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Chapter 4: Hydrostatic Systems  
 
A fluid  is a substance that is able to flow.  Gases and liquids are the most 

common examples, but plasmas are also fluids.∗ Among the distinctions between 
liquids and gases are that liquids display surface tension (allowing for the 
formation of droplets) whereas gases do not.  Gases are also more easily 
compressed than liquids.  The differences between gases and liquids are a matter 
of degree, however.  It is possible to move a substance from a gas to a liquid in a 
smooth and gradual way.   

 
A plasma is a gas that has become ionized.  Plasmas can be found in 

places such as the sun, fluorescent light bulbs, the upper atmosphere of the earth, 
and some semiconductor processing systems.  Since the electrical interactions 
within a plasma make analyzing it substantially more difficult than analyzing a 
gas, we will not study it further in this text.  

 
If a fluid is not flowing, we refer to it as a static fluid or a hydrostatic 

system.  The pressure exerted by such a fluid is called hydrostatic pressure .  
Most of the analysis of fluids in this textbook will be confined to hydrostatic 
systems or to systems that can at least be approximated as hydrostatic.   

 
A hydrostatic system can be described by thermodynamic variables such 

as pressure (P), temperature (T), volume (V), and mass (m).  If the system has 
other interactions of significance (such as magnetic or electrical), then other 
variables are required to completely specify the thermodynamic state.  If not, 
then these variables are sufficient and the system will be referred to as a simple 
hydrostatic system .   

 
In this chapter, we shall focus on simple hydrostatic systems.   It is useful 

to reintroduce the specific volume, v=V/m.  The variables P, T, and v are all 
intensive variables, and they completely describe the system except for its overall 
size or scale.  In most cases, we need only specify the values of two of those three 
variables to completely determine the thermodynamic state.  That is, if we have a 
gas in a container whose temperature and volume we can control, the pressure is 
no longer a free variable; it takes on a unique value corresponding to the given 
temperature and volume.  

 
The phase of a substance depends on the values of the thermodynamic 

variables which describe it.  It is useful to create phase plots that show the 
locations of the various phases.  Figure 4.1 is an example of what a typical phase 
plot looks like.  In this case, the phases are depicted in the pressure-temperature 
plane.  Notice that once we specify a particular value of pressure and of 
temperature, our location on this plot is known so the phase of the system can be 
determined.  

                                                
∗ We exclude from fluids granular systems (such as sand) which "flow" on a grain by grain basis 

only. 
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The phases identified are solid, liquid, and vapor.  The distinction 

between a vapor and a gas is not always made since their physical properties are 
nearly identical.  When a distinction is made, it is that a vapor is generally used 
to describe a system that is somewhat close to condensing into a liquid. 

 

 
 
 
Figure 4.1 The phase plot of a typical hydrostatic system, depicted in the pressure-

temperature plane.  The dashed line depicts a vapor being isothermally compressed into a 
liquid. 

 
 
The lines separating the phases are the coexistence curves since they 

indicate the lines along which two phases can coexist in equilibrium.  They meet 
at a single point, the triple point .  This identifies the unique combination of 
temperature and pressure that allows for all three phases to coexist in 
equilibrium.  Recall that the triple point of water is used to define the a bsolute 
temperature scale.  Since the coexistence in equilibrium of these three phases of 
water can occur at just one temperature, this provides a unique way of fixing a 
point on the temperature scale. 

 
Suppose we start a system out in the vapor region as shown in Figure 4.1.  

If we hold temperature fixed, while increasing the pressure, we move straight up 
on the plot and eventually enter the liquid region, as depicted by the dashed line.  
That is, if we keep the temperature of a vapor fixed, compressing it will 
eventually result in liquefaction (this will be discussed in detail in the chapter on 
Phase Transitions).  However, if we start at a higher temperature, to the right of 
the critical point indicated in the plot, increasing the pressure never results i n a 
change of phase to a liquid.  The temperature above which liquefaction is not 
possible by compression is known as the critical temperature .  The pressure 
associated with the critical point is known as the critical pressure .  The specific 

Liquid  

Vapor/Gas  
Solid 

Critical Point  

Triple Point  
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volume of this  state is the critical volume .  Critical values for several substances 
are shown in Appendix D.  

 
Under a pressure of one atmosphere and at room temperature, ammonia 

is a gas. Room temperature (295 K) is well below ammonia's critical temperature 
of 406 K. So if we start out with ammonia at room temperature and compress it, 
it will eventually become a liquid.  As will be seen in Chapter 8, compressing a 
vapor into a liquid is a key step in conventional refrigeration processes. *   

 
Oxygen is also a gas at room temperature and pressure.  If we keep it at 

room temperature and compress it, it will never liquefy, regardless of how much 
it is compressed.  As a result, oxygen used to be thought of as a permanent gas.  
The problem, however, is that oxygen's critical t emperature is 154.8 K, well 
below room temperature.  That is, in order to have any hope of liquefying 
oxygen through compression, its temperature must first be brought down below 
154.8 K. 

 

Mixed Phases  
 
If a system has a temperature and pressure which place it right on a 

coexistence curve, then it is possible for two phases to be in equilibrium with 
each other.  If we were to take a jar, fill it part way with water, and then cover it, 
we would in short order have a system in which the liquid and vapor phase s of 
water are in equilibrium with each other.  Similarly, if we were to drop a cube of 
ice into a glass of water, in short order we will have a situation in which the solid 
and liquid phases of water are nearly in equilibrium with each other. ∗ 

 
Consider a more idealized experiment.  Suppose inside a piston-cylinder 

arrangement we have a pure substance under high pressure in the liquid phase.  
We keep the system in contact with a thermal reservoir so that its temperature 
remains constant at some value less than the critical temperature.  As the 
pressure on the piston is gradually decreased, the piston will begin to rise.  At 
first, the rise will be small, but eventually the piston will rise dramatically, 
indicating that some of the liquid is moving into the vapor phase.  At this point, 
we will have created liquid/vapor coexistence of a pure substance.  As is 
suggested by Figure 4.1, the pressure at which this coexistence takes place is 
determined by the temperature at which we are keeping the system.  As long as 
the temperature is kept fixed, we can maintain any proportion of the liquid and 
vapor phases in coexistence at this pressure.  That is, we can have a state that is 
99% by mass vapor and 1% liquid or vice versa.  Clearly, the state that is 99% 
vapor wil l occupy more volume than one which is 99% liquid.  We conclude that 
in a coexistence state, a wide range of volumes can be obtained for a given 

                                                
* Ammonia liquefaction was first achieved in 1787 (by Martinus van Marum); however, its 

potential as a refrigerant was not immediately realized. It was nearly a century after the first liquefaction of 
ammonia that Louis-Paul Cailletet became the first person to liquefy oxygen. 

∗ It is unlikely to be true equilibrium since heat  continues to flow into the glass causing the ice to 
continue to melt. 
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pressure and temperature.  Thus, the two variables, P and T, are not sufficient to 
completely determine the thermodynamic state of a simple hydrostatic system in 
coexistence.  For this special situation, we introduce a new variable (quality) to 
specify the proportion of the system in the vapor phase.  Quality will be 
discussed in more detail later in this chapter. 

 

Characterizing a Simple Hydrostatic System  
 
We have already seen that in order to specify the thermodynamic state of 

a hydrostatic system, we generally need to specify at least two of the three key 
variables: P, T, and v.  Aside from specifying the thermodynamic state of a 
hydrostatic system, there are other properties that are also useful, particularly in 
understanding how that system will change if one of the key variables changes. 

 
Many substances will expand as their temperature rises.  The rate of 

expansion will depend not only on the substance but also on the thermodynamic 
state of that substance.  We define the volume expansivity  as a measure of the 
fractional increase in the volume of the system divided by the temperature 
change producing that increase: 

 

€ 

β =
1
V

∂V
∂T

 

 
 

 

 
 

P

 .       (4.1) 

 
The pressure is held fixed during the evaluation of the derivative to 

ensure that we are measuring only the effect of temperature on the volume.  
While for most substances, the expansivity is always positive, water near its 
freezing point is an exception to the rule.  This can be seen by looking at a plot of 
the specific volume of water as a function of temperature in Figure 4.2. For 
temperatures ranging from 0 oC to just shy of 4oC, the expansivity of water is 
negative. 
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Figure 4.2  The specific volume of water actually decreases with increasing temperature just 
above the freezing point of water. 

 
If we are dealing with a temperature change that is small enough so that β 

remains nearly constant during the process, then we can write 
 

! 

" V # $V" T .       (4.2) 
 

The concept of volume expansivity can also be applied to solids, even though 
they are not hydrostatic systems.  Often we are interested in the increase in 
length of one dimension of the solid.  In this case, we define the coefficient of 
linear expansion  as 
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 ,       (4.3) 

 
where F represents the tension applied to the object.  When the system is 
isotropic (meaning in this case one which expands equally in all directions), then 
β=3α.  (See Problem 1 at the end of this chapter.) 

 
Another property useful in characterizing hydrostatic systems is the 

isothermal compressibility , κ.  This quantity answers the question, if we 
increase the pressure on a substance while holding the temperature constant, 
how much will the volume decrease?  κ is defined through the equation  
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A system is mechanically stable only if an increased pressure never results 

in an increased volume.  Thus we expect the derivative of volume with respect to 
pressure to be negative, meaning κ will be positive.  If we are dealing with a 
process during which κ is approximately constant,  

 

! 

" V # $%V" P  .       (4.5) 
 

 
Example 4.1: The refrigerant known as R-134a has an expansivity of 

3.73x10-3 K-1 at a pressure of 100 kPa and a temperature of 20oC (where it is a 
vapor).  Its isothermal compressibility under these conditions is 1.22 x 10-3 kPa-

1.  Suppose we have 1.00 m3 of R-134a at 20oC and 100 kPa.  If we raise its 
temperature to 80oC while keeping the pressure constant, approximately what 
volume will this gas occupy? 

 
Since the pressure is held fixed, we can get an approximate volume 

change using 
 

! 

" V # $V" T 
 

Thus, 
 

  

! 

" V = 3.73#10$3K $1( ) 1.00m3( ) 60K( )
= 0.223m3

 

 
Note that we have taken advantage of the fact that a change in 

temperature of 60oC is the same as a change of 60 K.  The final volume is 
 

  

! 

Vfinal = V +" V

=1.00m3 +0.223m3

=1.22m3

 

 
This is in good agreement with measured results. 

 
 

The Ideal Gas  
 
In the preceding chapters, we introduced the ideal gas model.  On a 

microscopic level, the ideal gas is one in which individual molecules interact 
with each other only through elastic collisions.  Any other intermolecular forces 
are ignored.  The reader may recognize that the ideal gas model cannot describe 
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a vapor that is condensing into a liquid.  In order to condense, the molecules 
must experience a force--an intermolecular attraction --to draw them together.  
Since the ideal gas model does not include such a force, this model cannot 
describe condensation.  In other words, we can only realistically hope to apply 
the ideal gas model to a real gas if that gas is not close to condensing. 

 
We have already derived a few key results for the ideal gas: 
 

  

! 

P=
mvrms

2

3V
         (1.9) 

 

  

! 

vrms =
3kBT
M

        (3.9) 

 

! 

PV= NkBT .       (3.11) 
 
Recall that m represents the mass of the entire gas system while M  

represents the mass of a single gas molecule. The third of these ideal gas 
equations is known as the ideal gas equation of state since it relates the key 
thermodynamic state variables to each other. Up to this point, we have implicitly 
assumed that the gas is made up of identical molecules.  Such a gas is called a 
pure gas.  We shall see what modifications are necessary to study gas mixtures 
shortly, but for now we shall focus on pure gases. 

 

Moles  
 
Equation 3.11 includes the variable N, which represents the number of gas 

molecules.  Often, this variable is not very convenient to use, since it is typically 
of the order 1022 or more.  Instead, it may be more convenient to measure the 
quantity of gas in moles, as described in Chapter 1. 

 
The convenience of measuring substances in moles is the ease with which 

the number of moles can be determined from the mass of the substance.  When 
we examine a periodic table of the elements, we find that the mass of each 
element is given in atomic mass units.  That same numerical quantity tells us the 
mass in grams of one mole of that element.  This relationship is what fixes the 
value of Avogadro's Nu mber, NA.  For instance, neon has an atomic mass of 
20.179 u, where u is the atomic mass unit.  Thus one mole of neon has a mass of 
20.179 grams.  We will use the symbol M to stand for the molar mass, that is, the 
number of grams per mole of a given substance.  Note that for a system of mass 
m containing n moles, 

 
m = nM  .      (4.6) 
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Example 4.2: How many grams are in one mole of water? 
 
The chemical expression for water is H2O, meaning one molecule of 

water has two hydrogen atoms and one oxygen atom.  Hydrogen has an atomic 
mass of 1.0079 u and oxygen has an atomic mass of 15.99994 u.  Thus the mass 
of one water molecule is 

 

    

€ 

M = 2×1.0079+15.99994( ) u

=18.0157u
 

 
Therefore, the mass of one mole of water is 18.0157 g.  This result is consistent 
with Appendix D. 

 
Example 4.3: How many grams are in one mole of oxygen gas 

molecules? 
 
Questions like this often trap students.  In order to answer this correctly, 

you need to know the molecular state of oxygen when it is a gas.  While the 
noble gases (helium, neon, argon, krypton, xenon, and radon) are monatomic, 
most other gases are not.  Oxygen turns out to be diatomic, meaning its 
chemical formula is O2.  Thus one oxygen molecule has a mass of 2 x 15.99994 
u = 31.99988 u, so that one mole of oxygen gas molecules has a mass of 
31.99988 g. 
 
If we wanted to recast the ideal gas equation of state in terms of the 

number of moles, we would write  
 

  

! 

PV= NkBT

=
N
NA

NAkB( )T
  . 

 
The quantity N/N A represents the number of moles of the gas, which we will 
denote by n.  The quantity N AkB shows up often and is known as the universal 
ideal gas constant, R: 

 

  

! 

R = NAkB = 8.31434
J

mole¥K
 .    (4.7) 

 
With this, the ideal gas equation of state becomes 

 

! 

PV= nRT .        (4.8) 
 

The units used in this equation need to be consistent with those given in the 
expression for R.  The temperature that appears in the equation must be 
measured on an absolute scale, such as Kelvin.  If volume is measured in m3 and 
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pressure in N/m 2, then the product PV will have units of Joules, in agreement 
with the g iven expression for R. 

 
Reintroducing the molar specific volume,  
 

  

€ 

v = V/ n, 
 

we can recast the ideal gas equation of state entirely in terms of intensive 
variables: 

 

! 

Pv = RT .        (4.9) 
 

This form demonstrates clearly that for this hydrostatic system, knowledge of the 
values of any two of the three intensive variables is sufficient to determine the 
third.  

 

Ideal Gas Thermal Energy  
 
The translational kinetic energy of an ideal gas molecule is  
 

  

! 

KEtrans=
1
2

M vx
2 +vy

2 +vz
2( )  , 

 
where     

! 

! 
v  represents the velocity of the center of mass of the molecule.  There may 

also be energy associated with motion relative to the molecular center of mass.  
For instance, the molecule may have rotational kinetic energy.  Whether it does 
depends on the type of molecule and quantum mechanical effects.  As a rough 
guide, monatomic gases do not generally have significant rotational kinetic 
energy where as diatomic or polyatomic gases at sufficiently high temperatures 
do have significant rotational kinetic energy.  There may be up to three axes of 
rotation contributing to the rotational kinetic energy, each having a term of the 
form  

 

! 

KErot =
1
2

I" 2 . 

 
Molecules with more than one atom may also have vibrational energy.  

Again, th ere are quantum mechanical restrictions on whether these vibrational 
modes are accessible, but in general the higher the temperature the more likely 
they are to contribute to the thermal energy of the gas.  As long as the vibrations 
are not too large, we can treat them using a harmonic oscillator model of atoms 
tied together by springs.  Classically, the energy of a harmonic oscillator is given 
by 

 

    

! 

Evib =
1
2

M ' vrel
2 +
1
2
kx2  . 
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There are a number of details in this equation which, thanks to the simplicity of 
the equipartition theorem, we do not need to worry about.  For instance, vrel 
represents the relative velocity of the two vibrating atoms, M ' represents the 
reduced mass, etc.  One detail we do have to worry about is the constraint that 
quantum mechanics may apply to the system:  it may effectively make some of 
the degrees of freedom inaccessible at lower temperatures, typically those 
degrees associated with vibrational or rotational states. 

 
The total energy of the ideal gas molecule is obtained by summing up 

these contributions from translational, rotational, and vibrational degrees of 
freedom.  It will have the form  

 

! 

E =
1
2

" iqi
2

i=1

d

#  . 

 
Here d is the number of degrees of freedom for a single molecule.  It will be 3 for 
a monatomic gas but will be hi gher for diatomic and polyatomic gases. 

 
The equipartition theorem tells us that we do not need to know the details 

of the Ω's and q's.  The average value of each term in the sum is kBT/2, so that the 
average thermal energy per molecule is 

 

! 

E =
d
2

kBT . 

 
For a gas of N particles, the total thermal energy is 

 

€ 

U =
d
2

NkBT

=
d
2

nRT
 ,       (4.10) 

 
where as usual n represents the number of moles of the gas.  It turns out that d 
itself can be temperature dependent, although often we can approximate it as 
constant over reasonably large temperature changes.  Interestingly, though, the 
thermal energy in an ideal gas can always be written as a function of temperature 
alone, independent of both pressure and volume.  This assertion will be proved 
in Chapter 6. 

 

When Is a Real Gas Nearly Ideal?  
 
Because of the simplicity of the ideal gas equation of state, it is tempting to 

apply it to all gases.  Nevertheless, it is important to remember that the model on 
which it is based assumes no significant attractive forces between the molecules.  
Under what conditions is this assumption reasonable? 
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As a first approximation, one can l ook at available data to see how close 
the gas is to condensing.  As the gas approaches the point of condensation, 
interactions between the gas molecules may begin to cause appreciable 
variations from ideal gas behavior.  However, we cannot say that just because a 
gas is not close to condensing, then the ideal gas law applies.  Under high 
pressures, the molecules can be forced close enough to interact with each other 
significantly. Data for water indicate that when the pressure is less than about 50 
kPa (half of atmospheric pressure), then the ideal gas approximation is good to 
within about 1% right down to the point of condensation.  At 100 kPa, though, 
we find a 1.5% discrepancy at the condensation point (see Problem 19).  On the 
other hand, if we remove any possibility of condensing by restricting ourselves 
to temperatures above the critical temperature, then the ideal gas approximation 
can be used with more confidence. 

 
Water has a critical temperature of 647.13 K, well above room temperature 

(295 K), so we need to be cautious in applying the ideal gas approximation to 
water vapor at room temperature.  The lighter noble gases (He, Ne, Ar), though, 
have relatively low critical temperatures so that at room temperatures the ideal 
gas model does an excellent job in describing these systems.  

 
Example 4.4: Suppose we wish to store 2.5 kg of oxygen at 5.0 

atmospheres of pressure and at room temperature (22oC).  How much volume 
will the gas occupy? 

 
The temperature of the gas is 22oC = 295 K.  From Appendix D, we see 

that we are well above oxygen's critical temperature of 154.58 K, so the ideal 
gas equation ought to describe the system well.  The next step is to convert the 
remaining data into more useful terms.  Since one mole of oxygen has a mass 
of 32.0 g (three significant digits should suffice given the precision of the other 
data in this problem), 

 

  

! 

n =
mass

masspermole
=

m
M

=
2.5" 103g

32.0g
mole

= 78.1moles. 

 
The pressure is 

 

  

! 

P= 5.0 atm
1.01" 105 N

m2

1atm
= 5.05" 105 N

m2  . 

 
Rearranging the ideal gas equation (4.8), 

 

  

! 

V =
nRT

P
=

78.1moles( ) 8.314
J

mole¥K

" 
# 
$ 

% 
& 
' 295K( )

5.05( 105 N
m2

= 0.38m3 
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Example 4.5: What is the density of helium at 295 K and 1.0 atm? 
 
As discussed above, under these conditions helium is well above its 

critical temperature (5.20 K, according to Appendix D) and hence the ideal gas 
equation should apply.  The molar mass, M, of helium is 4.003 g/mole.  
Rearranging the ideal gas equation (4.8), 

 

€ 

n
V

=
P

RT
 , 

 
or, using m=nM, 

 

! 

m
V

=
MP
RT

. 

 
The density, ! , is thus 

 

  

! 

" =
MP
RT

=
4.003 g

mole
# 
$ 
% 

& 
' 
( 1.01) 105 N

m2

# 
$ 
% 

& 
' 
( 

8.314 J
mole¥K

# 
$ 
% 

& 
' 
( 295K( )

=165 g
m3 = 0.165 kg

m3  

Note that the density of air under these conditions is 1.2 kg/m3, about seven 
times larger than that of helium.  This is why helium filled balloons can float in 
air. 
 

Ideal Gas Mixtures  
 
In our derivation of the pressure that an ideal gas exerts on the walls of a 

container, we assumed that all of the molecules were identical.  We calculated 
the pressure by looking at the collision force exerted by the molecules on the 
walls.  If we have several types of gas molecules, each will apply their own 
pressure.  As long as the gas molecules do not interact with each other (other 
than through elastic coll isions), the total pressure exerted on the walls is the sum 
of the pressure due to each species, i, of gas.  This is known as DaltonÕs Law of 
Partial Pressures.  Mathematically,  

 

    

€ 

P = Pi
i
∑

=
mivrms,i

2

3Vi
∑
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The quantity m i refers to the total mass of the ith species of gas.  Note that there is 
no subscript on the volume variable since each species of gas has access to the 
entire container. 

 
From equation 3.9 we see that 
 

    

! 

vrms,i
2 =

3kBT
M i

 , 

 
where M i is the mass of one molecule of type i.  We can then express the 
pressure of a mixed ideal gas as 

 

  

! 

P=
mi

3kBT
M i

" 
# 
$ % 

& 
' 

3Vi

( =
NikBT

Vi

( =
niRT

Vi

(  , 

 
where ni is the number of moles of type i molecules.  If we let the number of 
moles of all gas species combined be n, then we recover the ideal gas equation of 
state, but now appropria te for mixed gases: 

 

! 

PV= nRT 
 
It is also useful to define the mole fraction, χi, as 
 

! 

" i =
ni

n
 .        (4.11) 

 
Then  

 

  

! 

P= " i

n
V

RT
i

# = " iP
i

# . 

 
We then define the partial pressure, 

 

! 

Pi = " iP ,        (4.12) 
 

so that the total pressure can be viewed as the sum of the partial pressures 
associated with each of the species present: 

 

€ 

P= Pi
i

∑  .        (4.13) 

 
 

Example 4.6 : Dry air has a mole fraction of 78.08% for N2, 20.95% for 
O2, 0.033% for CO2, and 0.93% for Ar.  The concentration of other species are 
measured in parts per million.  What is the partial pressure of O2 when the air 
pressure is 1.00 atm? 
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Since the mole fraction of O2 is 20.95% = 0.2095, then the partial 

pressure is 
 

  

€ 

PO2
= χO2

P= 0.2095×1.00atm= 0.210atm 
 

Example 4.7: Dry air has a composition of 78.08% N2, 20.95% O2, and 
0.97% other gases.  In order to breathe safely, the oxygen content needs to be at 
least 19.5%.  Liquid nitrogen has a density of 808 g/l .  Estimate the number of 
liters of liquid nitrogen that would need to evaporate in a 1 0m x 10 m x 2.5 m 
room before the average oxygen content of dry air dips below 19.5%. 

 
The ideal gas law applies well to dry air at room temperature.  Taking 

the temperature to be 22oC, the number of moles of gas in the room will be 
 

! 

PV= nRT

no =
PV
RT

=
1.01" 105 N

m2 10m" 10m" 2.5m( )

8.314
J

mole¥K
273+22( )K

=1.030" 104moles
 

 
If the room is not sealed, then as liquid nitrogen evaporates, air will leak out of 
the room.  That is, if the pressure in the room remains constant and the air is 
not significantly cooled by the presence of the liquid nitrogen, then the number 
of moles of gas must remain constant.  While " nN2 moles of nitrogen is added 
to the air, oxygen is found only in what remains of the original air, no- " nN2 .  
The number of moles of oxygen remaining is then about 

€ 

nO2 = 0.2095 no −ΔnN2( )  
This needs to account for at least 19.5% of the total gas, no, in the room: 

€ 

0.195no = 0.2095no −ΔnN2( )
ΔnN2 = 0.0692no = 0.06921.030×104 moles( ) = 713moles

 

There are 28.01 g of N2 per mole, so 713 moles is 713x28.01=2.00x104 g  of 
nitrogen.  Since 808 g of liquid nitrogen occupy one liter, this corresponds to 
2.00x104/808=25 l . 
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Dealing with fluids other than ideal gases  
 
When the ideal gas model is not appropriate, we must seek other ways to 

determine the relationship between pressure, volume, and temperature.  There 
are two basic approaches to this problem.  The first is to take the best available 
experimental data at a range of discrete points and use it to develop a functional 
relation between the state variables in a purely numerical way.  This approach 
emphasizes developing a tool to predict fluid properties with as much accuracy 
as possible.  The second approach is to develop a physical model that 
incorporates our understanding of why a given fluid is not behaving like an ideal 
gas.  Parameters in the model are then either calculated from first principles or fit 
to experimental data.  This approach emphasizes physical understanding but 
produces less accurate results.   

 
It is useful at this point to introduce some terminology. Recall that when 

we have the liquid and vapor phases of a substance in equilibrium with each 
other, we say they are in coexistence with each other.  We refer to the vapor at 
this point as saturated vapor .  It is saturated in the sense that if we were to 
introduce any more of this substance in vapor form without allowing the volume 
accessible to the vapor to change nor allowing the temperature to change, the 
additional vapor would immediately condense out into liquid.  We refer to the 
liquid that coexists with saturated vapor as saturated liquid .   

 
For a given temperature, the pressure at which coexistence occurs is called 

the saturation pressure .   We can reverse the dependency relationship and say 
that for a given pressure, there is a particular temperature, the saturation 
temperature , at which coexistence occurs.  The reader may already be aware of 
this relationship for water.  At sea level, water boils at 100oC.  What this means is 
that when a pressure of 1 atmosphere (101 kPa) is exerted on the surface of the 
water, the temperature must be raised to 100oC before liquid molecules which 
move into the vapor phase can exert sufficient pressure (101 kPa) to maintain 
bubbles within the liquid.  Thus the saturation temperature at 101 kPa is 100oC.  
At higher altitudes, the atmospheric pressure is reduced.  It is well known that 
under these circumstances water boils at a lower temperature.  We thus infer that 
the saturation temperature of water decreases with decreasing pressure.  

 
The saturation curve for water is shown in Figure 4.3.  First and foremost, 

knowledge of this curve helps us to determine the phase of a particular state.  For 
instance, water at a temperature of 600 K and a pressure of 5 MPa is in the vapor 
phase since it lies below the saturation curve: at that temperature, condensation 
will not occur until the pressure is increased to about 13 MPa.  Conversely, water 
at 500 K and 15 MPa is in the liquid phase since it lies above the saturation curve. 
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Figure 4.3 The saturation pressure as a function of temperature for water.  Note that the triple 
point is at very low, but not zero, pressure. 

 
 
When dealing with a substance in coexistence between liquid and vapor, 

the total volume occupied depends not only on the total mass of the substance 
but also on the proportion of the substance in the vapor phase.  Since the specific 
volume of the vapor phase (the amount of volume it occupies per unit mass) is 
much greater than that of the liquid phase, the total volume is often determined 
primarily by the portion of the substance in the vapor phase.  For this reason, it is 
useful to define the quality , x, of a substance in coexistence as the fraction of that 
substance in the vapor phase: 

 

! 

x =
mg

m
 ,       (4.14) 

 
where mg is the mass in the vapor phase and m is the total mass.  If there is just 
one species present, then the mass fraction is the same as the molar fraction: 

 

! 

x =
ng

n
 .       (4.15) 

 
Keep in mind that the quality is meaningful only when talking about a substance 
in liquid/vapor coexistence.   

 
We will use m l to represent the mass in the liquid phase so that 
 

! 

m = mg +ml  . 
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Corresponding to the two saturated phases are their specific volumes at 
saturation, v g and vl.  We can express v, the average specific volume for the 
whole system, in terms of vg and vl.  Let us start with the relationship between 
the total volume occupied by the vapor (V g), the total volume occupied by the 
liquid (V l), and the combined total volume (V),  

 

! 

V = Vl +Vg . 
 

From the definition of specific volume, v=V/m, we can replace V with mv:  
 

! 

mv= mlvl +mgvg  , 
 

or, upon dividing by m,  
 

! 

v = 1" x( )vl +xvg  .     (4.16) 
 

This equation tells us that for a system in coexistence, the specific volume may be 
determined by taking the average between the saturated liquid and saturated 
vapor specific volumes, using the quality as the weighting factor.  Notice that 
since x varies between 0 and 1, the average value v must always lie on the 
interval between v l and vg.   

 
Similarly, we can define the specific entropy of a substance by 
 

! 

s=
S
m

         (4.17) 

 
and the specific entropy of the saturated liquid and vapor phas es as sl and sg, 
respectively.  In analogy with equation 4.16, we find  

 

€ 

s= 1− x( )sl + xsg .       (4.18) 
 

Numerical techniques for determining fluid properties  
 
Extensive functions have been developed to describe the experimental 

properties of a vari ety of fluids.  In this textbook, we will focus on the properties 
of water, since water is well characterized and of great everyday importance.  
The functional information can be obtained in a variety of ways.  First, one can 
look up the original function,  plug in the desired state variables and calculate a 
result.  Since these functions may contain dozens of terms, this approach is not 
practical as a calculator-based technique.   

 
A second numerical approach is to take advantage of tables calculated 

based on these functions.  For instance, the water saturation data depicted in 
Figure 4.3 is found in Appendices E and F.  Appendix E is known as a 
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temperature saturation table: it is arranged so that you can easily look up 
saturation properties of water at a gi ven temperature.  Appendix F is a pressure 
saturation table for water, designed to allow you to look up saturation properties 
of water at a given pressure.  The advantage of using tabular information is that 
someone has already done most of the hard work for you.  The disadvantage is 
that you are unlikely to find the information under exactly the conditions you 
need.  Often times, some form of interpolation will be needed to fill in the gaps.  

 
A third numerical approach avoids the need for interpolation by taking 

advantage of software with these functions programmed in.  One disadvantage 
of this approach is that the method used to calculate the fluid properties is not 
always clear, especially in proprietary software.  A second disadvantage is that 
there are invariably compatibility issues associated with software.  This textbook 
comes with Excel files that have thermodynamic property calculators for water.  
The Excel files show the journal article used as a source for the functions and 
allow the reader to see how the functions were programmed in.  They can be 
modified as needed to calculate individual data points or to produce plots.  

 
Let us begin with an example of water in saturation.  
 

Example 4.8: 180 g of water at 150oC is kept in a sealed container of 
volume 50l , and it is known that saturated liquid and vapor are in equilibrium 
in the container.  Determine the pressure inside the container and the quality of 
the water. 

 
Given that we know that the water is in coexistence at 150oC, we need to 

look up the saturation pressure at that temperature.  Appendix E gives this 
pressure as 476 kPa, so that must be the pressure inside the container. 

 
The specific volume of this substance is 
 

  

€ 

v =
V
m

=

50l( ) 1000cm3

l

 

 
 

 

 
 

180g
= 278

cm3

g
 

 
From Appendix E, at 150oC the saturation values of the specific volumes are vl  
= 1.090 cm3/g and vg = 392 cm3/g.  Thus, 

 

  

! 

v = 1" x( )vl +xvg

278
cm3

g
= (1" x)1.090

cm3

g
+ x( )392

cm3

g

 

 
yielding x = 0.71.  Note that the contribution of the liquid volume is so small 
compared to that of the vapor that it can be neglected in this example without 
altering the final answer to two significant digits.  It will often be the case that vl 
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can be neglected in comparison to vg.  The saturation data for water can also be 
found using the Excel file, WaterSaturation. 
 
Away from saturation, tables become more complex and lengthy since 

two variables are needed to specify the thermodynamic state.  Appendix G gives 
some state information for water, liquid and vapor, away from saturation, and 
Excel file WaterGasPhase may be used to generate properties of water in the gas 
phase. 

 
 

Example 4.9: Water at 100 kPa and 135oC is confined in a 
piston/cylinder arrangement.  The pressure is tripled while the temperature is 
held constant.  Calculate the ratio of the final volume to the initial volume 
assuming first that the ideal gas model applies.  Repeat the calculation using 
numerical information. 

 
The ideal gas equation of state, PV=nRT, shows that if n is held fixed 

(by virtue of the gas being confined to the cylinder) and T is held fixed (a given 
in the problem), then the product PV must be constant.  This then implies that if 
the pressure is tripled, the volume is reduced by a factor of three; i.e., 

 

! 

Vf

Vi

=
1
3

 

 
In the tabular approach, we work from the data in Appendix G. (With 

somewhat more effort, the same data can be obtained from Excel file 
WaterGasPhase.) For water at 100 kPa and a temperature of 135oC, the specific 
volume is 1865.2 cm3/g.  At 300 kPa and 135oC, it is reduced to 608.33 cm3/g.  
The ratio is thus 

 

  

! 

Vf
Vi

=
vf
vi

=
608.33 cm

3

g

1865.2 cm
3

g

= 0.326  

 
The deviation of about 2% from the ideal gas law is primarily due to the 

final state being within just a few degrees of condensing.  While this deviation 
may seem small, it actually contains significant information about water 
molecules.  The deviation from ideal gas behavior is a measure of the 
interaction between the molecules.  This deviation becomes more significant at 
higher densities.  See Problem 15 at the end of this chapter. 
 
When seeking out tabular information, it is useful to remember that the 

thermodynamic state of a hydrostatic system can often be determined completely 
by specifying two independent intensive quantities.  In the above example, the 
temperature and pressure were known.  Since the system was not in coexistence, 
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that was sufficient to completely determ ine the thermodynamic states, and hence 
the volumes could be found.  While the tables in Appendix G are set up to make 
scanning for a given pressure and temperature easy, there is no reason they 
cannot be scanned given different information.  For instance, if the pressure of 
water is given as 200 kPa and the specific volume is 1000 cm3/g, then scanning 
down the specific volume column shows that the temperature lies between 165oC 
and 170oC, with a more precise value of 166.4oC being obtained by interpolation . 

 

Liquids  
 
If we start out with a vessel containing liquid and vapor in coexistence 

and then we compress the vapor while keeping the temperature constant, we 
will eventually force all of the vapor into the liquid phase.  As we continue to 
increase the pressure, we no longer have coexistence, but now have a single 
liquid phase.  This phase is sometimes referred to as the compressed liquid  
phase.  For water, there is much detailed information on the pressure 
dependence of its various properties in the compressed liquid phase.  For most 
substances, though, this information is not tabulated.  However, we are often 
able to make approximations.  The data on water can then be used to help gauge 
the effectiveness of the approximations. 

 
Molecules in a liquid phase interact strongly with one another while 

retaining their ability to roam throughout the container.  The result on a 
microscopic level is that the molecules cluster but frequently break bonds with 
one cluster and form new bonds with a different cluster.  Th is phase thus lacks 
rigidity, allowing it to flow.   

 
Liquid is substantially less compressible than gas.  For example, at 20oC, 

the isothermal compressibility of liquid water is about 8.6x10 -10 kPa-1.  For water 
vapor at 100 kPa and temperatures well above 100oC, the isothermal 
compressibility is about 0.01 kPa-1.  In general, if we have a liquid confined to a 
container, and we increase the pressure on the liquid while holding the 
temperature constant, the volume change will be very small.  The more 
signif icant influence on the volume of a liquid is the temperature.  Thus, in 
seeking data for the volume of a liquid, it is most important to find data at the 
correct temperature.   For instance, the specific volume of liquid water at 20oC 
and 100 kPa is 1.00180 cm3/g.  By comparison, the specific volume at the same 
temperature but ten times the pressure (1 MPa) is 1.00138 cm3/g, representing a 
drop of 0.04%.  On the other hand, if you take that same 20oC, 100 kPa water and 
cool it by just 5oC, its specific volume drops to 1.00090 cm3/g, a drop of 0.09%.  
Clearly, the temperature dependence is far more significant than the pressure 
dependence under most operating conditions. 

 
The most detailed information about a fluid is typically available near 

saturation.  Tables of the specific volume as a function of saturation temperature 
are often available.  We then take advantage of this information to make the 
following approximation:  
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! 

vcompressedliquid P,T( ) " vsaturated liquid T( ) .   (4.19) 
 
That is, for a compressed liquid we approximate th e specific volume as 

being the same as that for the saturated liquid at the same temperature. 
 

The van der Waals Model  
 
While tabular information is useful for its accuracy, relying on it can be 

inconvenient due to the sheer volume of information that is r equired for a 
complete database.  Furthermore, the physics underlying the relationship 
between the variables is often not clear from the numbers.  It is useful, then, to 
have models that improve the accuracy of the ideal gas model while maintaining 
as much as possible its compact, convenient form.  The van der Waals model  
accomplishes this task. 

 
We begin with the goal of trying to modify the ideal gas model to allow 

for the condensation of a vapor into a liquid.  In order for the vapor to condense 
into a l iquid, there must be an attraction between the molecules.  Otherwise why 
would they coalesce?  This attraction is not built into the ideal gas model.   

 
Attracting the gas molecules towards each other has the effect of drawing 

them away somewhat from the w alls of the container, resulting in a reduction in 
the actual pressure felt by the walls.  Put another way, the pressure predicted by 
the ideal gas model overestimates the actual pressure.  According to equation 4.9, 
the ideal gas model predicts that 

! 

P= RT/v .  Taking the overestimation into 
account, the actual pressure will have the form 

 

  

! 

P=
RT
v 

" P'  . 

 
P' represents the reduction in pressure due to the attraction among the 

molecules.  We can rewrite this equation as 
 

  

! 

P+P'( )v = RT . 
 
P' itself is not a constant.  The denser the gas, the more likely it is that the 

molecules will feel their intermolecular attraction.  The net effect on the pressure 
is proportional to the number of molecules interacting and to the probability an 
individual molecule will interact with other molecules.  Both of these terms are 
proportional to the density of the gas.  Hence we expect 

 

  

€ 

PÕ∝ρ2 ∝
1
v 2

  . 
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The proportionality constant is conventionally denoted by a, which 
depends on the strength of intermolecular attractive forces, and it varies from 
one species of gas to another.  We can then write, 

 

  

! 

PÕ=
a
v 2

  . 

 
If the model we are constructing does indeed predict a vapor condensing 

into a liquid, then we need to make sure that the resulting liquid has a finite (as 
opposed to infinitessimally small) volume.  So far, all we have done is to account 
for attraction between the molecules.  If we leave it at that, we risk the model 
predicting that all of the molecules attract each other, collapsing down to a 
mathematical point.  Not wanting to introduce black holes where they do not 
belong, we prefer to keep our volumes finite.  We do this by recognizing that 
each molecule takes up a finite amount of space, and hence the entire volume of 
the container is not accessible to a given molecule; the only accessible portion is 
that which is not already occupied by other molecules.  This is known as a finite 
size effect.  The molar specific volume available to each molecule can be 
expressed as 

! 

v " b, where the excluded volume b depends on the species of gas.  
Accounting for the pressure and the volume corrections, we arrive at the van der 
Waals equation of state , 

 

! 

P+
a
v 2

" 

# 
$ 

% 

& 
' v ( b( ) = RT .       (4.20) 
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Figure 4.4 The van der Waals model predicts very different behavior in the pressure-volume 
relationship, depending on whether the system is above or below the critical temperature. 

 
Figure 4.4 shows the pressure predicted by equation 4.20 as a function of 

molar specific volume at constant temperature, for two different temperatures.  
The higher temperature isothermal line is a monotonically decreasing function.  
This is consistent with our expectations that as the pressure on a fluid increases, 
the volume decreases.  The low temperature isothermal line, however, shows a 
peculiar region where increasing the pressure results in apparently increasing 
the volume.  This is unphysical since it is not mechanically stable.1  In Chapter 7 
we shall see the correct "fix" for this plot is to replace the dip/hump region with 
a straight line, as shown in Figure 4.5. 

 
 

                                                
1 Imagine a fluid  confined to a cylinder by a piston.  If the piston is held in place by a spring, 

then, a little expansion in the gas causes the spring to compress, resulting in a higher pressure applied to the 
gas by the spring.  In this unphysical region, the increased pressure results in an increased volume, further 
increasing the spring compression and in turn further increasing the pressure.   

Specific Volume

Pr
es

su
re

T<Tcr

T>Tcr



Chapter 4 

Copyright 2009 Marshall Thomsen 

24 

 
Figure 4.5 Below Tcr, the van der Waals equation is modified, removing the dip and identifying 
the coexistence region. 

 
 
Now for low temperatures, we have three distinct  regions:  At small 

volumes, we have a steep curve, indicating a fluid that is hard to compress (it 
takes a big pressure increase to decrease the volume even a little).  This region 
has the property of a liquid.  At high volumes, we have a gentler curve, 
indicative of a fluid that is more easily compressed.  This is consistent with the 
properties of a gas.  Connecting these two phases is a region in which at constant 
temperature (as it is everywhere on this plot) and constant pressure (since this 
portion is  horizontal), a range of volumes are possible.  This is the coexistence 
region, with the saturation pressure (for the temperature at which the equation 
has been plotted) being the value of pressure for the flat region.  For a given 
temperature, corresponding to the isothermal line depicted, there is a specific 
pressure at which coexistence takes place.  This temperature-pressure 
combination corresponds to a point on the coexistence curve depicted in Figure 
4.3. 

 
The specific volume of saturated liquid is th e specific volume at the left 

end of the horizontal region; that for saturated vapor is found from the right end.  
A saturated mixture can have an average specific volume anywhere between 
those endpoints, as we saw in eq. 4.16. 

 
Recall that the coexistence region appears only at lower temperatures.  

Figure 4.4 showed that at sufficiently high temperatures, the bump/dip region 
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vanishes.  The temperature at which this structure vanishes is then the 
temperature at which the liquid/vapor transition disappears.  We have already 
defined this temperature as the critical temperature, and the corresponding 
pressure as the critical pressure. 

 
Using calculus, we can follow the evolution of the local minimum and 

local maximum as the temperature increases, until they merge and disappear.  In 
problem 12, you will see that we can use this information to relate the critical 
temperature and pressure to the van der Waals constants, a and b.  The result is 

 

! 

a=
27R2Tcr

2

64Pcr

b =
RTcr

8Pcr

 .      (4.21) 

 

 

Virial Expansion  
 
Another appro ach to improving on the ideal gas law is to fit experimental 

data to what is know as the Virial Equation of State : 
 

  

! 

Pv = RT 1+
B(T)

v 
+

C(T)
v 2

+
D(T)
v 3

+...
" 

# 
$ 

% 

& 
' .    (4.22) 

 
The constants, B, C, D, É are known as the virial coefficients.  Specifically, 

B is the 2nd virial coeff icient, C is the 3rd, etc.  Notice that if the virial coefficients 
are all zero, the ideal gas law is recovered.  The terms involving those coefficients 
are viewed as small corrections.  As the gas gets denser (and thus closer to 
condensing), the molar specific volume decreases, resulting in larger correction 
terms.  Thus the denser the gas, the more terms that must be kept in the 
expansion. 

 
The second virial coefficient for water is shown in Figure 4.6.  As the 

figure indicates, the temperature dependence of the coefficients can be 
significant.  
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Figure 4.6 The second virial coefficient for water, based on data from Physical and 
Thermodynamic Properties of Pure Chemicals 1999. 

 

Interpolating data vs. using a model  
 
Often times, when working from tabular i nformation, it is necessary to 

interpolate data.  Care must be taken, however, in selecting the interpolation 
method.  We can understand some of the relevant considerations by looking at 
the following data for three different states of water vapor, based o n the IAPWS 
Formulation 1995 of the thermal properties of water:  

 
Pressure 
(kPa) 

Temperature 
(oC) 

Specific Volume 
(cm3/g)  

100 100 1695.9 
100 105 1720.4 
100 110 1744.7 
 
Suppose we knew only the specific volume at 100oC and 110oC, and we 

wished to determ ine it at 105oC (and 100 kPa).  If we assume that over such a 
small temperature range, we can approximate the specific volume versus 
temperature function as a straight line, then the specific volume at the 
intermediate temperature is easily calculated by determining the slope of the 
(assumed) straight line. 
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Figure 4.7  An unknown specific volume at temperature T can be approximated by assuming a 
linear relationship between specific volume and temperature and interpolating between two 
known points. 

 
We will label states 1 and 2 as the T=100oC and T=110oC states, 

respectively.  Then we have 
 

  

! 

v " v1 +
v2 # v1

T2 - T1

T# T1( )

" 1695.9
cm3

g
+

1744.7#1695.9( ) cm3

g
110oC#100oC( )

105oC#100oC( )

" 1720.3
cm3

g

 

 
This result is remarkably close to the value listed in the table.  Hence we can 
conclude that linear interpolation w orks well in this vicinity and, in particular, it 
ought to be a reliable method for determining the specific volume at a 
temperature such as 102oC, which is not listed in the table.  
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Now suppose we are given the following data:  
 
Pressure 
(kPa) 

Temperature 
(oC) 

Specific Volume 
(cm3/g)  

100 105 1720.4 
110 105 1561.6 
120 105 1429.3 
 
Let us check how well linear interpolation would work to determine the 

specific volume at 110 kPa, given we knew its value at 100 kPa and 120 kPa.  
Applying the same logic as above, we find  

 

! 

v " v1 +
#v
#P

P $P1( )

" 1720.4 cm
3

g
+
1429.3$1720.4( ) cm

3

g
120kPa $100kPa( )

110kPa $100kPa( )

" 1574.9 cm
3

g
.

 

 
Our discrepancy with the tabular value is now almost 1%.  The reason this is so is 
that we are interpolating over a substantially larger range of volumes:  the 
volume changes by 2.9% when the temperature changes from 100oC to 110oC, 
while it changes by 17% when the pressure changes from 100 kPa to 120 kPa.  
The greater the change in volume in the linear interpolation region, the more 
likely we are to notice any nonlinearities in the function we are trying to 
approxima te as a straight line. 

 
Can we improve our approximation technique in the second example?  

We know that the system we are looking at is a gas.  While it is not an ideal gas, 
the ideal gas equation of state can be used to guide our approximation technique.  
By considering PV=nRT, we recognize that for an ideal gas, if we hold the 
pressure constant, the volume is in fact a linear function of temperature.  This 
likely explains our success in the first interpolation.  However, if we hold the 
temperature fixed, then pressure and volume are inversely proportional to each 
other.  Thus we may do better with a linear interpolation of the inverse of the 
specific volume with respect to pressure.  Since the inverse of the specific volume 
is density, we write the followi ng: 
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! 

" # " 1 +
$"
$P

P%P1( )

# 1720.4 cm
3

g
& 

' 
( 

) 

* 
+ 

%1

+
1429.3%1 %1720.4%1( ) g

cm3

120kPa%100kPa( )
110kPa%100kPa( )

# 6.405 , 10%4 g
cm3 .

 

 
Inverting this density gives a specific volume at 110 kPa of 1561.4 cm3/g, much 
closer than the original scheme. 

 
 

Example 4.10: Calculate the pressure of water whose temperature is 
105oC and specific volume is 1561.6 cm3/g using the ideal gas law, using the 
van der Waals model, and finally using the virial equation of state.  Compare 
this to the result from tabular information.   

 
Ideal Gas Model:  Water has a molecular mass of 18.02 u, so 
 

  

! 

v = vM = 1561.6 cm3

g
" 
# 
$ % 

& 
' 18.02g

mole
" 
# 
$ % 

& 
' = 2.814 ( 104 cm3

mole

= 0.02814 m3

mole .

 

 
Solving the ideal gas equation of state for pressure gives 

 

  

! 

P=
RT
v 

=
8.314

J
mole¥K

105+273.15( )K

0.02814m3

mole

=1.117" 105 N
m2 =111.7kPa . 

 
van der Waals Model: From Appendix D, we find the critical temperature and 
pressure of water are 647.13 K and 22.055 MPa.  Using equations 4.21 we can 
determine the van der Waals parameters, a and b for water: 

 

  

! 

a=
27R2Tcr

2

64Pcr

=
27 8.314

J
mole¥K

" 
# 
$ 

% 
& 
' 

2

647.13K( )2

64 22.055( 106Pa( )
= 0.5537Pa

m3

mole

" 

# 
$ 

% 

& 
' 

2

, 

 
while 

 

  

€ 

b =
RTcr
8Pcr

=
8.314 J

mole•K
647.13K( )

8 22.055×106Pa( )
= 3.049×10−5 m

3

mole
.  
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Solving the van der Waals equation of state (equation 4.20) for P and 
substituting gives 

 

  

! 

P=
RT

v " b
"

a
v 2

=
8.314

J
mole¥K

105+273.15( )K

0.02814" 3.049#10" 5( ) m3

mole

"
0.5537Pa

m3

mole

$ 

% 
& 

' 

( 
) 

2

0.02814
m3

mole

$ 

% 
& 

' 

( 
) 

2

=1.111#105Pa

=111.1kPa .

 

 
Virial equation: The given temperature is 378 K.  Reading from Figure 4.6, the 
second virial coefficient is about -0.40 m3/kmole=-4.0x10-4 m3/mole.  Thus, 
using the virial expansion, 

 

  

€ 

P=
RT
v 

1+
B
v 

 

 
 

 

 
 =

8.314
J

mole•K
105+ 273.15( )K

0.02814
m3

mole

1−
4.0×10−4 m3

mole

0.02814
m3

mole

 

 

 
 
 

 

 

 
 
 

=1.101x105Pa=110.1kPa .

 

 
 

Tabular approach:  From the above tables, we find that at 105oC and 110 kPa, 
water vapor has a specific volume of 1561.6 cm3/g.  

 
Notice that the van der Waals result is somewhat closer to the tabular 

information than the ideal gas result.  This vapor is close to the condensation 
point so the ideal gas model begins to break down.  The discrepancy from the 
tabular values for both models is on the order of 1%, the same order of 
magnitude we found above when we used an incorrect interpolation scheme. 
Thus gains in accuracy in using tabular information can be lost by poor choice 
of interpolation scheme.  The virial approach is clearly the closest to the tabular 
information.  However it is worth noting that the function B(T) has been fit to 
experimental data on water, so the resulting accuracy should not be surprising. 
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Chapter 4 Problems  
 

1.  Suppose we have an isotropic substance, for which the coefficient of linear 
expansion, α, is the same in all directions.  Show that the volume expansivity 
β=3α.  Hint: You may assume ΔV<<V and you will find it useful to take 
advantage of the approximation,  

! 

1+ "( )p # 1+ p" , provided p ε<<1. 
 

2.  At room temperature (say 20oC) and pressure (101 kPa), calculate the mass 
density of the following gases in the ideal gas law approximation:   
a. O2 
b. N2 
c. CO2 

 
3.  Suppose we mix 1.0 kg of N2 gas with 1.0 kg of Ar gas in a container of 

volume 0.75 m3 and at temperature 20oC.  Calculate the partial pressure of 
each gas as well as the total pressure in the container.  

 
4.  The relative humidity is defined as the ratio of the partial pressure of water 

vapor in air to the saturation pressure of water vapor at the given air 
temperature.  On a day when the air temperature is 25oC and the relative 
humidity is 60%, what is the partial pressure due to water vapor?   

 
5.  The thermal energy of CO at 300 K is 6,229 J/mole. Assuming it is behaving 

like an ideal gas, determine the number of degrees of freedom, d, per 
molecule.  

6.   Show that for an ideal gas, the expansivity is given by 

€ 

β =
1
T

. 

7.  Show that for an ideal gas, the isothermal compressibility is given by 

! 

" =
1
P

. 

8.  Using the data from Appendix G, estimate the expansivity, β, for water vapor 
at 100 kPa and 200oC.  Compare this result to the ideal gas prediction of 
Problem 6.  

 
9.  The refrigerant R-134a, when at a pressure of 100 kPa and a temperature of -

20oC, is a vapor with specific volume 0.19170 m3/kg.  Com pare the specific 
volume to that you obtain by treating R -134a as an ideal gas.  

 
10. Identify the phase of water under the following conditions:  

a. T=60oC  P=35 kPa 
b. T=160oC  P=800 kPa 
c. T=395oC  P=1200 kPa 
d. T=83oC  P=40 kPa 
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11. A 2.0l container of water at 150 kPa is in coexistence with a quality of 0.73. 
a. What is the temperature inside the container? 
b. What is the specific volume of the water? 
c. What is the mass of water in the container? 

 
12. In this problem, you will verify equations 4.21 wh ich relate the van der Waals 

parameters, a and b, to Pcr and Tcr.  Figure 4.4 shows that when T<Tcr, there 
are two local extrema (corresponding to the dip and the bump) in a plot of 
pressure versus volume at constant temperature.  At these two points, the 
derivative of the pressure with respect to volume vanishes.  In between these 
two points, there must be a point of inflection where the second derivative of 
the pressure function vanishes.  As T increases towards Tcr, the two local 
extremes move towards each other, both approaching the point of inflection.  
At T=T cr, there is a single point at which the first and second derivatives of 
the pressure function are both zero.  This point defines the critical pressure, 
and the molar specific volume at which it oc curs is the critical volume.   

 

a. Show that 

! 

" P
" v 

# 

$ 
% 

& 

' 
( 

T

= 0 leads to the equation  

! 

RTv 3 = 2a v " b( )2
. 

b. Show that 

! 

" 2P
" v 2

# 

$ 
% 

& 

' 
( 

T

= 0leads to the equation 

! 

RTv 4 = 3a v " b( )3
. 

c. Combine the results of parts a and b to show that 

! 

v cr = 3b. 

d. Combine the results of parts a and c to show that 

! 

Tcr =
8a

27Rb
. 

e. Show that 

! 

Pcr =
a

27b2 . 

f. Finally, verify equations 4.21 for the van der Waals parameters a and b. 
 

13. Consider water at 100 kPa.  Calculate the ratio v/T using the ideal gas 
approximation.  Note that this model predicts v/T is independent of T.  
Compare your result to the value of that ratio using table data starting at 
100oC.  Increase the temperature (moving away from the condensation point)  
until the tabular result is within 1% of the ideal gas law.  This will address the 
issue of how far from the condensation point you have to be for the ideal gas 
law to give you results good to within 1.0%.  To do this calculation correctly, 
you should use at least 4 significant figures throughout.   

 
14. A container of water at 140oC has a specific volume of 0.617 m3/kg.  

Determine the pressure inside the container using 
a. Tabular information or Excel file WaterGasPhase 
b. The ideal gas law 
c. The van der Waals equation. 
d. Determine the percent error for parts b and c as compared to part a. 

 
15. Determine the percent error in the specific volume when water at 1.0 MPa 

and 190oC is treated as an ideal gas.  
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16. R-134a (CF3CH2F) is maintained at a temperature of 40oC and a specific 
volume of 0.02325 m3/kg.  Estimate the pressure under these conditions using 
first the ideal gas equation of state and second the van der Waals equation of 
state.  Compare both results to the table value of 900 kPa.  

 
17. Use the second order virial expansion (i.e., expand through the ÒBÓ term) to 

calculate the pressure of water whose temperature is 195oC and specific 
volume is 207.2 cm3/g. Compare your result that found using Excel file 
WaterGasPhase.  

 
18. Show that the second order virial coefficient of a van der Waals fluid is given 

by 
 

! 

B = b"
a

RT
 . 

 

19. a. Show that for water, the ideal gas law predicts 

€ 

v = 461.5
t + 273.15

p
 where v 

is in cm3/g, t is in oC, and p is in kPa.  
 

b. Compare the ideal gas law prediction for v to that found from tabular data 
for water at saturation at temperatures ranging from the triple point to the 

critical point.  Specifically, plot 

€ 

videal gas − vtable
vtable

 as a function of temperature, 

using enough point to make trends in the plot cle ar.  Mark on the plot the 
temperature at which the discrepancy first exceeds 1%. 

 
20. A variation on the van der Waals model is the Redlich-Kwong equation of 

state (discussed for instance in Thermal Sciences by Merle C. Potter and Elaine 

P. Scott, Brooks/Cole 2004).  The form is 

! 

P=
RT

v " b'
"

a'
v v +b'( ) T

 

where  

€ 

a'= 0.4275
R2Tcr

2.5

Pcr

b'= 0.0867
RTcr

Pcr

 . 

 
a. Express the parameters aÕ and bÕ in terms of the van der Waals parameters, 
a and b. 
b. Calculate numerical values of aÕ and bÕ appropriate for water. 
c. Calculate the pressure of water at 105oC whose specific volume is 1561.6 
cm3/g, and compare your results to those of Example 4.10. 
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21. The following data is taken from R134a at 0oC: 
 
Pressure 

(kPa) 
Specific volume (m3/kg)  

60 0.36433 
100 0.21587 
140 0.15219 
180 0.11678 
200 0.10438 
 
 

a. Use this data to calculate the second virial coefficient, B, for this gas.  One 

approach to this calculation is to define 

! 

Z =
Pv 

RT
, so that if the first two terms 

in the virial equation are kept, then 

! 

Z " 1=
B
v 

. Then if you plot Z -1 vs. 

! 

1
v 

, 

ideally you would get a straight line whose slope is B.  Remember that in this 
process you will need to convert the given specific volumes into molar 
specific volumes. 
b. Use your result from part a t o predict the pressure this gas will exert when 
its specific volume is reduced to 0.08574 m3/kg.  

 
22. In the CRC Handbook of Thermophysical and Thermochemical Data (David 

R. Lide and Henry V. Kehiaian, CRC 1994), it is found that the liquid/vapor 
coexistence curve for N2 can be fit by the following equation:   

! 

P= expA1 "
A2

T+ A3

# 

$ 
% 

& 

' 
(   , 

where pressure is measured in Pa, temperature in K, and the following values 
are used for the constants:  

A 1=19.847  A 2=588.73  A 3=-6.6000 
The fit is valid for temperatures in the range 63.15 K<T<83 K.  

 
a. Verify that this equation gives the correct boiling point temperature as 
shown in Appendix D (that is, the saturation temperature when P=101 kPa).  
b. Plot this function over the temperature range of 63.15 K to 83 K, and 
identify the vapor and liquid regions in your pressure -temperature plane. 
c. Suppose a vessel of liquid nitrogen sits exposed to atmospheric pressure.  
Its temperature will be approximately that given by part (a).  Now suppose 
this nitrogen is placed in a vacuum system and pumped down to 30. kPa.  
What will its new temperature be, assuming the substance remains in 
coexistence? 

 
23. Separate containers of nitrogen gas and oxygen gas are kept at the same 

pressure and temperature.  Treating these gases as ideal, calculate the ratio of 
their mass densities.  
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24. 1.0 l of water is kept at room temperature and under a pressure of 1.0 atm.  
How many moles of water molecules does it contain?  

 
25. Calculate the expansivity of water at 50oC and 1.0 atm of pressure. 

 
26. An ideal gas has J components, whose mole fractions are given by  

[χ1, χ 2, É  χ J].  The number of degrees of freedom for each of the components 
is given by {d1, d2, Éd J}. 

a. If the thermal energy in the gas is expressed as 

! 

U = n
deff

2
RT, where n 

represents the total number of moles of all species of gas, derive an 
expression for deff in terms of the di and χi. 
b. Using the data from Example 4.6 calculate deff for air.  Note that the value 
of d for each component of the gas can be determined from the data in 

Appendix D and an equation that we will derive in Chapter 6, 

! 

" =
d+2

d
. 

c. Compare your result for the value of d obtained from the Appendix D 
value of γ for air.  

 
27. An 0.600 l container contains saturated water (x=0.500) at a temperature of 

120oC.  
a. What is the pressure inside the container? 
b. What is the mass of water in the container? 
c. How much volume (in liters) does the liquid phase occupy?  

 
28. A sealed container of volume 1.50l contains nothing but 50.0 g of water vapor. 

a. What is the density of the water? 
b. Noting that if the water were to enter a saturation phase, the density in part 
(a) would need to lie between the saturated liquid and the saturated vapor 
densities, identify the temperature region for which this water will be in the 
vapor phase only (i.e., not in saturation).  
c. Using Excel file WaterGasPhase, generate a plot of the pressure in the 
container as a function of temperature and show on the same plot what the 
pressure would be if water could be treated as an ideal gas.  Take your 
temperature range to be the value you determined in part (b) up to about 
1100 K.  
d. Over what temperature range, in this example, is the discrepancy between 
the ideal gas approximation and the more precise WaterGasPhase calculation 
less than 1%? 
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