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Chapter 5: Energy Flow Mechanisms  
 
We describe the situation in which the thermodynamic state of a system changes 

as a thermodynamic process.  Understanding the nature of the process often requires an 
understanding of the energy flows involved. 

 
We have seen before that two mechanisms for energy to move in and out of 

closed systems (systems which do not allow mass to flow in or out) are work and heat.   
If we focus our attention on a system whose internal energy is Eint, that energy may 
change due to work, W, done on the system or heat, Q, flowing into the system.  When 
there is mass flowing in or out of the system, that mass will also carry energy with it and 
thus result in a change in the system's internal energy.  We denote this energy by 

! 

Eú m , 

where   ̇  m  represents 

! 

dm
dt

 and hence is a symbolic way of indicating an energy flow 

involving mass change.  The relationship between these energy flows and the internal 
energy is expressed in the mathematical form of the First Law of Thermodynamics: 

 

  

€ 

ΔE int = Won system + Q int o system + E ú m ,int o system  .     (5.1) 
 

Note that this law applies only when there is no change in the macroscopic kinetic or 
potential energy of the system.  For instance, the law does not account for any kinetic 
energy changes that are associated the linear or rotational speed of the system as a whole.  

 
While we will not always put such lengthy subscripts on the energy flow terms, it 

is important to realize that those subscripts convey important information about algebraic 
signs.  All three terms share the sign convention that if they refer to a net energy transfer 
into the system under study, they are positive. If, on the other hand, the system is doing 
net work on its surroundings, W would be negative.  If there is a net heat flow out of the 
system, we would use a negative value for Q.  Likewise, if mass flows out of the system 
carrying with it internal energy, 

! 

E ˙ m  is negative.  While the 

! 

Eú m  plays a crucial role in 
fluid dynamics, in this chapter we will focus our attention on closed systems, for which 

! 

E ú m  = 0. 
 
In some situations, a process takes place involving significant energy conversions 

within various contributions to the internal energy.  For instance, combustion involves 
chemical potential energy being converted to thermal energy and nuclear fission may 
involve nuclear potential energy being converted to thermal energy.  If no such 
conversions take place, we may interpret the change in internal energy in equation 5.1 as 
equivalent to the change in thermal energy in the system:  

 

! 

" U = Wonsystem+Qinto system .     (5.2) 
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Work in a Simple Hydrostatic System  
 
Consider the expression for work done by a force, F, in a situation involving one-

dimensional motion.  Assuming that the force acts along the line of the motion, 
 

€ 

W = Fdx
x1

x2

∫   .       (5.3) 

 
When applying this equation to a specific situation, it is often useful to attach subscripts 
to the variables W and F so that it is clear that in order to calculate the work on a given 
object, one must use the force exerted on (not by) that same object. 

 
Let us apply this equation to the case of a gas confined by a piston to a cylinder.  

In this situation, the variable x represents the displacement of the piston and the variable 
F represents the force exerted by the piston on the gas.  We will take the positive x 
direction to be upward so that in Figure 5.1, dx is positive while the piston force is 
negative. 

 

V1

dV
dx

 
Figure 5.1 A gas which is allowed to expand does work on its surroundings. 

 
The pressure exerted by the piston on the gas can be related to the force by 
 

! 

Fongas = " PA ,       (5.4) 
 

where A is the cross-sectional area of the piston.  We can also relate the infinitesimal 
change in the coordinate x to the infinitesimal increase in the volume occupied by the 
gas: 

 

! 

dV = Adx  , 
 

or, 
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! 

dx =
dV
A

 .        (5.5) 

 
Combining equations 5.3, 5.4 and 5.5 yields 

 

! 

Wongas = " PdV
V1

V2

#  .        (5.6) 

 
Strictly speaking, the above equation for work applies to solids as well as fluids.  

In practice, however, volume changes in solids (and sometimes liquids) are not very large 
and hence the amount of work done by their expansion is usually negligible.  In the event 
we do need to account for this work, we can generally do so with approximations that 
take advantage of the relative incompressibility of liquids and solids (this point is 
addressed later in this chapter). 

 
The form of work we have described is sometimes referred to as boundary work 

since it involves movement of a system boundary (in order to change the volume).  While 
the equation we have derived is valid even if there is friction present between the cylinder 
and the piston, we should consider how friction can change our analysis of a system.  
When we compress the gas, we exert a force on the rod connected to the piston.  The 
work we do as the piston moves gets split into two pieces.  Part is transmitted to the 
piston-gas interface.  That portion is what we have called the boundary work.  The other 
portion is the work done against friction.*  As we shall see later, this energy is converted 
into thermal energy, and some of that may ultimately wind up as heat flow into our 
system.  The important point is that with friction present, the work we do on the piston is 
greater than the work the piston does on the gas. 

 
A final comment on the boundary work equation is that there is an assumption 

implicit in it that needs to be made explicit.  If we are going to evaluate the integral, we 
need to know the pressure at every point in the process.  The only hope of knowing this 
pressure is if it is well defined in the first place.  Consider air leaking into an evacuated 
chamber.  As the air rushes in, the density inside the container will not be uniform.  The 
spatial non-uniformity of the system and the rapid variation of the system properties in 
time make it nearly impossible to define pressure in a meaningful way.  In this case, the 
above equation for boundary work does not apply.   

 
If, on the other hand, the process occurs in such a way that the system remains 

very close to thermodynamic equilibrium the entire time, then we have what is known as 
a quasistatic process, and our boundary work equation works fine.  For instance, if the 
speed with which the piston moves is much slower than the rms speed of the gas 
molecules in the cylinder, then the volume is changing slowly enough for the gas to 
remain fairly close to equilibrium.  For the rest of this chapter, we shall assume the 

                                                
* Arguably, some work is also done to give the piston kinetic energy while it is moving.  This 

energy is converted to one of the other two forms described above when the piston comes to a stop. 
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processes are quasi-static, but in subsequent chapters we shall examine the implications 
of non-quasi-static processes. 

 

Techniques for Evaluating Boundary Work  
 
If we were to examine a plot of the pressure as a function of volume for a gas 

undergoing a process involving work, then the work integral has the geometric 
interpretation of being the area under the curve (see Figure 5.2). 

 
Figure 5.2  The work done on a hydrostatic system can be thought of as the area under the 
pressure-volume curve. 

 
Recall that for a simple hydrostatic system, we can choose pressure and volume as 

our independent variables.  That is, we are free (within the limits of the substance and our 
capabilities) to place the system at any pressure and any volume.  Suppose we specify 
that the system starts at pressure P1 and volume V1 and ends with pressure P2 and volume 
V2.  The independence of pressure and volume allows us to move between these two 
states by an infinite number of different paths.  Clearly, different paths are likely to have 
different values of the work integral, as can be seen in Figure 5.3.  We conclude, then, 
that this work integral is path dependent, as we saw the heat integral was in Chapter 2.  In 
keeping with the convention we established in that chapter, when referring to an 
infinitessimal amount of work we shall write 

 
  

! 

d' W = " PdV ,       (5.7) 
 

where d'W represents an inexact differential. 
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A

Pressure

V1 Volume V2

B

 
 

Figure 5.3 Paths A and B start at the same thermodynamic state and end at the same 
thermodynamic state.  However, the boundary work done in following path B has greater 
magnitude due to the greater area under the curve. 

 
There are two processes for which it is easy to calculate the boundary work.  First, 

is the constant volume, or isochoric, process.  If the volume of the system never changes 
during the process, then dV=0 always so that the work done is zero: 

 

! 

W = 0   (isochoric process).       (5.8) 
 

If the pressure is held constant during a process, we refer to that process as isobaric.  In 
this case, the work integral is readily performed, yielding 

 

! 

W = " P V2 " V1( )  (isobaric process).     (5.9) 
 

Calculating boundary work in other cases generally requires knowing more about not 
only the process but also the system. 

 

Isothermal Boundary Work in an Ideal Gas  
 
 A process during which the temperature is held fixed is known as an isothermal 

process.  An isothermal process can be realized by keeping the system in thermal contact 
with a good thermal reservoir, as described in Chapter 3.  In order to maintain constant 
temperature in the system, heat must be able to flow freely in and out of the system, so 
the system is not well insulated.   

 
If the system undergoing the isothermal process is an ideal gas, then 
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€ 

PV= nRT. 
 

Solving for pressure, we find 
 

! 

P=
nRT
V

 , 

 
so that the boundary work equation (5.6) becomes 

 

! 

W = "
nRT
VV1

V2

# dV .      (5.10) 

 
This expression will in fact apply to any ideal gas process.  However, in most 

processes evaluating the integral is difficult because we have to account for temperature 
changes.  In the special case of the isothermal process, T is a constant which can be 
factored out from the integral along with R (always a constant) and n (assuming a closed 
system), so that 

 

  

! 

W = " nRT
dV
Vv1

V2

# = " nRT n V2( ) " n V1( )[ ]  , 

 
which can be simplified to 

 

  

! 

W = " nRT! n
V2

V1

# 

$ 
% 

& 

' 
( (isothermal ideal gas process). (5.11) 

 
In evaluating this equation, sometimes it is convenient to use the ideal gas equation of 
state to replace nRT with PV: 

 

  

! 

W = " P1V1! n
V2

V1

# 

$ 
% 

& 

' 
( = " P2V2! n

V2

V1

# 

$ 
% 

& 

' 
(  (isothermal ideal gas process). (5.12) 

 
 

Example 5.1:  80 l  of air at 100 kPa is kept at a constant temperature of 
20oC while it is compressed to 40 l .  What is the pressure at the end of the 
compression and how much work was done on the air during the compression? 

 
Under the conditions described (near room temperature and 

atmospheric pressure) air is far from condensing so the ideal gas equation 
should describe it well.  
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! 

P1V1 = nRT
P2V2 = nRT

 

 
so that 

 

! 

P1V1 = P2V2. 
 

Thus, 
 

  

€ 

P2 =
V1
V2
P1 =

80l
40l
100kPa = 200kPa  

 
Notice that while usually we convert the volume units to m3, we can avoid that 
extra step here since we only require the ratio of the two volumes. 

 
The process described is an isothermal process, and we have already 

established it involves an ideal gas.  Hence equation 5.12 applies: 
 

      

! 

W = " P1V1! n
V2

V1

# 

$ 
% 

& 

' 
( 

= " 100) 103Pa( ) 80l
1m3

1000l

# 

$ 
% 

& 

' 
( ! n

40l
80l

# 

$ 
% 

& 

' 
( 

= 5.5) 103J

= 5.5kJ

 

 
 
Example 5.2: A container holds 0.50 m3 of saturated water vapor at 

150oC.  Suppose the temperature is kept fixed and the water vapor is 
compressed until it has all been converted to saturated liquid.  How much work 
is done on the water during this process? 

 
While this process is isothermal, it clearly does not involve an ideal gas 

since condensation takes place.  Hence, equation 5.12 does not apply.  
However, we know that for any given temperature, coexistence between the 
liquid and vapor phases of a substance takes place at a fixed pressure.  To be 
more specific, as long as we have saturated water vapor and/or saturated liquid 
water at 150oC, the pressure in the container must be (according to Appendix E) 
476 kPa.  Thus the process described is an isobaric process. 

 
Also from Appendix E, we see that the specific volume of saturated 

water vapor at 150oC is 392 cm3/g.  Starting from the definition of specific 
volume, v=V/m, we get 
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€ 

m =
V
v

=
0.50m3 100cm

m

 

 
 

 

 
 

3

392
cm3

g

=1.28×103g 

 
Appendix E gives the volume of saturated liquid water at 150oC as 1.09 cm3/g, 
and so the final volume is 

 

  

! 

V2 =mv= 1.28 " 103g( ) 1.09 cm
3

g
# 

$ 
% 

& 

' 
( =1.39 " 103cm3 =1.39 " 10) 3m3  

 
Now using equation 5.9 for isobaric work, 

 

  

! 

W = " P V2 " V1( ) = 476kPa 0.50m3 " 0.00139m3( ) = 238kJ 
 

The product (Pa)(m3) has units of Joules, so (kPa)(m3) has units of kJ.  Also 
note that the liquid volume is so small compared to the vapor volume that it can 
be neglected with no significant loss in accuracy. 
 

Isothermal Work On "I ncompressible" Systems  
 
No system that we study in this text will be truly incompressible.  However, there 

are a large number of systems that during an isothermal process obey the inequality 
 

! 

" V
V

<<1 

 
even when the pressure increase is substantial.  We have already seen that the specific 
volume of liquids changes very little due to pressure changes; temperature has a much 
stronger effect on it.  Solids behave in a similar way.  For these systems it is convenient 
to express work in terms of the isothermal compressibility, ! , which like other properties 
for these systems, is nearly independent of pressure.  Starting from the definition of ! , 
equation 4.4, 

 

! 

" = #
1
V

$V
$P

% 

& 
' 

( 

) 
* 

T

, 

 
we obtain for an infinitessimal, isothermal change in volume, 

 

! 

dV= "#VdP . 
 

This allows us to rewrite the equation for boundary work as 
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! 

W = " P
V1

V2

# dV = " P
P1

P2

# "$ VdP( ) = $VPdP
P1

P2

#  . 

 
We have changed the limits of integration to reflect the change in the integration variable. 

 
So far this derivation is exact and applies to any hydrostatic system undergoing an 

isothermal process.  For systems that are nearly incompressible, the isothermal 
compressibility and volume will both be very nearly constant during the process, 
changing proportionally far less than the pressure.  It is then a good approximation to 
factor those two quantities out of the integral: 

 

! 

W " #V PdP
P1

P2

$ . 

 
Completing the integral yields 

 

€ 

W ≈
κV
2

P2
2 −P1

2( )   (isothermal process, nearly incompressible substance). (5.13) 

 
This equation depends on V and not V1 or V2.  If the volume change is substantial enough 
that we must distinguish between V1 and V2, then equation 5.13 cannot be applied.  As a 
whole, solids are less compressible than liquids, so the above approximation will work 
better on solids.   

 
 

Example 5.3: The isothermal compressibility of liquid methanol at 0oC 
and 1.0 atm is 1.07x10-9 Pa-1.  How much work is done when the pressure on 
0.25 m3 of methanol at 1.0 atm is increased by a factor of 10? 

 
Here P1=1.0 atm=1.01x105 Pa.  P2=10P1=1.01x106 Pa.  Thus, 
 

  

€ 

W ≈
κV
2

P2
2 −P1

2( )

≈
1.07×10- 9Pa−1( ) 0.25m3( )

2
1.01×106Pa( )2

− 1.01×105Pa( )2[ ]
≈135J

 

As a check on the validity of this approximation, we should make sure 
that ! V is not too large.  

 

! 

" V = #V$" P

" V
V

= $" P = 1.07%10-9Pa#1( ) 1.01%106Pa#1.01%105Pa( ) &10#3 <<1
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Deducing Heat Flow From the First Law  
 
We may use the First Law of Thermodynamics to determine the heat flow into a 

system during a thermodynamic process if we know how to calculate the work done.  For 
a closed system, we can rewrite the First Law (equation 5.2) as 

 

! 

Q = " U # W .      (5.14) 
 
If we have access to tabular information, we may be able to determine " U 

directly.  In other cases, we may have a model from which to work (such as the ideal gas 
model).  If we are also able to calculate the work done on the gas by one of the methods 
outlined in the previous sections, then we can determine the heat flow into the gas. 

 
Example 5.4: n moles of an ideal gas with d degrees of freedom per 

molecule are confined to a container of fixed volume, V.  Assume d is 
independent of temperature.  During a process in which the temperature of the 
gas increases from T1 to T2, how much heat must flow in? 

 
Recall for an ideal gas, 
 

€ 

U =
d
2

nRT 

 
so that 

! 

" U =
d
2
nR T2 #T1( ). 

 
Since the volume is kept fixed, no work is done.  Hence 

 

€ 

Q = ΔU −W =
d
2

nR T2 −T1( ) . 

 
Suppose we have a process that occurs at constant pressure.  We know that 

regardless of the substance involved we can write the work done on the gas as -P" V.  The 
expression for heat flow during this process is then 

 

  

! 

Q = " U # W= " U +P" V = " U +PV( ) 
 

We define the enthalpy, H, by 
 

! 

H =U+PV         (5.15) 
 

so that  
 

! 

Q = " H (isobaric process).    (5.16) 
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The specific enthalpy is defined in the usual way, 

 

! 

h =
H
m

or h =
H
n

 ,     (5.17) 

 
and data may be found for this in tables such as those for water in Appendix G. 

 
Example 5.5: How much heat must enter 2.0 kg of water vapor at 100oC 

and 100 kPa to raise its temperature to 250oC while keeping the pressure 
constant? 

 
From Appendix G, we see that at 100oC and 100 kPa, the specific 

enthalpy of water vapor is 2675.8 kJ/kg, while at 100 kPa and 250oC, it is 
2974.5 kJ/kg.  Thus, 

 

  

! 

Q = " H

= m" h

= 2.0kg( ) 2974.5
kJ
kg

# 2675.8
kJ
kg

$ 

% 
& 

' 

( 
) 

= 6.0* 102kJ

 

 
Note that we have rounded the answer to two significant digits since we had 
only two significant digits in the mass.  The dominant source of uncertainty 
comes from the mass.  A more accurate way of representing the answer is 

! 

2.0±0.1( ) " 300( ) = 6.0±0.3( ) " 102kJ 
 

Another approach to calculating heat flow is to relate it to the temperature change 
of the material through a property known as the specific heat.  That topic will be 
addressed in the next chapter when we focus more on the effect of heat flow.  In this 
chapter, we will turn our attention to the mechanisms of heat flow.  These are generally 
broken down into three categories: conduction, convection, and radiation. 

 

Conduction  
 
Heat conduction is the process by which two systems that are at different 

temperatures exchange heat due to direct contact with each other.  Consider what happens 
when your hand touches a table at room temperature.  Assuming you are healthy, the skin 
on your hand will be noticeably warmer than the table and hence heat flows from your 
hand to the table.  On a microscopic level, since the temperature of your skin is higher 
than that of the table, the average kinetic energy of a molecule in your hand will be 
greater than the average kinetic energy of a molecule in the table.  From your studies of 
classical mechanics, you may recall that if two objects collide, typically kinetic energy is 
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transferred from the object with more to the object with less.#  When the molecules of 
your skin collide with molecules on the table (by virtue of your resting your hand on the 
table), there will be a net transfer of the skin molecules' kinetic energy to the table.  This 
transfer of thermal energy is heat flow by conduction. 

 
There is another sense in which we use the term heat conduction.  If we place a 

metal spoon in a pot of hot water, we will notice the handle of the metal spoon getting 
warmer due to heat flowing from the immersed end to the handle.  That is, we can talk 
about heat conduction within an object as opposed to from one object to another.  This 
type of conduction is seen to be similar to the previously described type in that the heat is 
transferred via collisions on a molecular level.#  For the purposes of calculations we can 
divide an object, such as the spoon, into slices thin enough that the temperature is nearly 
constant within a given slice.  We then study conduction from one of these slices to 
another as discussed in the previous paragraph. 

 
From the microscopic description of conduction, we can see the ability of a 

material to transport heat in this way depends on how much energy can be transferred 
with each collision and how frequent the collisions are.  Consider a rectangular solid 
whose two ends are maintained at different temperatures by contact with two different 
thermal reservoirs as shown in Figure 5.4.  We could ask on what does the heat 
conduction rate, 

! 

˙ Q , depend?  Certainly, the greater the cross sectional area, A, of the 
rectangle, the more molecules there can be simultaneously transferring heat from one 
slice to the next.  Secondly, the greater the temperature difference between the ends of 
the block, the greater the heat flow rate.  This is because the temperature difference 
corresponds to a difference in the average kinetic energy of the molecules at the ends of 
the block, and it is this energy difference that is driving the energy transfer.  However, 
the collisions are not taking place between the molecules at the two ends of the block.  
Rather they are taking place all along the length, L, of the block.  The greater that length, 
the less of a temperature difference there is between adjacent slices of the block and 
hence the less the heat flow rate will be.  Finally, 

! 

ú Q  will depend on the specifics of the 
material from which the block is constructed.  For a given material, we define the thermal 
conductivity, k, as a measure of the material's ability to conduct heat.  Putting this 
together, we have the heat conduction equation for a uniform block, 

 

! 

ú Q = " kA
T2 " T1

L
 ,     (5.18) 

 
where 

! 

ú Q  represents the rate at which heat is flowing and has units of energy divided by 
time.  This equation assumes that the cross sectional area of the block is uniform and that 
k is constant throughout the block.  

                                                
# If you had not noticed that pattern before, it is easy to test out by creating some simple collisions 

on a smooth table (coins or books work well). 
# The quantum mechanical description actually involves phonons, which are collective oscillations 

of atoms or molecules. 
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A
T2

T1

Q

L
 

 
Figure 5.4 The left end of the block is maintained at temperature T1, and the right end at 
T2<T1.  Heat flows from the left to the right via conduction. 

 
We can relax both of those assumptions by looking at an infinitessimally thin 

slice of the block, in which case we can write 
 

! 

˙ Q = " kA
dT
dx

 .      (5.19) 

 
The minus sign in the equation is present since heat flows from high temperature to low 
temperature.  If we place the origin of our x axis on the hot end of the block with the cold 

end on the positive x axis, then 

! 

dT
dx

<0, so that 

! 

ú Q >0, signifying heat flowing in the +x 

direction as expected. 
 
Table 5.1 shows the thermal conductivity for a wide range of materials. The units 

of k are 

! 

W
m¥K

, which ensures that 

! 

ú Q  has units of W or J/s.  Gases typically are poor 

thermal conductors due to their low density and random nature.  Liquids generally have a 
higher thermal conductivity than gases because the increased density gives more 
pathways for the transfer of heat.  Among solids, metals are among the better conductors 
since not only can energy be moved through lattice vibrations, but also the freely moving 
electrons in the metal can carry energy effectively.  At the same time, diamond is an 
excellent thermal conductor despite the fact that it is an electrical insulator.  This is 
because its crystalline structure is such that atomic vibrations are particularly effective in 
transporting energy.   The diamond listed in the table is that produced by chemical vapor 
deposition (CVD).  The specific nature of the deposition process affects the value of k.  
CVD diamond has applications in the electronics industry in keeping small circuit 
elements from overheating.   
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Material k (W/K.m) 
Air   (300K) 0.0262 
Air   (400K) 0.0333 
Ar 0.0179 
CO2 0.0168 
N2 0.0260 
  
H2O  (273K, liq) 0.5610 
H2O  (373K, liq) 0.6791 
  
Ag (silver, 10K) 16800 
Ag (silver, 300K) 429 
Ag (silver, 400K) 425 
Al (pure aluminum) 237 
Al (aluminum alloy 3003) 190 
Au (gold) 317 
Brass, leaded (273K) 120 
Diamond (CVD) 500-2000 
Cu (copper) 401 
Stainless steel 14 
  
Asbestos (273K) 0.09 
Brick (dry) 0.04 
Concrete 0.8 
Glass wool 0.005 
Plywood 0.11 
 

Table 5.1  Thermal conductivities of various substances at 300K and 100kPa, unless otherwise 
noted.  Data taken from CRC Handbook of Chemistry and Physics 82nd edition (2001). 

 
 
An alternate approach to describing heat flow through a uniform slab focuses on 

the heat flow density, 

€ 

ú Q 
A .  We can rewrite equation 5.18 as 

 

! 

T2 " T1( ) = "
ú Q 

A
# 
$ 
% 

& 
' 
( Rth  ,     (5.20) 

 
where  

 
Rth=L/k        (5.21) 
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is the thermal resistance of the slab.*  This equation is somewhat analogous to Ohm's law 

with 

! 

ú Q 
A  playing the role of current and the temperature difference playing the role of 

the potential difference driving the current.  The thermal resistance is a measure of how 
much temperature difference is required to maintain a given heat flow.  Not surprisingly, 
it increases as the thickness, L, of the slab increases. 

 
Example 5.6: Suppose a composite block is formed by taking two slabs 

of material of identical cross section, A, and joining them.  The first slab has 
thermal resistance Rth,a and the second, Rth,b.  Find the effective thermal 
resistance of the composite for heat flowing perpendicular to the interface. 

 

La

Lb

 T2

 Ti

 T1

ka

kb

 
Figure 5.5 The effective thermal resistance of this composite slab is calculated in Example 5.6. 

 
 
Imagine the top side of the composite is held at a temperature T1 and the 

bottom side at T2.  At the interface joining the two slabs, the temperature will be 
some intermediate value, Ti.  The rate of heat conduction through the first slab 
is found using equation 5.20: 

 

  

! 

ú Q a = " kaA
T2 " Ti

L a

= "
A

Rth,a
T2 " Ti( ) 

 
while that through the second slab is 

 

                                                
* Note that architects sometimes define Rth=L/(Ak). 
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€ 

ú Q b = −
A

Rth,b
Ti −T1( ) 

 
Once heat is flowing through at a steady rate, Ti is constant and hence 

the heat reaching the interface between the two slabs must be the same as that 
leaving the interface.  That is, 

 

! 

ú Q a = ú Q b 
 

and so 
 

  

! 

"
A

Rth,a

T2 " Ti( ) = "
A

Rth,b

Ti " T1( ) 

 
Solving for Ti gives 

 

  

! 

Ti =
Rth,aT1 +Rth,bT2

Rth,a +Rth,b
 

 
Note that Ti is just a weighted average of the two end temperatures, with the 
weighting factors being the thermal resistances. 

 
Knowing this temperature, we can find the common value of  

! 

˙ Q : 
 

  

! 

ú Q a = "
A

Rth,a

T2 " Ti( )

= "
A

Rth,a

T2 "
Rth,aT1 +Rth,bT2

Rth,a +Rth,b

# 

$ 
% 

& 

' 
( 

= "
A

Rth,a +Rth,b

T2 " T1( )

 

 
or, 

 

  

€ 

T2 −T1 = −
ú Q 
A
 

 
 

 

 
 Rth,a + Rth,b( )  

 
Comparing this to equation 5.20 shows that the effective thermal resistance of 
the composite is Rth,a+Rth,b. 
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Convection  
 
Suppose heat flows into a fluid, causing one portion to be warmer than another 

portion.  If some of the heated portion flows into and mixes with the cooler portion, then 
there has been a transfer of thermal energy from one part of the fluid to another, and this 
is known as heat flow by convection. 

 
Consider the air above a candle flame.  As the air warms up, its density decreases.  

Buoyancy causes this less dense air to rise, with cooler air moving in from the sides to 
take its place.  The resulting convection current, which moves the thermal energy 
upward, has been created naturally and is thus called natural convection.  By contrast, a 
house with a hot air furnace works primarily by forced convection: a fan blows the hot 
air through heating ducts as a means of delivering thermal energy to different rooms in 
the house. 

 
Since it involves fluid flow, convection is quite challenging to model.  The 

effectiveness of a natural convection current in transporting thermal energy depends on 
the fluid's inherent ability to flow, the fluid's density, the temperature distribution, and the 
geometry of the region through which the fluid flows.  Forced convection is somewhat 
easier to model since the forcing unit (such as a fan) typically produces a well-
characterized flow.  Because of the fluid flow problem in either case, however, a 
numerical analysis of convection is beyond the scope of this textbook.   

 
Complexity notwithstanding, convection is a very important phenomenon.  It 

plays a significant role in weather, both in atmospheric and oceanic effects.  For instance, 
when solar radiation reaches the earth, it is more readily absorbed by the ground than by 
the atmosphere.  Thus during daylight hours the ground tends to be warmer than the 
atmosphere.  Heat is conducted from the ground to the air above it, causing air at the 
lower altitudes to warm.  If conditions are right, some of this warm air can produce a 
convection current, causing it to rise into cooler altitudes.  With sufficient altitude gain, 
the moisture in the rising air will condense, forming cumulus clouds. 

 
Figure 5.6 Convection (not yet available) 
 

Radiation and the Photon Gas  
 
If heat is to be transferred between two physically separated objects by either 

conduction or convection, then there must be matter between those two objects.  
However, heat can also flow between two objects in the absence of matter.  This heat 
flow occurs through electromagnetic radiation and hence is referred to as heat flow by 
radiation.   

 
To study radiation, we begin by examining an idealized object known as a black 

body.  A black body is one that absorbs all light incident on it.  Note that a black body 
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may not in fact look black if it also gives off visible radiation of its own.  The sun, for 
instance, can be reasonably well approximated as a black body since most radiation 
incident on the sun is absorbed by it rather than reflected back out.  

 
In thermodynamic equilibrium, a black body contains a population of quantized 

electromagnetic waves, or photons which move with speed c (3x108 m/s).  The energy of 
each photon is equal to h$, where $ is the frequency of the photon in Hertz, and h=6.626 
x 10-34 J.s is Planck's constant.  In principle, one can use this expression for the energy of 
a single photon to calculate the energy of an arbitrary collection of photons, and then use 
the Boltzmann factor, exp(-E/kBT), to gain information about the probability that the 
blackbody will be found with that particular collection of photons.  Once all of the 
probabilities are known, one can then calculate the average, or thermal energy, associated 
with this photon gas.  In practice, this calculation requires the use of quantum mechanics 
to determine the allowed photon states, and hence is beyond the scope of this textbook.  
The result, however, will prove quite useful in understanding how thermal energy 
associated with a photon gas can be transferred to other objects. 

 
The thermal energy, Uph, associated with the photon gas in a black body of 

volume V is given by 
 

! 

Uph = U" d"
0

#

$  ,      (5.22) 

 
where U$ is known as the spectral energy density and represents the amount of energy 
associated with photons of frequency $.  It can be shown that  

 

  

! 

U" =
8#h
c3 V

" 3

exp h" / kBT( ) $1
 .    (5.23) 

 
Substituting Equation (5.23) into (5.22) and making the substitution x=h$/kBT,  

 

  

! 

Uph =
8" h
c3
V #3

exph#/kBT( ) $1
d#

0

%

& =
8" h
c3
V kBT

h
' 

( 
) 

* 

+ 
, 
4 x3

expx$1
dx

0

%

&  

 
Since the final integral is a dimensionless number, we can now explicitly see that 

the photon energy is proportional to the first power of the cavity volume and the fourth 
power of the cavity temperature.  Integral tables show the final integral has the value 
%4/15 so that 

 

! 

Uph =
8" 5

15h3c3
V kBT( )4 .    (5.24) 
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Radiation by a Black Body  
 
Let us imagine that we have a hollow box made of opaque walls that are held at a 

fixed temperature, T.  Regardless of the material from which it is constructed, inside that 
box there will be a photon gas whose energy has the characteristics described above.  The 
curious reader might ask why.  The atoms in the wall vibrate since they have thermal 
energy.  Energy from these vibrational modes is given off in the form of photons, 
typically in the infrared regime.   

 
If we poke a tiny hole in one side of the box, a small portion of that photon energy 

will escape.  As the photon energy escapes, it is being replaced by more photons from the 
walls in order to maintain thermal equilibrium at the given temperature.  This is no 
different from the concept of maintaining thermal equilibrium in a hydrostatic system 
through contact with a thermal reservoir. 

 
The rate at which energy emerges from the hole will be proportional to the energy 

density, Uph/V, and the speed with which the photons move, c.  It can be shown that the 
intensity, I, of radiation emerging is given by 

 

! 

I =
cUph

4V
 ,       (5.25) 

 
where the intensity is the emerging energy per unit area per unit time.  Combining 
equations 5.24 and 5.25 gives 

 

! 

I =
2" 5 kBT( )4

15h3c2  .       (5.26) 

 
Defining the Stefan-Boltzmann constant to be 

 

! 

" B =
2#5kB

4

15h3c2 = 5.670$10%8 W
m2K 4  ,    (5.27) 

 
this becomes 

 

! 

I = " BT4 .      (5.28) 
 
Alternatively, we can write the intensity per unit frequency as 
 

  

€ 

Iν =
2πh
c2

ν3

exphν/ kBT( )−1
 .     (5.29) 

 
The peak in this function occurs when  
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! 

h"
kBT

= 2.82...  .      (5.30) 

 
Thus we can conclude that the thermal radiation coming out of this hole is proportional to 
the fourth power of the absolute temperature and the frequency at which this radiation 
peaks is proportional to the temperature of the walls of the box. 

 
Figure 5-7 shows the spectral intensity at room temperature, at the melting point 

of iron and at the surface temperature of the sun.  Notice that at room temperature there is 
essentially no detectable radiation in the visible regime, while at the melting point of iron 
there is; hence molten iron glows. 
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Figure 5.7  The spectral intensity (equation 5.29) is shown at T=300K, T=1808K, and 
T=6000K.  The bold line shows the visible portion of the spectrum.
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Example 5.7: If the walls of a box were held at room temperature, at 

what frequency would the radiation in the box peak?  What portion of the 
electromagnetic spectrum does this correspond to? 

 
Solving equation 5.30 for " ,  
 

  

! 

" #
2.82kBT

h
=

2.82 1.38$10%23 J
K

& 
' 
( 

) 
* 
+ 295K( )

6.626$10%34J¥s
# 2$1013Hz 

 
This corresponds to a wavelength, c/" , of about 1.5 x 10-5 m, which places it in 
the infrared portion of the spectrum.  Since our eye cannot detect radiation in 
the infrared range, we do not see a hole in this box glow. 
 

Generalizing to Other Black Bodies  
 
Suppose we take a solid black object at temperature T and place it up against the 

hole in the box we have just examined, where that box is also at the same temperature T.  
If we now insulate the box and the solid black object from their surroundings, then the 
only energy flow that can occur must be between the two objects.  Any energy leaving 
the hole must strike the object.  All of that energy will be absorbed by the object since 
that is what it means for that object to be a black body.  The object, in order to maintain 
thermal equilibrium, must send exactly the same amount of radiation back through the 
hole.  That is, the intensity of radiation coming off of any black body is exactly the same 
as the intensity coming out of a hole in a box held at the same temperature.  So, while we 
started by discussing results for a hole in a box, in fact we can apply all of these results to 
any black body, even to the sun (see problem 5.7). 

 

Non-Black Bodies  
 
If a body is not black, then it does not absorb all of the radiation incident on it.  

We can define the absorptivity, a, as the fraction of incident radiation absorbed by an 
object: 

 

! 

Iabs = aIinc .      (5.31) 
 
This equation is more complicated than it appears in that not only will the absorptivity 
depend on the material from which the object is made, but also it will depend on the 
thermodynamic state of the material and the frequency of the incident radiation.   

 
Let us define the emissivity, e, of an object as the rate at which it emits radiation 

as compared to the rate at which a black body at the same temperature would emit 
radiation: 
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€ 

Iemit = eIblackbody .      (5.32) 
 

Suppose we take a non-black body and place it inside a hollow black body at the same 
temperature.  While the non-black body receives radiation from the surrounding black 
body as governed by equation 5.26, it absorbs a fraction, a, of that radiation.  In thermal 
equilibrium, it must emit the same amount of radiation as it absorbs, so that by equations 
5.31 and 5.32  

 

€ 

aIinc = eIblack body .   
 

Since our incident radiation is coming from a black body, it follows that  
 

a=e .          (5.33) 
 

This result, known as Kirchhoff's Law, is a general property of the object and does not 
depend on the type of radiation we subject it to. 

 
There are numerous ways in which we can use thermal radiation for detection 

purposes.  Since thermal radiation peaks in the infrared regime for most of the 
temperature range of interest to us on a daily basis, infrared detectors form the heart of 
these sensors.  For instance, burglar alarms can sense the presence of an additional warm 
body in the room by detecting a sudden increase in the amount of infrared radiation 
present.  A utility line crew can detect hot spots in overhead electrical lines (due to 
corroding contacts) without having to climb a utility pole by scanning for infrared 
radiation.  Infrared thermometers have application in science, medicine, and even the 
food service industry where the ability to take a temperature using a probe that does not 
need to come in direct contact with the food has a distinct advantage. 

 

Heat Flow By Radiation  
 
If we have two black bodies close to each other but at different temperatures, they 

will radiate energy at different rates.  The hotter object will radiate energy with greater 
intensity and hence the colder object will receive energy from the hotter object at a 
greater rate per unit area than it gives its energy back to the hotter object.  This net flow 
of internal energy due to a temperature difference describes heat flow by radiation. 

 
Consider an object of absorptivity, a, surrounded by a black body.  The intensity 

of radiation emitted by the object is given by 
 

! 

Iemit = eIblackbody = e" BTobj
4 = a" BTobj

4  , 
 

so that the rate at which heat radiates away from the object is 
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! 

ú Q = " Aa# BTobj
4  , 

 
where A is the surface area of the object and the negative sign is present since this 
quantity represents heat leaving the object.   

 
Radiation from the surrounding black body reaches the object, and some of it is 

absorbed by the object.  If we let Tbb represent the temperature of the black body, then it 
emits radiation of intensity 

 

! 

I = " BTbb
4  . 

 
The energy absorbed by the object is then 

 

€ 

ú Q = AaσBTbb
4 . 

 
The net heat transfer in this situation is then 

 

! 

ú Q = Aa" B Tbb
4 # Tobj

4( )  .    (5.34) 

 
On a cold and clear winter night, radiation from the surface of the earth moves out 

into the cold night atmosphere.  Without clouds to absorb the radiation and re-emit more 
back towards the ground, the result is a substantial heat loss from the ground or objects 
on the ground.  Thus while the air temperature may read above 0oC, some objects may in 
fact cool below freezing, causing frost to form.  This may be particularly noticeable on 
some dark objects that, because they are good absorbers, are also good emitters. 

  

Windows and Thermal Insulation  
 
Studying heat transfer through windows illustrates a wide array of heat flow 

phenomena.  Modern construction generally uses double glazed windows, that is, parallel 
plates of glass separated by a sealed space filled with inert gas.  Considering a heated 
building on a cold day, we find heat flows from the room temperature air to the interior 
glass pane through a combination of conduction and convection in the surrounding air 
and radiation from nearby surfaces.  Heat then flows through the interior pane via 
conduction.  The gas filled gap is a poor conductor, leaving the mechanisms of radiation 
and convection primarily responsible for heat flow.  Effectively cutting off heat flow by 
conduction in the gap is the primary reason for its introduction.  Heat flows through the 
outer pane primarily by conduction, and it leaves the outer surface through a combination 
of conduction and convection (involving the outdoor air) and radiation from the glass 
surface.  
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Figure 5.8 Showing the dominant heat flow mechanisms for a double pane window with an 
inert gas in between the panes. 

 
Building designers talk of the thermal transmittance, Utrans, of a structure (such as 

a wall or a window) that mathematically plays the role of the inverse of the thermal 
resistance but incorporates the effects of all three heat transfer mechanisms: 

 

! 

ú Q = " UtransA#T .      (5.35) 
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Comparison to equation 5.20 shows that when only conduction is involved Utrans is just 
the inverse of the thermal resistance, Rth.  The total thermal transmittance of a structure is 
determined by adding the thermal resistance of consecutive layers and inverting the sum: 

 

  

! 

Utrans =
1

Rth1 +Rth2 +Rth3 +...
 ,     (5.36) 

 
provided we interpret Rth to include the effects of conduction, convection, and radiation.  
The contributions to Rth come not only from the glass layers and the sealed gas regions 
but also from the air/glass interface both inside the building and outside the building.  
The latter varies significantly depending on whether or not the outer glass is sheltered 
from wind. 

 
In the case of a double-glazed window, the thermal resistance of the glass is 

primarily due to conduction and hence is calculated as in equation 5.36,  The thermal 
resistance of the gap, however, is determined by the effect of convection and radiation.  
These mechanisms act in parallel with each other and can be shown to approximately 
obey the same law that governs electrical resistors in parallel, 

 

! 

1
Rth,gap

=
1

Rconv

+
1

Rrad

 .      (5.37) 

 
Thus maximizing the thermal resistance of one mechanism, for instance reducing 
convection by careful choice of the inert gas, would leave the thermal resistance of the 
gap dominated by the other mechanism. 

 
It should be noted that while heat transfer by conduction is explicitly linear in the 

temperature difference when the thermal conductivity is independent of temperature, it is 
non-linear in the case of radiation.  This approach for determining an effective thermal 
resistance is necessarily an approximation since equation 5.35 assumes a process linear in 
the temperature difference. 

 
The contribution of radiation to the thermal transmittance can be greatly reduced 

by using low emissivity glass.  While uncoated glass has an emissivity of about 0.845, 
properly coating the glass can reduce the emissivity to less than 0.1.   

 
Finally, a complete analysis of heat flow through a window must include edge and 

frame effects.  Certainly, the thermal transmittance through the frame will differ from 
that through the window due to the different materials involved.  Furthermore, air leaks in 
and around the frame can result in substantial loss of thermal energy due to airflow. 

 
In summary, window design is rich in applications of all mechanisms of heat 

flow.  Improvements come by identifying dominant contributions to the thermal 
transmittance and working to minimize those.  A more thorough discussion of the subject 
can be found in Windows in Buildings by T. Muneer et. al. (Architectural Press 2000). 
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Chapter 5 Problems  
 

1.   A gas occupies a volume of 0.35 m3 at a pressure of 1.0 atm.  The pressure is 
increased linearly with respect to volume until a final pressure of 2.0 atm is reached, 
with the final volume being 0.20 m3. 
a. Can you tell from the given information if this gas is an ideal gas? 
b. Calculate the work done on the gas during the compression. 

 
2.  1.2 moles of He gas is held at 22oC and 110 kPa of pressure. 

a. What volume does the gas occupy? 
b. How much work would need to be done on the gas to isothermally compress it 
until the volume is halved? 
c. Suppose instead of an isothermal compression, the gas undergoes an isobaric 
expansion, causing its volume to be doubled.  Calculate the work involved in this 
process. 
d. Discuss the meaning of the algebraic signs in parts b and c. 

 
3.  A 10 cm x 10 cm x 10 cm cube of aluminum (&=2.7 g/cm3, ! =1.32x10-11 Pa-1) at 20oC 

is compressed isothermally, the pressure applied to it increasing from 1.0 atm to 20 
atm.  Calculate the work done on the block during the compression. 

  
4.  0.85 kg of water vapor is maintained under a constant pressure of 100 kPa.  Starting 

from 100oC, heat enters the vapor, causing it to expand, until the temperature reaches 
150oC.  Calculate the work done by the vapor during the expansion 
a. treating the vapor as an ideal gas, 
b. using tabular information. 
c. Calculate the percent error in treating the vapor like an ideal gas. 

 
5.  Calculate the work done on a gas that obeys the van der Waals equation of state when 

the gas is compressed isothermally from V1 to V2.  Next show that your expression 
reduces to the ideal gas result when a=b=0.  
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6.  A black body can be made out of virtually any opaque, hollow object merely by 

poking a small hole in the object.  Construct a black body in this or a similar way: 
Rinse out an empty soda can and remove the ring tab.  Cut a piece of index card that 
is at least large enough to cover the opening of the can.  Poke a small hole in the card 
in a spot directly over the opening to the can.  A hole on the order of a couple of 
millimeters in diameter works well.  With the can opening covered by the index card 
except at the small hole, the hole will behave very nearly like a black body.  For 
added interest, color the card with the blackest ink you can find.  The hole will always 
look blacker than the ink.  
a. Does it matter at what angle you view the can in terms of its appearance as a black 
body?  
b. Does it matter what the color of the can's interior is? 
c. Recalling that a black body is one that absorbs all incident radiation, why does this 
hole behave like a black body?  
d. Do you see any radiation emerging from the hole? 
e. What radiation, if any, would you expect to be emerging from the hole? 

 
7.  The rate at which solar radiation arrives at the earth's upper atmosphere is about 1.36 

kW/m2.  This value is known as the "solar constant", although it does vary over time.  
The distance from the earth to the sun is about 93,000,000 miles and the surface area 
of the sun is 6.08 x 1018 m2.   Treating the sun as a black body, use the above 
information to estimate its surface temperature.  

 
8.  0.75 kg of the refrigerant R-134a at 100 kPa is warmed isobarically from 0oC to 30oC.  

Using the following data, calculate the work done on the refrigerant during this 
process and the heat flow into the refrigerant.  

 
T P u v 
0oC 100 kPa 231.41 kJ/kg 0.21587 m3/kg 
30oC 100 kPa 254.54 kJ/kg 0.24216 m3/kg 
 

9.  An ideal gas of d degrees of freedom per molecule is warmed at constant pressure 
from T1 to T2.  Show that the heat flow into the gas during the process is given by 

! 

Q =
d+2

2
nR T2 " T1( )   . 

 Assume that d does not vary with temperature. 
 

10. In equation 5.29, let x=h$/kBT . 
a. Show, using calculus, that the peak of the function occurs when 

! 

3ex " 3" xex = 0  . 
b. By whatever means you choose, find a numerical solution to the equation in part 
(a), carrying out the calculation to one more digit of precision than that given in 
equation 5.30.  Note that this equation cannot be solved algebraically.  
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11. Two slabs of material of identical thickness are side by side, as shown.  They have 
thermal resistances of Rtha and Rthb, respectively.  Derive an expression for the total 
effective thermal resistance of the combined slab.  

 
 

a b

 TH

 TC

 Aa Ab

 
 

12. Suppose the wall of a garage is constructed from a single layer of 1/2" thick plywood 
(of thermal conductivity 0.11 W/m.K).  Later the owner decides to heat the garage, 
and adds a 3" thick layer of fiberglass insulation (of thermal conductivity 0.043 
W/m.K).  By what factor will this insulation increase the thermal resistance of the 
walls? (Neglect the effect of studs.)  

 
13. On a winter day when the outdoor air temperature was 0oC, the outside and inside 

surfaces of a single pane of window glass were measured to be 4oC and 8oC, 
respectively.  The temperature at a double pane window was measured to be 1oC and 
15oC, respectively.  Compare the rate at which heat flows by conduction through 
these two window panes.  Make the following assumptions:  Each pane has a surface 
area of 0.50 m2.  The thickness of each pane of glass is 1/8".  The double pane 
window consists of two identical panes of glass separated by a 0.5" gap filled with 
argon at a pressure of 1 atm.  Take the thermal conductivity of window glass to be 
0.88 W/Km.  

 
14. An unclothed person is standing in a room whose walls are at a temperature of 16oC.  

Taking the emissivity of skin to be 0.7 and the surface temperature of the skin to be 
34oC, estimate the net rate at which heat is lost from the person by radiation.  Note 
you will need to make an estimate of the surface area of the personÑ choose an 
average adult as your basis.  
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15.  A large black sheet, B, is maintained at constant temperature TB.  Parallel to this 

sheet and some distance removed is a second black sheet, D, which is maintained at 
constant temperature TD (<TB).  
a.  Write out an expression for the rate of heat transfer by radiation from B to D, 
assuming they have identical areas, A.  
b. Now assume a third black sheet C, also of area A, is placed midway between the 
first two, and that the only heat transfer to and from this third sheet is via radiation 
from B and D.  At what temperature TC will this sheet reach equilibrium?  You should 
be able to express your answer in solely in terms of TB and TD.  
c. Calculate the net rate of heat transfer from B to D and compare your result to part 
(a).  
  

16. 3.0 liters of water at room temperature and pressure is to be boiled.  Assuming the 
water sits in an open pan, estimate how much heat is required to boil the pan dry.  

 
17. A sixteen-quart Òprofessional gradeÓ pot is listed as being constructed of 1/4Ó thick 

3003 aluminum alloy, with a pan diameter of 11Ó and a depth of 10-1/2Ó.  Suppose 
this pot is about 2/3 full with boiling water (unsalted and at sea level), and that heat 
flows from the bottom of the pan into the water at a rate of 900W.  The heat is 
supplied by a coil on an electric stove that makes contact with 40% of the bottom of 
the pot.  
a. Estimate the difference in the temperature on the outer surface and the inner 
surface of the pot.  
b. What is the temperature of the outer surface of the bottom of the pot?  [This will be 
close to the temperature of the coils, which is why coils covered by a pot of water 
generally do not glow.  They lose heat too rapidly to be hot enough to glow.]  

 



Chapter 5 

Copyright 2009 Marshall Thomsen 
 

31 

 
18. A tube with a plunger at one end contains air at 1.00 atm of pressure at 22oC.  The 

inner diameter of the tube is 1.00 cm and initially the length of tube that this air 
occupies is 15.0 cm.  The plunger is pushed down rapidly, resulting in the following 
pressure vs. volume relationship  (note that the compression occurs from right to left 
on the plot and ends when the pressure reaches 45 atm):  

 

Compression of a gas

0

5

10

15

20

25

30

35

40

45

0 2 4 6 8 10 12

Volume (cm 3)

P
re

ss
ur

e 
(a

tm
)

 
 

a. Estimate the work done (in Joules) on the gas during this compression. 
b. Estimate the temperature of the air at the end of the compression.  [The air gets hot 
enough to ignite cotton!]  
c. Where did the energy come from to raise the temperature of the gas? 

 
19. 1.50 l of water vapor is at 150oC and 160 kPa.  It is compressed isothermally until all 

of the water is saturated liquid.  Estimate the amount of work that is performed on the 
water during this process.  Hint: for the purposes of estimating, you may treat the 
water vapor as an ideal gas.  
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20. Consider a solid right circular cone whose base has radius Ro and made out of 
material of thermal conductivity k.  Next imagine that the top is cut off, leaving an 
upper surface of radius R1.  The height of this truncated cone is h.  The lower surface 
is put into contact with a system at temperature TH and the upper surface is put into 
contact with a system at temperature TL.  
a. Show that once steady state heat flow is reached, the temperature in the cone 
changes according to 

! 

dT
dy

= "
ú Q 

k# Ro " R o " R1
h y( )2  

where y is the distance measured up from the base of the cone. 
b. Use your result in part (a) to solve for the rate of heat flow through this truncated 
cone.  Hint: integrate that result from y=0 to y=h to yield the total temperature 
difference, TH-TL.  

 
21.  Suppose by using a pump, 550 ml of air at 23oC and 101 kPa is gradually and 

isothermally compressed to a final volume of 200 ml.  How much work is done on the 
air in this process?  

 
22. Consider a substance whose isothermal compressibility, !,  is constant. 

a. Show that if this substance starts out with a volume Vo and at a pressure Po, then 
when isothermally compressed to a new pressure, P, the new volume is given by 

! 

V =Voe
" # P" Po( ) 

b. If this substance is compressed isothermally from an initial volume V1 and pressure 
P1 to a final volume V2 and pressure P2, show that an exact expression for the work 
done on the substance is 

! 

W = P1V1 " P2V2 +
V1 " V2

#
. 

Hint: 

€ 

W = κVPdP
P1

P2

∫  is an exact equation that makes a useful starting point. 

c. In the limit that the compressibility is very small, it is useful to expand this 
expression for work.  Make an expansion of your work expression to first order in ! . 
Be careful in the third term: the presence of !  in the denominator means V1-V2 must 
be expanded to order ! 2.  Your result should agree with equation 5.13.  
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