 

TdSV = mcVdTV  . 
 

Rearranging, we arrive at 
 

! 

cv =
T
m

dSV

dTV

 . 

 
The ratio of infinitessimals at constant volume is exactly what is meant by a 

partial derivative, holding volume constant: 
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! 

cv =
T
m

" S
" T

# 

$ 
% 

& 

' 
( 

V

 .       (6.5) 

 
It is also convenient to express the specific heat in terms of the specific entropy, s=S/m: 

 

! 

cv = T
" s
" T

# 

$ 
% 

& 

' 
( 

V

 .       (6.6) 

 
Similarly, the specific heat at constant pressure is defined by the equation 
 

  

! 

d'QP = mcPdTP   ,       (6.7) 
 

and we have 
 

! 

cP =
T
m

" S
" T

# 

$ 
% 

& 

' 
( 

P

= T
" s
" T

# 

$ 
% 

& 

' 
( 

P

.      (6.8) 

 
 
Consider a simple hydrostatic system whose thermal energy changes by an 

infinitessimal amount.  We know from the First law of Thermodynamics for a closed 
system that 

 
  

! 

dU = d'Q+d' W = d'Q" PdV .     (6.9) 
 

For a process in which the volume is held constant, the work term is not present: 
 

  

! 

dUV = d'QV  
 

Combining this equation with equation 6.4 gives 
 

! 

dUV = mcVdTV  
 

Rearranging terms and replacing U/m with u, 
 

€ 

duV

dTV

= cV ,   

 
or, 

 

! 

cV =
" u
" T

# 

$ 
% 

& 

' 
( 

V

 .       (6.10) 

 
Likewise, we have seen that in an isobaric process, 
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! 

d'QP = dHP 
 

from which it follows that 
 

! 

cP =
" h
" T

# 

$ 
% 

& 

' 
( 

P

 .        (6.11) 

 
These specific heats are expressed on a mass basis; that is, they have units of 

J/kg.K. When dealing with gases, we often find it useful to express specific heats on a 
molar basis, in which case 

 

  

! 

d'QV = nc VdTV c V =
" u 
" T

# 

$ 
% 

& 

' 
( 

V

d'QP = nc PdTP c P =
" h 
" T

# 

$ 
% 

& 

' 
( 

P

 .      (6.12) 

 
The units of molar specific heat are J/mole.K. 

 
Consider the special case of the ideal gas. The thermal energy of that system 

depends on temperature but not volume or pressure.  Then 
 

€ 

c P =
∂h 
∂T

 

 
 

 

 
 

P

=
∂
∂T

 

 
 

 

 
 

P

u + Pv ( )

=
∂u 
∂T

 

 
 

 

 
 

P

+
∂
∂T

 

 
 

 

 
 

P

RT( )
 

 
where in the last step we have used the ideal gas equation of state.  In chapter 4, we saw 
that the thermal energy of an ideal gas can be expressed as a function of just temperature 
and number of moles so that 

 

! 

" u 
" T

# 

$ 
% 

& 

' 
( 

P

=
" u 
" T

# 

$ 
% 

& 

' 
( 

V

= c V  

  
With the help of equation 6.12, 

 

! 

c P = c V +R  (ideal gas).     (6.13) 
 

Example 6.2: Determine 

! 

c V  and 

! 

c P for an ideal gas of d degrees of 
freedom, where d is independent of temperature. 
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In Chapter 4, we have the result that for an ideal gas, 

! 

U =
d
2

" 

# 
$ 

% 

& 
' nRT, so 

that 

! 

u =
d
2

" 

# 
$ 

% 

& 
' RT and 

 

! 

c v =
" u 
" T

# 

$ 
% 

& 

' 
( 

V

=
"

" T

# 

$ 
% 

& 

' 
( 

V

d
2

# 

$ 
% 

& 

' 
( RT

) 

* 
+ 

, 

- 
. =

d
2

R 

 
We can calculate the enthalpy, H, for an ideal gas with the aid of the ideal gas 
equation of state: 

 

! 

H = U +PV=
d
2

" 

# 
$ 

% 

& 
' nRT+nRT=

d+2
2

" 

# 
$ 

% 

& 
' nRT, 

 
from which 

 

€ 

h =
d+ 2

2

 

 
 

 

 
 RT. 

 
Thus 

 

  

€ 

c P =
∂h 
∂T

 

 
 

 

 
 

P

=
∂
∂T

 

 
 

 

 
 

P

d+ 2
2

RT
 

 
 

 

 
 =

d+ 2( )R
2

, 

 
in agreement with equation 6.13 . 

 
In Example 6.2, it was assumed that d is temperature independent.  In fact, for 

many ideal gases, d is temperature dependent.  In these cases, d is interpreted as a 
temperature dependent representation of the effective number of degrees of freedom per 
molecule.  It turns out that quantum mechanics places restrictions on how accessible 
certain degrees of freedom are.  When d takes on an integral value, then classical 
mechanics is sufficient to describe all of the accessible degrees of freedom and quantum 
mechanics is restricting access to others.   

 
For instance, in a molecule at room temperature, translational and rotational 

degrees of freedom may be accessible, but the minimum energy required to excite a 
vibrational degree of freedom may not be available from thermal energy, and hence 
vibrational degrees would be inaccessible.  At higher temperatures, these vibrational 
degrees may become more accessible and we would enter a regime where the number of 
degrees of freedom is apparently not an integer.  This regime must be described by 
quantum mechanics.   
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Example 6.3: At low temperatures, the specific heat of many metals has 
the form c=aT+bT3.  Derive an expression for the heat flow required to raise the 
temperature of such a system from T1 to T2. 

 
In solids, volume changes are small enough that we do not generally 

need to distinguish between cP and cV.  Thus we write 
 
  

! 

d'Q = mcdT, 
 
or, 
 

  

! 

Q = mcdT
T1

T2

"

= m aT+bT3( )dT
T1

T2

"

=
ma
2

(T2
2 # T1

2)+
mb
4

T2
4 # T1

4( )

 

 

Comments on  the calorie  
 
A unit of heat, the calorie, was introduced prior to the recognition that heat is a 

form of energy flow.  Loosely speaking, the definition of the calorie is that it represents 
the amount of heat required to raise 1 gram of liquid water by 1oC.  In the 1840's, James 
Prescott Joule made the connection between heat and energy and performed a series of 
experiments in which mechanical work was compared to a measured amount of apparent 
heat flow it caused.  The so-called mechanical equivalent of heat is now defined in 
terms of the unit bearing his name:  

 

! 

1cal" 4.18J 
 
The reader may well ask why the above expression is labeled as an 

approximation.  In fact, the calorie is now defined in terms of the Joule, so it ought to be 
possible to write down an exact equality.  The problem is that more than one type of 
calorie has been defined.  If we reexamine the way in which the calorie was introduced, 
we realize that the definition is incomplete because the conditions under which the heat 
flow takes place are not specified.  Of greatest significance is the temperature dependence 
of the specific heat of water.  Table 6.1 lists a variety of calories that have been defined. 
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Name Definition Size (Joules) 
Thermochemical calorie Defined in terms of the Joule only 4.184 

Mean calorie 1/100 of the heat required to raise 
1 g of water from 0oC to 100oC. 

4.190 
 

Small calorie Heat required to raise 1 g of water 
from 3.5oC to 4.5oC 

4.2045 

Normal calorie (also known as 
the 15o calorie) 

Heat required to raise 1 g of water 
from 14.5oC to 15.5oC 

4.186 

20o calorie Heat required to raise 1 g of water 
from 19.5oC to 20.5oC 

4.182 

International Steam Table 
calorie 

Defined in terms of the Joule only 4.1868 

 
Table 6.1 Several definitions of the calorie and their equivalent value in Joules are shown. 

 
Unfortunately, different textbooks adopt different calorie standards but typically 

refer to the unit generically as the calorie.  Students with calculators that have built in 
unit conversion may find that the conversion on their calculator does not agree with that 
in their textbook.  We avoid confusion in this textbook by not using the calorie unit. 

 
Another source of confusion regarding the calorie unit can have more dramatic 

consequences.  The food Calorie is different from the thermochemical calorie, yet the 
only distinction in writing is whether or not to capitalize the "c" in calorie:  1 
Calorie=1000 calories.  Put another way, the food Calorie is the same as the kilocalorie.∗  
Thus when the cup of fruit juice you consume is listed as containing 100 Calories, that is 
the equivalent of 100 kcal or about 418 kJ.   

Helmholtz Free Energy  
 
Consider a closed system in contact with a thermal reservoir that maintains its 

temperature at a constant value.  From the First Law of Thermodynamics, we know that 
during an infinitessimal process, 

 
  

€ 

d'W = dU−d'Q .      (6.14) 
 
If the process is reversible, then we can relate the heat flow into the system to the 

entropy change of the system: d'Q=TdS, so that 
 

  

! 

d' W = dU" TdS

= d U " TS( )
 

 
where the last equality follows from the fact that the process is isothermal.   

                                                
∗ Please don't blame the author for this ridiculous naming convention--it was not his idea! 
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The Helmholtz free energy, F, is defined as 
 

! 

F = U " TS .     (6.15) 
 

With this definition, we see that  
 

  

! 

d'W = dF   (reversible isothermal process);  (6.16) 
 

that is, the work done on a system undergoing a reversible isothermal process shows up 
as an increase in its Helmholtz free energy.  Equivalently, when a system performs a 
given amount of reversible isothermal work, its Helmholtz free energy decreases by an 
identical amount. 

 
The Helmholtz free energy function has a number of other uses.  Consider again 

the First Law of Thermodynamics as applied to closed simple hydrostatic systems, so that 
d'W=-PdV.  If the system undergoes a reversible process, we can again use d'Q=TdS, 
resulting in 

 

  

! 

dU = d'Q+d' W

= TdS" PdV
       (6.17) 

 
where now we do not restrict the process to be isothermal.  Let us examine what happens 
to the free energy when the system undergoes an infinitessimal change: 

 

! 

dF = d U " TS( )
= dU " TdS " SdT

 . 

 
From equation 6.17, we see that we can replace dU-TdS with -PdV, giving 
 

€ 

dF= −PdV−SdT .     (6.18) 
 

If we consider the possibility of a system undergoing an isochoric change, we would 
write 

 

! 

dFV = " SdTV , 
 

or, 
 

! 

S= "
dFV

dTV

. 

 
We recognize the right hand side of the above equation as the partial derivative of the 
Helmholtz free energy at constant volume: 
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! 

S= " #F
#T( )

V
 .      (6.19) 

 
A similar argument shows that 

 

! 

P= "
#F
#V

$ 

% 
& 

' 

( 
) 

T

 .      (6.20) 

 

The Gibbs Free Energy  
 
The Gibbs Free Energy, G, is defined as 
  

! 

G = U +PV" TS .      (6.21) 
 

It is left as an exercise (see problem 5) to show that for an infinitessimal, reversible 
process involving a closed, simple hydrostatic system, 

 

! 

dG = " SdT+VdP  ,      (6.22) 
 

from which we obtain 
 

! 

S= "
#G
#T

$ 

% 
& 

' 

( 
) 

P

V =
#G
#P

$ 

% 
& 

' 

( 
) 

T

.    (6.23) 

 
Another interesting result is that dG=0 for a process which is simultaneously 

isothermal and isobaric.  What this means mathematically is that G is either a local 
maximum or local minimum for such a process.  We will apply this result in Chapter 7 to 
the study of phase changes, which can be simultaneously isothermal and isobaric. 

 

Maxwell Relations  
 
A set of interesting relations among thermodynamic variables arises when we take 

advantage of the fact that for most functions we encounter in physics we can interchange 
the order of differentiation.*  For instance, 

 

! 

"
" V

# 

$ 
% 

& 

' 
( 

T

" F
" T

# 

$ 
% 

& 

' 
( 

V

=
"

" T

# 

$ 
% 

& 

' 
( 

V

" F
" V

# 

$ 
% 

& 

' 
( 

T

 

 
Inserting equations 6.19 and 6.20 into this expression and canceling the negative signs 
yields 

 
                                                
* Specifically, the function F and all the derivatives involved must be continuous on the domain of 

interest. 
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! 

" S
" V

# 

$ 
% 

& 

' 
( 

T

=
" P
" T

# 

$ 
% 

& 

' 
( 

V

.       (6.24) 

 
This expression, obtained by examining second derivatives of an energy-related 
thermodynamics function, is known as a Maxwell relation .  These relations express 
sometimes unexpected connections among the key thermodynamic quantities.   

 
We can at least make a qualitative check of equation 6.24.  If we have a gas, we 

expect that when the volume is increased at constant temperature, the entropy will 
increase: there are more places for the gas molecules to be and hence there are more 
accessible microscopic states.  Thus the left-hand side of 6.24 should be positive.  On the 
other hand, if we hold the volume of a gas constant while we increase the temperature, 
the pressure will increase.  Hence we expect the derivative on the right-hand side of 6.24 
to be positive as well.  So we see that the signs in equation 6.24 are consistent with our 
expectations. 

 
We can derive a second Maxwell relation by looking at the enthalpy, H.  Since 

H=U+PV, an infinitessimal change in H can be expressed as 
 

! 

dH = dU+PdV+VdP . 
 

If the process being described is reversible, then we can use equation 6.17 to replace the 
first two terms on the right with TdS, giving 

 

! 

dH = TdS+VdP .      (6.25) 
 

Repeating earlier arguments following equation 6.18 for dF, we find 
 

€ 

∂H
∂S
 

 
 

 

 
 
P

= T ∂H
∂P
 

 
 

 

 
 
S

=V .     (6.26) 

 
From these equations follows the Maxwell Relation, 

 

! 

"T
"P

# 

$ 
% 

& 

' 
( 
S

=
"V
"S

# 

$ 
% 

& 

' 
( 
P

 .      (6.27) 

 
The remaining two Maxwell Relations can be derived by considering the thermal 

energy, U, and the Gibbs Free Energy, G (see problems 4 and 5).  A summary of the 
results is given in Table 6.2 . 
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Energy Function Infinitessimal 

Relation 
Maxwell Relation 

Thermal Energy 

! 

dU = TdS " PdV 

! 

" T
" V

# 

$ 
% 

& 

' 
( 

S

= )
" P
" S

# 

$ 
% 

& 

' 
( 

V

 

Enthalpy 

! 

dH = TdS+VdP  

! 

" T
" P

# 

$ 
% 

& 

' 
( 

S

=
" V
" S

# 

$ 
% 

& 

' 
( 

P

 

Helmholtz Free 
Energy 

! 

dF= " SdT" PdV 

! 

"S
"V

# 

$ 
% 

& 

' 
( 
T

=
"P
"T

# 

$ 
% 

& 

' 
( 
V

 

Gibbs Free Energy 

! 

dG= " SdT+VdP 

! 

" S
" P

# 

$ 
% 

& 

' 
( 

T

= )
" V
" T

# 

$ 
% 

& 

' 
( 

P

 

 
Table 6.2  The Maxwell relations. 

 
Example 6.4: Show that for an ideal gas, when the thermal energy is 

written as a function of volume and temperature, the volume dependence drops 
out.   

 
Starting from dU=TdS-PdV, consider a change which takes place under 

isothermal conditions: 
 

! 

dU( )T = T dS( )T " P dV( )T
dU( )T
dV( )T

= T
dS( )T
dV( )T

" P

#U
#V

$ 

% 
& 

' 

( 
) 
T

= T #S
#V

$ 

% 
& 

' 

( 
) 
T

" P

 

 
Using the third of the Maxwell Relations in Table 6.2, 
 

! 

"U
"V

# 

$ 
% 

& 

' 
( 
T

= T "P
"T

# 

$ 
% 

& 

' 
( 
V

) P  

 
Since we are dealing with an ideal gas, the derivative on the right hand side is 
easily evaluated: 
 

! 

" P
" T

# 

$ 
% 

& 

' 
( 

V

=
"

" T

# 

$ 
% 

& 

' 
( 

V

nRT
V

) 
* + 

, 
- . 
=

nR
V

  . 

Thus,  
 

€ 

∂U
∂V

 

 
 

 

 
 

T

= T
nR
V
−P= P−P= 0 
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This final equation shows that when U is viewed as a function of T and V, the 
dependence on V drops out. 

General Equations for Calculating Entropy Change  
 
For some substances and in some situations, we rely on tabular information and/or 

functional fits to experimental data to determine entropy and entropy changes.  For 
instance, the specific entropy for water in a wide range of conditions may be found in the 
Appendices of this book.  We should note, however, that entropy information is usually 
inferred through heat flow measurements, that is, by applying an equation like d’Q=TdS.  
As such, we use measurements to determine entropy changes rather than the entropy 
itself.  Thus, if you compare data from two different sources for the specific entropy of 
water in a given thermodynamic state, you may find two different values.  What should 
be the same from one source to the next, though, is the change in entropy between any 
two given states of the same substance. 

 
As discussed in other contexts, tabular information and complex functional fits 

are not always satisfactory when studying thermodynamic properties.  Such information 
tends to obscure underlying similarities among substances and relationships among 
various thermodynamic properties.  We will now turn our attention to developing general 
methods for calculating entropy changes in substances based on our knowledge of other 
thermodynamic properties of those substances. 

 
In a simple hydrostatic system, we can view the specific entropy as a function of 

the two variables, T and V, since these two variables are sufficient to determine the state 
of the system.  An infinitessimal change in the entropy can then be expressed in terms of 
changes in those variables: 

 

! 

dS=
" S
" T

# 

$ 
% 

& 

' 
( 

V

dT+
" S
" V

# 

$ 
% 

& 

' 
( 

T

dV . 

 
With the help of equations 6.6 and 6.24,  

 

! 

dS=
mcv

T
dT+

" P
" T

# 

$ 
% 

& 

' 
( 

V

dV   .     (6.28) 

 
The derivative appearing in the second term on the right can often be evaluated from the 
equation of state. 

 
There are two other general equations for the evaluation of entropy changes 

during reversible processes: 
 

! 

dS=
mcP

T
dT"

#V
#T

$ 

% 
& 

' 

( 
) 

P

dP       (6.29) 
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and 
 

! 

dS=
mcV

T
" T
" P

# 

$ 
% 

& 

' 
( 

V

dP+
mcP

T
" T
" V

# 

$ 
% 

& 

' 
( 

P

dV  .     (6.30) 

 
The derivation of these equations is left as an exercise (see Problems 6 and 7). 

 
To illustrate the utility of these equations, we will evaluate the entropy change for 

an ideal gas in terms of T and V using equation 6.28.  For an ideal gas, 
 

€ 

P =
nRT
V

 . 

 
We can then determine the derivative in equation 6.28: 

 

! 

" P
" T

# 

$ 
% 

& 

' 
( 

V

=
nR
V

 , 

 
so that 

 

! 

dS=
mcV
T
dT+

nR
V
dV  . 

 
Integrating this equation, we find 

 

  

€ 

ΔS= m
cV

TT1

T2

∫ dT+ nR! n
V2

V1

 

 
 

 

 
  (ideal gas).    (6.31) 

 
The first integral cannot always be carried out since we have seen that cV may be 

a weakly temperature dependent quantity for some gases.  However, in situations where 
we can neglect its temperature dependence, we can use the result of example 6.2: 

 

! 

mcV = nc V = n
d
2

" 

# 
$ 

% 

& 
' R  . 

 
Therefore, 
 

  

! 

" S=
d
2

# 

$ 
% 

& 

' 
( nR! n

T2

T1

# 

$ 
% 

& 

' 
( +nR! n

V2

V1

# 

$ 
% 

& 

' 
(  (ideal gas, constant cV)      (6.32) 

 
This result has the expected feature that an increase in either the temperature or 

the volume of an ideal gas will increase its entropy.  Increasing the temperature requires 
an increase in the thermal energy.  More thermal energy means more ways the energy can 
be divided amongst the molecules and hence more accessible states.  Similarly, more 
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volume means more possible distributions of the individual gas molecules and hence 
more accessible states. 

 
Example 6.5: Connect equation 6.32 with the definition of entropy by 

examining the isothermal reversible expansion of an ideal gas to double its 
original volume. 

 
Equation 6.32 predicts 
 

  

! 

" S=
nRd

2
! n

T
T

# 

$ 
% 

& 

' 
( +nR! n

2V
V

# 

$ 
% 

& 

' 
( = nR! n2 

 
In Chapter 2, entropy was defined as  

 
    

! 

S= kB! n # accessiblemicroscopicstates( )  
 

When we double the volume occupied by an ideal gas, each molecule has access 
to twice as much volume and therefore there are twice as many microscopic 
states available for each molecule.  Thus the entropy increase per molecule is 
  

€ 

kB! n2.  For N such molecules (corresponding to n moles) we have 
 
  

! 

" S= NkB! n2 = nR! n2, 
 

in agreement with the previous result.  The above argument applies only 
because our ideal gas is undergoing an isothermal process.  Since thermal 
energy in an ideal gas does not have any volume dependence, holding the 
temperature constant ensures that the thermal energy is also held constant.  
This in turn means that there is no change in entropy due to a change in the 
available kinetic energy per molecule. 
 
When dealing with liquids and solids, we can make some simplifications since the 

volume change can often be neglected.  Starting from equation 6.28,  
 

! 

dS=
mcv

T
dT+

" P
" T

# 

$ 
% 

& 

' 
( 

V

dV  

 
we neglect dV and integrate, yielding 

 

! 

S2 " S1 # m cV
T
dT

T1

T2

$  (liquids and solids).     (6.33) 

 
Since volume changes are not usually significant, we also often neglect the distinction 
between cP and cV for liquids and solids.  If the temperature range over which we 
integrate is small enough that the specific heat does not vary significantly, we can 
complete the integral: 
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! 

S2 " S1 # mcV! n
T2

T1

$ 

% 
& 

' 

( 
)   (liquids and solids, constant cV).    (6.34) 

 
Example 6.6: The specific heat of apples is about 3.7 kJ/(kg.K).  

Estimate the entropy decrease in a 2.0 kg bag of apples when it is cooled from 
room temperature by a refrigerator down to 4oC. 

 
Room temperature is about 22oC or 295 K.  The refrigerated 

temperature corresponds to 277 K.  Thus, 
 

    

€ 

S2 −S1 ≈ mcV! n
T2

T1

 

 
 

 

 
 

≈ 2.0kg( ) 3.7 kJ
kg•K

 

 
 

 

 
 ! n

277K
295K

 

 
 

 

 
 = −0.47

kJ
K

 

The entropy change is negative since the apples are being cooled down.  Notice 
that the answer is substantially different (and wrong!) if you fail to convert the 
temperature to an absolute scale. 
 

Isentropic Processes  
 
A particularly useful application of knowing how to calculate entropy changes is, 

ironically, evaluating processes during which the entropy of a system does not change.  
These processes are known as isentropic processes.  One way to ensure that a process is 
isentropic is to make it locally reversible and involve no heat flow.  Processes with no 
heat flow are called adiabatic processes.  Thus an adiabatic process is isentropic if it is 
locally reversible.  Recall, however, the notion of local reversibility is usually an 
idealization since it is difficult to find a process that involves no dissipative forces and is 
truly quasistatic.*  Nevertheless, many processes are usefully approximated as isentropic, 
so we turn our attention to these now. 

 
Example 6.7: Suppose 1.7 kg of water vapor at 190oC and 200 kPa is 

allowed to expand reversibly and adiabatically until the pressure has fallen to 
100 kPa.  Determine the final specific volume of the vapor and calculate the 
work done during the process. 

 
Using Appendix G, we see that water vapor at 190oC and 200 kPa has 

the following characteristics: v=1.0566 m3/kg, h=2850.6 kJ/kg, and s=7.4650 
kJ/(kg.K).  An adiabatic, reversible process is isentropic, thus we know that the 

                                                
* We will not rule out the possibility of there being truly locally reversible processes in systems 

such as super fluids. 
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final specific entropy is the same as the initial, 7.4650 kJ/(kg.K).  In Appendix 
G, we can scan data for water at P=100 kPa (the pressure of the final state) 
until we find this value of entropy.  The relevant data are 

 
T (oC) s (kJ/kg.K) v (m3/kg) h (kJ/kg) 

115 7.4418 1.7690 2706.5 
120 7.4678 1.7932 2716.6 

 
The final state lies between these two.  We can estimate the specific 

volume by linear interpolation: 
 

  

! 

v =1.7690
m3

kg
+

1.7932" 1.7690( ) m3

kg

7.4678" 7.4418( ) kJ
kg¥K

7.4650" 7.4418( ) kJ
kg¥K

=1.791
m3

kg

 

The final answer has been rounded off to four significant figures.  Given the 
precision of the data for the starting state and the fact that linear interpolation 
is an approximation, one cannot reasonably expect the fifth digit to be 
meaningful. 

 
Similar interpolation for the other variables yields a final temperature of 

119oC and a final specific enthalpy of 2716 kJ/kg.  The temperature is not 
needed for this calculation, but it is interesting to note that it has dropped 
substantially.  The drop is because the vapor has done work on its surroundings 
by expanding.  The energy coming from the vapor to perform this work cannot 
be replenished by heat flow since the process is adiabatic.  Hence the energy 
comes at the expense of the vapor's thermal energy, and so the temperature 
drops. 

 
We can use the First Law of Thermodynamics to calculate the work 

done on the gas during the expansion: 
 

  

! 

W = " U #Q

= " H # PV( ) # 0

= m" (h# Pv)

=1.7kg 2716
kJ
kg

#100kPa¥1.791
m3

kg

$ 

% 
& 

' 

( 
) # 2851

kJ
kg

# 200kPa¥1.057
m3

kg

$ 

% 
& 

' 

( 
) 

* 

+ 
, 

- 

. 
/ 

= #175kJ

 

Equivalently, the vapor has done 175 kJ of work on its surroundings as it 
expanded. 
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We can take another approach to studying isentropic processes when we focus on 
ideal gases.  Consider equation 6.30.  For an ideal gas, the required derivatives are easily 
evaluated: 

 

€ 

∂T
∂P

 

 
 

 

 
 

V

=
∂
∂P

 

 
 

 

 
 

V

PV
nR

 

 
 

 

 
 =

V
nR

∂T
∂V

 

 
 

 

 
 

P

=
∂
∂V

 

 
 

 

 
 

P

PV
nR

 

 
 

 

 
 =

P
nR

 

 
and so, setting dS=0 for an isentropic process, 

 

€ 

0 =
mcV
T

V
nR
dP +

mcP
T

P
nR
dV. 

 
Rearranging gives 

 

€ 

dP
P

= −γ
dV
V

   (ideal gas isentropic process),     (6.35) 

 
where we have defined 

 

! 

" =
cP
cV

 .          (6.36) 

 
While clearly γ will depend on the type of ideal gas, it is important to remember 

that it may depend on temperature too.  For monatomic ideal gases, the specific heats are 
nearly temperature independent.  However, such is not always the case for diatomic and 
other polyatomic gases.  In an isentropic process, the temperature of the system will very 
likely change, and so we need to consider the possibility that γ will also change during 
the process. 

 
If we restrict ourselves to processes for which γ does not change, we can use the 

results of Example 6.2 to express γ in terms of the effective number of degrees of 
freedom of an ideal gas: 

 

! 

" =
d+2

d
 .       (6.37) 

 
Equation 6.35 can be integrated when γ is constant, yielding 

 

  

! 

n
P2

P1

" 

# 
$ 

% 

& 
' = ( )n

V2

V1

" 

# 
$ 

% 

& 
' = n

V2

V1

" 

# 
$ 

% 

& 
' 

( )* 

+ 
, 
, 

- 

. 
/ 
/ 
. 

 
Exponentiating both sides of the equation and rearranging gives 
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! 

P1V1
" =P2V2

" (isentropic ideal gas process with constant γ).    (6.38) 
 

We can also write this as 
 

! 

PV" = const (isentropic ideal gas process with constant γ).    (6.39) 
 
Now consider work performed under these conditions.  Recalling that  
 

! 

W = " PdV
V1

V2

#  

 
and rewriting equation 6.39 as 

 

! 

P= CoV
" #, 

 
where Co is a constant, we find that 

 

! 

W = " Co V" #

V1

V2

$ dV =
Co

#" 1
V2

" #+1 " V1
" #+1( )  

 
Using the relationship  

 

! 

Co =P1V1
" =P2V2

"  
 

allows the expression for work to be simplified to 
 

! 

W =
P2V2 " P1V1

#" 1
 (isentropic ideal gas process with constant γ).  (6.40) 

 
While this form is useful if we have information about the pressure and volume of 

the gas, it is also instructive to use the ideal gas law to replace PV with nRT: 
 

! 

W =
nR T2 " T1( )

#" 1
 (isentropic ideal gas process with constant γ).  (6.41) 

 
We now see explicitly that the work is proportional to the number of moles of the 

gas.  Furthermore, this result shows that if the work is positive, meaning work is done on 
the gas, then the result is an increase in the temperature of the gas.  This makes sense 
since the temperature increase is associated with an increase in the thermal energy of the 
ideal gas. 
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Figure 6.3: The temperature dependence of "  is shown for air and water vapor, both treated as 
ideal gases. 

 
The conditions expressed with equations 6.38-6.41 may seem somewhat clumsy, 

but it is nevertheless important to check that each one applies before using one of those 
equations to solve a problem.  At the same time, while there are numerous constraints on 
the equations, there is still a wide range of problems to which they can be usefully 
applied.  For instance, air near room temperature satisfies these constraints to a good 
approximation. 

 
Example 6.8: Repeat the calculation in Example 6.7, but now treating 

the water vapor as an ideal gas, using " =1.32, its value at 150oC. 
 
Starting with 
 

! 

P1V1
" = P2V2

" , 
 

we find 
 

  

! 

v2 =
P1

P2

" 

# 
$ 

% 

& 
' 

1
(

v1 =
200kPa
100kPa

" 

# 
$ 

% 

& 
' 

1
1.32

1.0566
m3

kg
=1.786

m3

kg
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Using the tabular information, we found a volume of 1.791 m3/kg.  Thus 
treating water vapor like an ideal gas with constant "  results in underestimating 
the final specific volume by about 0.3% in this case.  For the work, we find 

 

  

! 

W =
P2V2 " P1V1

#" 1

=m P2v2 " P1v1
#" 1

=1.7kg
100kPa¥1.786 m

3

kg
" 200kPa¥1.0566 m

3

kg
1.32 " 1

= " 174kJ

 

The magnitude of the work that we calculate in this case is within rounding 
error of the result obtained using tabular information.  This example is 
intended to give the reader a feel for the quality of the ideal gas approximation.  
While it worked well here, there are other conditions for which it is not as good 
an approximation (see problem 6.23). 

 

Calculating Entropy Changes in Irreversible Processes  
 
The entropy of a system is a function of the thermodynamic state of that system.  

Thus, if we know the starting and ending thermodynamic states of a system undergoing a 
process, then in principle we have enough information to determine the entropy change 
associated with this process. This change does not depend on whether the process 
connecting the two states was reversible.  In many cases, we find that it is easier to 
calculate the entropy change for a conveniently chosen reversible process connecting the 
two states. 

 
For instance, suppose a solid substance is subjected to a kinetic frictional force 

over an extended period of time, resulting in its temperature rising from T1 to T2, as one 
might observe when a block of wood is being sanded.  The process as described is 
irreversible due to the presence of kinetic friction.  It is at least somewhat misleading to 
describe the frictional force as generating heat.  What has happened is that work is 
performed in order to maintain motion in the presence of kinetic friction.  The energy 
associated with that work is then transformed into thermal energy at the two surfaces in 
contact.  The locally increased thermal energy results in locally higher temperatures.  
Only then does heat play a role as this thermal energy spreads out away from the surfaces 
due to the temperature gradient, in the process we call heat flow by conduction. 

 
If we label the work done against friction as Wf, then that energy is converted to 

thermal energy, which can be present in the two rubbing objects and in the surroundings: 
 

! 

Wf = " U1 +" U2 +" Usur 
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Once the thermal energy ΔU1 has distributed itself throughout the block of 
material and thermal equilibrium has been achieved, then the change in entropy in that 
block is the same as if an equivalent amount of heat had been allowed to flow in under 
those same conditions.  If the final temperature is known (or if it can be calculated from 
knowing ΔU1) then the entropy change can be calculated using equation 6.33 above (see 
problem 12). 

 
As another illustration of using a companion reversible process to calculate the 

entropy change in an irreversible process, consider the case of an ideal gas confined to 
the left half of a container, the other half being vacuum.  If the barrier separating those 
two halves is abruptly removed, then the gas rushes to fill the vacuum, distributing itself 
uniformly in an irreversible process.  The gas has done no work in the process and the 
process has occurred so rapidly that the heat flow, if any, is negligible.  Hence, the 
thermal energy of the gas is unchanged.  We have seen that for an ideal gas, the thermal 
energy depends on temperature only, not volume.  This means that since the thermal 
energy is constant, the temperature is also.  The final state of the gas is one that has twice 
the original volume but the same temperature.  In example 6.4, we looked at the situation 
where this final state was achieved through a reversible expansion and found the entropy 
change to be  

 
  

! 

" S= nR! n2  
 
The same expression applies to the irreversible expansion since the starting and 

finishing states are the same. However, there is still a significant difference between these 
two processes.  The reversible expansion results in no net entropy change to the universe.  
The gas does work as it expands.  The energy it loses by doing this work is replaced since 
an equivalent amount of heat flows in.  This action ensures that the reversible process is 
isothermal.  It also results in a net entropy decrease in the thermal reservoir from which 
the heat has flowed.  This entropy decrease can be shown to exactly equal the entropy 
increase in the ideal gas (see problem 11).  The irreversible process has no such heat flow 
and hence the entropy increase in the ideal gas is not compensated for by an entropy 
decrease elsewhere.  That is, the entropy increase of the ideal gas represents an overall 
entropy increase in the universe. 

 

Entropy and the Arrow of Time  
 
Processes that increase the entropy of the universe seem to have a significant 

impact on our perception of the universe.  These processes seem to break time symmetry 
in that they do not look right when shown in reverse. 

 
 If we were to take a ball and throw it across an open field, classical mechanics 

predicts that the ball will follow a parabolic trajectory, provided we can neglect drag 
forces from the air.  The trajectory is symmetric about its peak so that a video shot of the 
ball during its flight will look the same whether run forward or backward (apart from the 
obvious change in the direction of the trajectory).  This symmetry is the result of the 



Chapter 6 

Copyright 2009 Marshall Thomsen 

26 

underlying equations governing the motion of the ball that make no distinction between 
time moving forward and time moving backward.   

 
This symmetry is lost once air resistance becomes appreciable.  The drag force is 

dependent upon the velocity of the ball.  Most importantly, it is always directed opposite 
to the ball's velocity and hence tends to slow the ball down no matter what its direction of 
travel.  The result mathematically is that the equations lose their time reversal symmetry.  
From an observational perspective, the lack of symmetry would show up in a video that 
does not look right when played in reverse.  Figure 6.4 illustrates this point with ball 
trajectories in the absence of and in the presence of air resistance.  Note the final picture 
shows a trajectory that we are not likely to observe with a tossed ball. 

 

a b

c d

  
 

Figure 6.4 Trajectories a and b depict a ball thrown in the absence of air resistance.  With air 
resistance, the trajectory might look like c.  We would not, however, see a tossed ball follow the 
trajectory in d. 

 
When the ball is thrown with air resistance (trajectory c), some of its kinetic 

energy is converted into thermal energy in the ball and the surrounding air (this happens 
in a much more dramatic way when the projectile is the space shuttle and it is re-entering 
the earth's atmosphere).  The increased thermal energy has an increased entropy 
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associated with it which is not compensated for elsewhere in the universe.  Hence air 
resistance makes this an irreversible process. 

 
The Second Law of Thermodynamics tells us that we cannot undo the effect 

tossing the ball with air resistance has on the universe.  That, fundamentally, is why we 
will not see the ball follow the reversed trajectory depicted in Figure 6.4d.  The Second 
law of Thermodynamics breaks time symmetry in the sense that it uniquely defines what 
we mean by forward in time and backward in time.  Forward in time is the direction 
associated with increases in entropy in the universe.  This asymmetry is unlike our 
experience in spatial dimensions that allow us to travel equally well in both directions.  
Apparently, we can only travel in one direction on the time axis. 

 
Another perspective on this asymmetry is the following: we can increase the 

entropy of a system either by carrying out an irreversible process or by allowing heat to 
flow into it.  On the other hand, we can only decrease the entropy of a system in one way, 
by allowing heat to flow out of it.  Since the universe represents all that exists, it is not 
possible for heat to flow out of it.  There is no other place for the heat to go.  Hence, the 
universe as a whole does not have access to the one process that could decrease its 
entropy, heat loss.  Its entropy can only change through irreversible processes, and these 
always result in entropy increasing over time. 
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Chapter 6 Problems  
 

1.  Ice is dropped into a lake whose temperature is 13oC.  A total of 32 kJ of heat flows 
into the ice as it melts.  
a. By how much has the entropy of the original lake water decreased? 
b. Is this a reversible process?  Explain. 

 
2.  Data for the molar specific heat at constant volume and at constant pressure at 300 K 

may be found in Appendix D.  Write out this data for Ar, CO2, N2, Ne, and O2.  
a. Do these data obey equation 6.13, 

! 

c p = c V +R? 
b. Determine the effective number of degrees of freedom, d, for each gas and discuss 
any patterns you notice.  

 
3. The molar specific heat of air at constant pressure can be fit well over the temperature 

range of 273 K-1800 K to the following equation 
   

! 

c P = 28.11+1.967 " 10#3 T+ 4.802 " 10#6 T2 #1.966 " 10#9 T3 
where temperature is measured in Kelvin and the molar specific heat is measured in 
J/(mole.K).  
a. What are the maximum and minimum values of the molar specific heat over the 
interval, 273K-1800K?  
b. Calculate the molar specific heat at constant volume at 300 K. 

 
4.   Starting from dU=TdS-PdV, derive the Maxwell relation, 
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5.  Proceeding in analogy to the derivation of equation 6.18, show that dG=-SdT+VdP,  

and then derive the Maxwell relation,  
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6. a. Viewing entropy as a function of temperature and pressure, verify equation 6.29: 

! 

dS=
mcP

T
dT"
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b. Show that for an ideal gas of do degrees of freedom (do constant) 

  

! 
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2T
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7.  Viewing entropy as a function of pressure and volume, verify equation 6.30: 

! 

dS=
mcV

T
" T
" P

# 

$ 
% 

& 

' 
( 

V

dP+
mcP

T
" T
" V

# 

$ 
% 

& 

' 
( 

P

dV  

 



Chapter 6 

Copyright 2009 Marshall Thomsen 

29 

8.  0.38 moles of Ar at 101 kPa and 295 K is compressed adiabatically and reversibly 
until the pressure has risen to 210 kPa. Assuming γ is constant, determine:  
a. the initial volume occupied by the gas. 
b. the final volume occupied by the gas. 
c. the final temperature of the gas. 
d. the work done on the gas during the process. 

 
9.  Show that for an isentropic ideal gas process during which γ is constant, 

a.   

! 

TV"#1 = const  

b. 

! 

PT
"
1#" = const 

 
10. The molar specific heat of water vapor at constant pressure can be reasonably well fit 

from 273 K to 1800 K by the following equation:  
  

! 

c P = 32.24+1.923" 10#3T+1.055" 10#5T2 # 3.595" 10#9 T3  
where the temperature is in Kelvin and the specific heat has units of J/(mole.K). 
a. Do a term-by-term integration of this function to determine the heat required to 
raise 1.00 mole of water vapor from 400 K to 900 K while keeping the pressure 
constant.   
b. By examining the individual terms, determine the minimum number of terms you 
would have needed to have kept in order to obtain a result that agreed with your 
answer to part a to within 1%. 
c. Calculate the molar specific heat at the mean temperature of the process (650 K) 
and use that to estimate heat flow with 

! 

Q " n c P( )ave #T .  How does this result 
compare to that in (a)?  

 
11. An ideal gas of n moles at temperature T and initial volume V1 undergoes a reversible 

isothermal process in which its volume doubles.  
a. What is the change in thermal energy of the gas during the process? 
b. How much work is done on the gas during the process? 
c. Considering your answers above, how much heat must have flowed into the gas 
during the process?  
d. Assuming the heat in part (c) flowed in from a thermal reservoir, by how much did 
the entropy in the reservoir decrease as a result?  Calculate this based only on your 
knowledge of the temperature of the reservoir and how much heat flowed into it. 
Compare this amount to the increase in the entropy of the gas, as calculated in 
Example 6.5.  

 
12. Suppose a 1.3 kg block of wood at room temperature has a specific heat of 1700 

J/kgK.  It is rubbed with sandpaper, with a total of 3500 J of work being done against 
friction during the process.  Assume that 50% of this work gets converted into 
thermal energy in the block.  
a. Estimate the temperature of the block once rubbing is stopped and equilibrium is 
reached.  What assumptions do you need to make in this calculation?  
b. Estimate the increase in entropy in the block that results from the sanding. 
c. Is the process described irreversible?  
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13. The quantity C=mc, where c is the specific heat of a system of mass m, is sometimes 

referred to as the "heat capacity" of a system.  This is a little bit of a misnomer since 
it incorrectly implies that a system stores heat.  

a. Show that 

! 

CV =
" U
" T
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b. Derive an equation for the heat capacity at constant volume of a photon gas.   
c. Compare the numerical value of the heat capacity of a photon gas of volume 1.0 m3 
to the heat capacity of an ideal monatomic gas of the same volume.  Take the 
temperature to be 295 K and the pressure to be 1.01x105 N/m2.  

 
14. At sufficiently low temperatures, the specific heat of many metals has the form 

c=aT+bT3, where a and b are temperature independent quantities which vary from 
metal to metal.  Determine the change in entropy, ΔS, when the temperature of such a 
metal changes from Ti to Tf.  Your final answer should be expressed in terms of Ti, Tf, 
a, b, and m, the mass of the metal.  

 
15. a. Suppose an object radiates freely into cold surroundings such that Tobj>>Tsur. This 

would be the case for an object in orbit around the earth but temporarily in the earth's 
shadow.  Show that the rate at which its temperature drops is approximately 

€ 

dT
dt

= −
σBaAT4

mc
 

where the object has specific heat c, absorptivity a, surface area A, and mass m. 
b. Estimate the rate at which the temperature will change for a solid piece of 
aluminum whose dimensions are 5 cm x 5 cm x 20 cm and whose temperature is 0oC.  
Take the absorptivity of aluminum to be 0.1, the density to be 2.7 g/cm3, and the 
specific heat to be 900 J/(kg K).  

 
16. Using data from Appendix G and applying equation 6.11 numerically, calculate cp for 

water vapor at 400 K and 100 kPa.  Convert your answer to 

! 

c p  and compare it to data 
found in Appendix D.  

 
17. Using data from Appendices E-G, evaluate as best you can (a) the mean calorie, (b) 

the small calorie, (c) the normal calorie, and (d) the 20o calorie and compare your 
results to the data in Table 6.1 .  

 
18. Suppose I have 5.0 moles of argon gas (argon is monatomic) at a pressure of 101 kPa 

and a temperature of 18oC.  If I raise the temperature of the gas by 5oC while allowing 
the pressure to rise 2 kPa, by how much does the entropy of the gas change?  Hint: 
use the results of Problem 6.  
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19. a. Starting from the result of Problem 9, show that in a reversible isentropic ideal gas 

process with constant γ,  

! 

TV" = CoV  
where Co is a constant.  
b. Take the partial derivative of each side of that equation with respect to volume 

while holding temperature fixed to show that apparently 

! 

TV"#1 =
Co

"
. 

c. The result from part b disagrees with the original expression from Problem 9.  
Where is the error in the calculation?  

 
20. Water vapor at 130oC and 200 kPa is compressed isentropically until its pressure rises 

to 220 kPa.  
a. Using an appropriate Maxwell relation and tabular information, estimate the 
temperature at the end of this compression.  
b. Instead estimate the final temperature of the water treating it as an ideal gas. 
c. Finally, use Excel file WaterGasPhase to find the final temperature to the nearest 
tenth of a degree.  This is a bit tricky since the functions are not set up for plugging in 
a desired value of pressure and entropy.  Use your previous results as a starting point 
in your search for the correct temperature and density to plug in until you get as close 
to the desired final entropy and pressure as possible.  For consistency sake, you 
should use the Excel file to calculate the initial entropy.  

 
21. A hydronic fan coil can be used to heat a home.  Liquid hot water passes through a 

coil of pipes and air is blown across the pipes.  The heated air is then distributed 
throughout the house.  Suppose water enters the coils at 140oF and leaves at 115oF.  
Air enters the unit at 65oF and exits at 100oF.  Estimate how many cubic feet of air 
can be heated for each gallon of hot water that passes through the unit.  You can 
assume all heat transfer takes place under constant pressure conditions and you can 
neglect heat loss to the surroundings.  Measure air volume based on the density of the 
outgoing air.  
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22. One method of heating a house involves using solar collectors to accumulate thermal 
energy from the sun during the summer.  That energy is then transferred by fluid 
flowing through a network of pipes to a well-insulated basement storage area filled 
with sand.  The thermal energy is then extracted during the winter to help heat the 
house.  Estimate how many degrees Celsius the sand must be warmed in order to 
produce the same household heating effect as burning 100 gallons of fuel oil in an oil 
furnace.  Assume that 70% of the heat produced by burning the oil actually makes it 
into the house (the rest is lost up the chimney) while 100% of the heat flow out of the 
sand makes it into the house.  In an improved calculation, this latter number would 
need to be modified to account for heat flowing from the sand out into the ground.  

 
Useful data: The specific heat of sand is about 0.80 J/goC.  Its density varies 
depending on the type of sand; 2.5g/cm3 is typical.  A reasonable estimate for a 
basement volume would be 300 m3.  Burning 1 gallon of heating oil results in the 
conversion of about 1.47x108 J of chemical potential energy into thermal energy.  

 
23. 350 g of water at 4.0 MPa and 273oC is compressed reversibly and isentropically until 

it reaches a final pressure of 10.0 MPa.  
a. Treating the water as an ideal gas and assuming γ remains constant at its starting 
value (at 273oC), determine how much work is required for the compression (see 
Figure 6.3).  
b. Repeat your calculation in part (a) but now use the value of γ associated with the 
average temperature during this process.  
c. Calculate the work done during this process with the aid of the following tabular 
information for water:  

 
P 

(MPa) 
T 

(oC) 
v 

(m3/kg) 
u 

(kJ/kg) 
h 

(kJ/kg) 
s 

(kJ/K) 
10.0 400 0.02641 2832.4 3096.5 6.2120 
4.0 273 0.05382 2657.7 2873.0 6.2120 
 
 

24. Using the expression for the molar specific heat of air at constant pressure given in 
Problem 3, generate a plot of the thermal energy in one cubic meter of air as a 
function of temperature, from T=273 K to T=1800 K. You may treat air as an ideal 
gas in this calculation and assume its pressure remains fixed at one atmosphere.  

 
25. Using the expression for the molar specific heat of water vapor at constant pressure 

given in Problem 10, and treating the vapor like an ideal gas, calculate γ at 150oC and 
compare to the value used in Example 6.8.  
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26. Consider a solid with constant specific heat at constant volume, so that Equation 6.34 
applies.  Show that if T2=T1+ΔT, then it follows from that equation that if ΔT<<T1,  

! 

S2 " S1 #
Q
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2T1
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& 
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*  . 

This approximation provides a quick way to estimate the fractional error (ΔT/T1) in 
approximating ΔS as Q/T1.  

 
27. Suppose water at its critical point is allowed to expand isentropically until its 

temperature drops to 220oC.  
a. Discuss how we know that the final state will be a coexistence state. 
b. What is the pressure of the final state? 
c. What is the quality of the final state? 

 
28. A college student, late for class, is running down a hall.  Having somewhat slippery 

shoes on, she skids to a stop right before the classroom door.  Making reasonable 
estimates the speed and mass of the student and for the temperature in the building, 
estimate the amount by which her skidding to a stop has increased the entropy of the 
universe.  

 
29. In this problem, you will check the accuracy of equation 6.34 when applied to water 

in the liquid phase.  
a. Using date from Appendix G, determine the specific heat of water at a constant 
pressure of 100 kPa when the water is at 50oC.  
b. Taking advantage of the fact that for liquids and solids, 

! 

cV " cP, use equation 6.34 
to estimate the change in entropy when 1 kg of liquid water at 100 kPa is warmed 
from 10oC to 90oC.  
c. Calculate this entropy change directly from tabular information and compare your 
result with that of Part (b).  

 
30. Derive a modified version of equation 6.31 applicable to van der Waals gases. 

 
31. Water at 135oC and 200 kPa is compressed reversibly and adiabatically until the 

pressure rises to 300 kPa.  Determine the final temperature of the water 
a. using data from Appendix G, but not assuming the water behaves like an ideal gas.  
b. treating water like an ideal gas with constant specific heats.  Hint: see also the 
result of Problem 9.  

 
32. Use data generated by Excel file WaterGasPhase and numerical differentiation to 

determine the specific heat of water at constant volume and approximately 
atmospheric pressure when 
a. T=400K 
b. T=1000K 
In each case aim for accuracy to within about 0.1%. 
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