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Chapter 3: Temperature--A Closer Look 

The Boltzmann Factor 
 
A deeper understanding of the concept of temperature may be had if we digress 

briefly into the realm of statistical mechanics.  We begin by introducing the concept of a 
thermal reservoir .  Suppose we define our system as being an ice cube.  We seal the 
cube in a plastic bag to keep the system closed.  If we were to drop the bag into a glass of 
room temperature water, we would notice a measurable drop in the average temperature 
of the water in the glass.  However, if we drop the bag into a lake, we would not see any 
measurable difference in the average temperature of the lake.  The lake is so large 
compared to the cube of ice that the change undergone by the ice (namely, melting) has 
no noticeable impact on the lake's temperature.  We therefore say that the lake acts as a 
thermal reservoir to our system.  In general, we say system R acts like a thermal 
reservoir for system A if the heat which flows to A from R (or vice versa) does not 
measurably affect the temperature of R.  One way to create a thermal reservoir is to 
make it much larger than the system under study.  We will see later that we can also 
maintain a constant temperature in our thermal reservoir by having it contain two phases 
in equilibrium.  For instance a glass of ice water is, to a good approximation, a thermal 
reservoir at 0oC. 

 
In Chapter 2, we introduced the concept of the microscopic state of a system.  

This refers to a detailed description of all the particles of the system (as detailed as 
quantum mechanics will allow).  For instance, to a good approximation the microscopic 
state of a monatomic gas can be described by specifying the momentum vectors for all of 
the molecules of the gas.*  In contrast, the macroscopic, or thermodynamic state deals 
only with variables describing the system as a whole.  These variables represent either 
aggregate or average quantities.  While most often in thermodynamics we are interested 
in the thermodynamic state of a system, we can sometimes gain a deeper understanding 
of the behavior of a system by examining its microscopic states. 

 
Suppose a system, S, is in thermal contact with a thermal reservoir, R.  By 

"thermal contact" we mean that heat can flow freely between the two systems.  We will 
also suppose that no work is done by one system on the other.  For many systems, we can 
ensure this by holding the volume fixed (recall the Chapter 2 discussion on the 
relationship between work and volume changes). We now pose the following question:  
what is the probability of finding S in a particular microscopic state, s1, of  thermal 
energy Es1?   

 

                                                
* Admittedly, a lot of quantum mechanical details are being swept aside here, including the  

specification of the electronic state of the atoms and the symmetrization of the multiparticle wave function.  
These details, however, do not affect the conclusions being drawn here and are thus neglected so that the 
reader is not required to complete a course in quantum mechanics before proceeding. 
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Let us begin by denoting the thermal energy of the reservoir by UR and that of the 
system by US.  These energies depend on the specific microscopic state that the reservoir 
and the system are in.  The total thermal energy available to both is then 

 

  

€ 

Etot =UR +US  . 
 

We restrict ourselves to situations in which the only energy flow of significance is that 
between the reservoir and the system.  In this case, Etot must remain fixed.  While we 
know that S is in a particular microscopic state, s1, R can be in any one of its 
microscopic states subject only to the restriction that its thermal energy be equal to the 
(fixed) total thermal energy minus the thermal energy of the system.  Our labeling 
convention here is to use U to represent an energy which is nearly known, but with some 
fluctuations. Since energy can flow freely between the reservoir and the system, there 
will be fluctuations in their thermal energies.  However, since we assume there is no 
other place for energy to go, the total energy is fixed, and we denote its value with an E.  
Likewise, when we turn our attention to a specific microscopic state of the system, the 
energy of that state will be labeled with an E since it is well defined with no fluctuations. 

 
Let Nacc(s1) represent the total number of ways we can configure the combined 

S + R subject to our constraints that S be in microscopic state s1 and R have thermal 
energy Etot-Es1.   We use the subscript "acc" as short for "accessible", indicating we are 
counting the number of states accessible to the system subject to the specified constraints. 

  
Figure 3.1 The probability of finding the system in a specific microscopic state, s1, is being 
calculated.  The system is in thermal contact with a thermal reservoir. 
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Imagine for a moment that we have a means for counting microscopic states to 
determine a numerical value for Nacc(s1).  We could then select a new state of the 
system, s2, and repeat the exercise to determine Nacc (s2).   

 
Now suppose all we know about the combined system is that the total thermal 

energy is fixed at Etot.  If this is the limit of our knowledge about the combined system, 
then we expect that all microscopic states of the combined system are equally likely.  
This "expectation" is actually an assumption, sometimes known as the Fundamental 
Assumption of Statistical Mechanics.  The significance of this assumption is as follows: 
If all microscopic states of the combined system are equally likely, then each of the Nacc 
(s1) states in which S is found in microscopic state s1 are just as likely as each of the 
Nacc (s2) states in which S is found in microscopic state s2.  The microscopic state of S 
that has the greater value of Nacc (s) will be the one in which it is more probable to find 
S.  In fact, if we let P(s) represent the probability that the system S will be found in 
microscopic state s, then 

 

€ 

P s1( )
P s2( )

=
Nacc s1( )
Nacc s2( )

 . 

 
The number of accessible states of the S + R system subject to the constraint that 

S is in microscopic state s is determined by the number of ways R can have energy 
UR=Etot-Es; that is, it is determined by the number of microscopic states of the reservoir 
with energy Etot-Es.  In the previous chapter, we defined σ as the natural log of the 
number of accessible microscopic states of the system.  In this context, σR(U)  represents 
the natural log of the number of reservoir microscopic states of a specified energy: 

 

    

! 

" R UR( ) = " R Etot # Es( ) = n Nacc s( )[ ]  , 
 

so that  
 

  

! 

Nacc s( ) = exp " R Etot # Es( )[ ]  . 

 
We can thus express the probability ratio in terms of the more accessible variable of 
entropy: 

 

  

€ 

P s1( )
P s2( )

=
expσR Etot −Es1( )[ ]
expσR Etot −Es2( )[ ]

  ,  (3.1) 

 
where in this equation, σR(Etot-Es1) represents the entropy function evaluated at the 
energy of Etot-Es1. 
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We have put a subscript, R, on the entropy function to remind ourselves that we 
are counting the number of microscopic states of the reservoir to help determine the 
probability of a single microscopic state of the system.  Furthermore, since the only 
restriction on the reservoir is the thermal energy available to it, that becomes our variable 
for the entropy function. 

 
The reservoir is large compared to the system, so Es makes a small change to the 

energy available to the reservoir.  This suggests expanding the entropy functions in 
Taylor series: 

 

    

! 

" R Etot #Es1( ) $ " R Etot( ) #Es1
%"R

%U
& 

' 
( 

) 

* 
+ 
N,V

. 

 
Holding volume constant ensures that no work is being done so that the only way the 
system and the reservoir can exchange energy is through heat flow.  Recalling that we 
have already defined temperature through the equation: 

 

  

! 

1
kBT

=
"#
" U

$ 

% 
& 

' 

( 
) 

N,V

, 

 
where U represents the thermal energy, we see that 

 

  

! 

" R Etot # Es1( ) $ " R Etot( ) #
Es1

kBT
 . 

 
Inserting this equation into equation 3.1 and taking advantage of the relationship, 
eA+B=eAeB,  

 

    

! 

P(s1)
P(s2)

"
exp # R(Etot)[ ] exp $Es1

kBT
% 
& ' 

( 
) * 

exp # R(Etot)[ ] exp $Es2
kBT

% 
& ' 

( 
) * 

, 

 
This expression is simplified to 

 

  

! 

P(s1)
P(s2)

"
exp #Es1

kBT
$ 
% & 

' 
( ) 

exp #Es2
kBT

$ 
% & 

' 
( ) 

 .   (3.2) 

 
 
The quantity exp(-E/kBT) is known as the Boltzmann factor.  Equation 3.2 shows 

that for a system in equilibrium with a thermal reservoir at temperature T, the probability 
of finding it in a specific microscopic state whose energy is E, is proportional to  
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exp(-E/kBT).  The proportionality constant will be temperature dependent, but it will not 
depend on the energy of the state. 

 
The Boltzmann factor plays a very important role in statistical mechanics.  We 

shall apply it below to obtain results that are useful both in their ability to provide insight 
into the concept of temperature and in their ability to make specific numerical 
predictions. 

 

Further Qualitative Insight into Temperature 
 
Suppose we have identified all possible microscopic states of a system and we 

know the energy of each state.  If the system is in thermal equilibrium at temperature T, 
then the probability that the system is in a particular microscopic state, s, is related to the 
energy, Es of the state through 

 

! 

P s( ) = C exp " Es
kBT

# 
$ % 

& 
' ( 
 .   (3.3) 

 
The proportionality constant, C, is temperature dependent. 

 
For any positive, finite temperature, the probability function is an exponentially 

decreasing function of energy.  Thus, under these conditions the microscopic state with 
the lowest energy, the ground state, will always be the state with the highest probability.  
As the temperature approaches zero, the exponential fall off of the function becomes 
more pronounced, as shown in figure 3.2.  At T=0, the probabilities of all states other 
than the ground state become infinitesimally small.  In other words, a system in 
equilibrium at T=0 would be found in its lowest possible energy state.  This is the same 
conclusion we arrived at by different means in Chapter 2. *  

 
It is important to remember that P(s) represents the probability of finding the 

system in a specific microscopic state, s.  This is very different from the probability of 
finding the system in any microscopic state whose energy is Es, because often there will 
be more than one microscopic state with a specified value of E.  In fact, for many 
systems, the greater the energy, the more microscopic states there are with that given 
energy.  The probability that a system is found to have a certain energy, E, thus depends 
not only on the Boltzmann factor, but also on how many states there are with that energy.  
As a result, when the temperature is above absolute zero, even though the microscopic 
state of highest probability is still the ground state, the energy level of highest probability 
will not likely be the ground state since there are more states found at the higher energy 
levels.  

                                                
* It would appear that if the ground state energy is positive, then equation 3.3 predicts P(s) 

approaches zero as temperature approaches zero even for the ground state.  However, the normalization 
"constant", C, in fact contains significant temperature dependence, which when properly accounted for 
produces the expected result that that P(s)  approaches 1 for the ground state.  Equivalently, we can shift the 
zero in our energy scale to the value of the ground state energy. 
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Figure 3.2 The Boltzmann factor (including the normalization constant) is plotted as a 
function of energy at two different temperatures. 

 
Now let us look at the other temperature extreme, infinite temperature.  As 

temperature approaches infinity, 1/T approaches zero.  The Boltzmann factor then 
approaches a constant (1) regardless of the energy of the microscopic state.  This tells us 
that at infinite temperature, all microscopic states are equally likely regardless of their 
energy.  For systems such as ideal gases, the number of microscopic states of a given 
energy, E, increases with increasing E and there is no upper limit on the energy.  If all 
microscopic states become equally likely, then when one calculates the average energy, 
the higher energy states are favored due to sheer numbers.  Thus as temperature becomes 
infinitely large, the thermal energy of the ideal gas grows without bound.  However, we 
shall see that in certain magnetic systems there is an upper bound on the allowed energy 
and hence the thermal energy approaches a finite constant when the temperature becomes 
infinite. 

 

The Equipartition Theorem 
 
The equipartition theorem provides a handy means for calculating or estimating 

the thermal energy of a wide range of systems.  It also provides some insight into what is 
happening on a microscopic level in a variety of systems. 

 
We begin by recalling two models for how systems behave on a microscopic 

level.  The first is the ideal gas model.  This model depicts a gas as a collection of hard 
particles (molecules) interacting with each other only through collisions.  There are no 
other interactions between the particles, and hence there is no potential energy associated 
with particle interactions.  In this chapter, we will consider just the simplest ideal gas 
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model, one in which we neglect any rotational energy associated with the individual 
particles.  We can then write the total energy for this system as 

 

  

€ 

E =
1
2

M i vix
2 + viy

2 + viz
2( )

i

∑  . 

 
That is, only translational kinetic energy is present.  Mi represents the mass of 

the ith particle, and for future convenience we have chosen to express the square of the 
speed explicitly in terms of the components of the velocity.  The summation is over all of 
the gas particles. 

 
We have also looked at a simplified model of a solid in which particles (atoms) 

are attached to each other by springs (chemical bonds).  Here there is potential energy 
associated with the springs that must be accounted for in addition to kinetic energy 
associated with the vibrating particles.  The energy for this simple solid model is 

 

  

! 

E =
1
2

M i vix
2 +viy

2 +viz
2( )

i

" +
1
2

k j#j
2

j

"  , 

 
where kj is the spring constant for the jth spring and δj is the amount of stretch or 
compression in that spring.  The second sum is over all springs and the first sum is over 
all particles. 

 
For both of the above examples, we can write the energy in the form 
 

! 

E =
1
2

" i
i

# qi
2 .     (3.4) 

 
The variable qi can represent either a velocity component or one of the δi's.  Ωi represents 
either the corresponding mass or the corresponding spring constant.   

 
Let us now consider an arbitrary system whose energy can be described by 

equation 3.4 above.  Let N represent the total number of terms in the sum.  N is also 
known as the number of degrees of freedom of the system in that it represents the number 
of ways in which the system can store some of its energy.  A microscopic state of this 
system is defined by specifying the values of {q1, q2, q3, Éq N}.  The probability that the 
system is found in a particular microscopic state is proportional to the Boltzmann factor 
for that state: 

 

  

€ 

P q1,q2,q3... qN( ) = C exp
−

1
2
Ω iqi

2

i

∑
kBT

 

 

 
 
 
 

 

 

 
 
 
 

 , 
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where C is a normalization constant determined by the requirement that when we sum up 
the probabilities over all of the states, we must get 1.  Actually, our variables are 
continuous so we use the calculus version of summation, integration: 

 

    

! 

1= dq1
"#

#

$ dq2
"#

#

$ dq3
"#

#

$ ... dqN
"#

#

$ P q1,q2,q3,... qN( )  . 

 
Using the property of exponentials, eA+B=eAeB, and inserting the explicit 

expression for the probability given above we obtain 
 

    

! 

1= C dq1exp
"

1
2

# 1q1
2

kBT

$ 

% 

& 
& 
& 

' 

( 

) 
) 
) "*

*

+ dq2exp
"

1
2

# 2q2
2

kBT

$ 

% 

& 
& 
& 

' 

( 

) 
) 
) "*

*

+ ... dqN exp
"

1
2

# N qN
2

kBT

$ 

% 

& 
& 
& 

' 

( 

) 
) 
) "*

*

+   . 

 
From Appendix A, we see that each of these Gaussian integrals reduces to  

 

€ 

2πkBT
Ω j

 

 
 

 

 
 

1
2

 , 

 
so 

 

  

€ 

C =
Ω1

2πkBT

 

 
 

 

 
 

1
2 Ω2

2πkBT

 

 
 

 

 
 

1
2

... ΩN

2πkBT

 

 
 

 

 
 

1
2

. 

 
 
We can then write the probability of finding the system in a particular 

microscopic state as 
 

    

! 

P q1,q2,... qN( )

=
" 1

2#kBT

$ 

% 
& 

' 

( 
) 

1
2

exp
*

1
2

" 1q1
2

kBT

+ 

, 

- 
- 
- 

. 

/ 

0 
0 
0 

" 2

2#kBT

$ 

% 
& 

' 

( 
) 

1
2

exp
*

1
2

" 2q2
2

kBT

+ 

, 

- 
- 
- 

. 

/ 

0 
0 
0 

...
" N

2#kBT

$ 

% 
& 

' 

( 
) 

1
2

exp
*

1
2

" N qN
2

kBT

+ 

, 

- 
- 
- 

. 

/ 

0 
0 
0 

.   

(3.5) 
 

If we are interested in the probability distribution of just one of the qi's, we can integrate 
the remaining variables out, producing 

 

€ 

P1 qi( ) =
Ω i

2πkBT

 

 
 

 

 
 

1
2

exp
−

1
2
Ω iqi

2

kBT

 

 

 
 
 

 

 

 
 
 
.   (3.6) 
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This probability allows us to determine the thermal energy of our system, which is 
the average value of E, using P(q1, q2, q3, É q N) as the weighting factor: 

 

    

! 

U = E

=
1
2

" 1q1
2 +
1
2

" 2q2
2 +... +

1
2

" NqN
2

=
1
2

" 1q1
2 +

1
2

" 2q2
2 +... +

1
2

" NqN
2

=
1
2

" 1 q1
2 +

1
2

" 2 q2
2 + ...+ 1

2
" N qN

2

 . 

 
The thermal energy can be determined then if we can calculate 

€ 

qi
2 : 

 

  

€ 

qi
2 = dqi qi

2

−∞

∞

∫ P1(qi) . 

 
With the help of Appendix A, this Gaussian integral can be computed (see problem 3).  
The result is 
 

! 

qi
2 = kBT" i

 . 

   
The energy associated with this term is 

 

€ 

1
2
Ω i qi

2 =
1
2

kBT.    (3.6) 

 
This remarkable result states that the average energy associated with the Ωi degree 

of freedom is 1/2 kBT, completely independent of the value of Ωi.  This result is known as 
the equipartition theorem since the thermal energy is partitioned, or divided, equally 
among the degrees of freedom.  Among the results that immediately follow is that for a 
system with Nd quadratic degrees of freedom, the thermal energy is given by 

 

  

! 

U =
N d

2
kBT .    (3.7) 

 
A monatomic molecule in an ideal gas such as helium has three degrees of 

freedom, corresponding to the three components of its linear velocity (neglecting, as 
before, possible rotational effects).  The average kinetic energy of that molecule is  

 

  

! 

1
2

Mv 2 =
1
2

Mv x
2 +

1
2

Mv y
2 +

1
2

Mv z
2 =

3
2
kBT.  (3.8) 
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From this result we can calculate the root mean square speed, vrms, of the molecule: 
 

  

€ 

vrms =
3kBT
M

 .    (3.9) 

 
The expression for vrms can easily be shown to hold even for ideal gases in which 

rotational energy is a factor, but that discussion will be postponed to the next chapter.  
The rms speed is the same order of magnitude as the speed of sound in an ideal gas.  In 
fact, it can be shown that 

 

  

€ 

vsound =
γkBT
M

 .   (3.10) 

 
where γ is a quantity of order one in an ideal gas (see Chapter 6). 

 
Example 3.1: In an experiment led by William D. Phillips (which 

resulted in his sharing the 1997 Nobel Prize in Physics), lasers were used to 
cool a gas of sodium atoms down to about 40 µK.  One of the four methods used 
for determining this temperature was to measure the velocity distribution of the 
atoms.  Calculate v rms at this temperature. 

 
The atomic mass of sodium is 23.0 u, where u is the atomic mass unit 

(1.66 x 10-27 kg).  This gives  
 

    

! 

M = 23.0 u" 1.66" 10#27 kg
u

$ 

% 
& 

' 

( 
) = 3.82" 10#26kg  . 

 
Inserting this into equation 3.9 yields 

 

    

€ 

vrms =
3kBT
M

=
3 1.38×10-23 J

K

 

 
 

 

 
 40×10−6K( )

3.82×10-26kg
= 0.21

m
s

  . 

 
It turns out that this speed is slow enough that the acceleration of the 

atoms due to gravity had to be accounted for in the data analysis.  By contrast, 
an oxygen molecule at room temperature has an rms speed of about 480 m/s.  
For further details, see Lett et. al. in Physical Review Letters 61:2 169-172 
(1988). 
 
Solids can often be usefully modeled as a collection of balls and springs, each ball 

representing an atom in the solid and each spring representing the chemical bond that 
holds it in place.  Thermal energy in the solid then has not only the kinetic energy 
discussed above but also the potential energy associated with the springs, of the form 1/2 
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kx2.   The energy of this model system thus has the form given by equation 3.4, and the 
equipartition theorem can be applied.  It is found that while the equipartition theorem 
correctly predicts measured results in some cases at sufficiently high temperature, at 
lower temperatures it invariably breaks down.  It turns out that quantum mechanical 
effects become important.  In particular, the atoms cannot be effectively modeled as 
independent oscillators but instead they participate in collective oscillations called 
phonons.   

 

Derivation of the Ideal Gas Law 
 
In Chapter 1, we found that in an ideal gas, the pressure could be related to the 

average square velocity through 
 

  

! 

P=
NM v2

3V
 , 

 
where N is the number of molecules in the gas and V is the volume occupied by the gas.  
The molecules were assumed to be identical, each having mass, M.  Combining this 
result with equation 3.8, we obtain 

 

€ 

P=
N 3kBT( )

3V
 , 

 
or 

 

€ 

PV= NkBT.     (3.11) 
 
This expression is known as the ideal gas law or the ideal gas equation of state.  

Notice the generality of the result in that the specific type of molecule does not enter into 
the equation.  All that matters is that the molecules interact only through elastic 
collisions. 

 

Other Approaches to the Concept of Temperature 
 
The reader should be aware that there are approaches to introducing the concept 

of temperature other than that described in this textbook.  Specifically, one could define 
temperature through the equipartition theorem using an equation such as 3.8.  That is, one 
could say that the temperature is determined through the relationship that the average 
translational kinetic energy of a gas molecule is 3/2 kBT.   

 
A second, commonly used approach is to define the so-called ideal gas 

temperature.  This approach exploits that fact that at sufficiently low densities, any gas 
will very nearly obey the ideal gas law.  Temperature is then defined as that number, T, 
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which makes the ideal gas law valid.  There are many more details than presented here, 
but in essence the temperature is defined through describing how a thermometer can be 
constructed using a low density gas.  The utility of this definition is grounded in the 
universality of the behavior of low density gases.  The actual construction and use of an 
ideal gas thermometer, however, is non-trivial.  The interested reader is encouraged to 
consult Zemansky and Dittman's Heat and Thermodynamics for more details. 

 

Temperature Scales 
 
Having defined the concept of temperature and derived several useful results, it is 

now appropriate to discuss temperature scales.  A temperature scale whose zero point is 
taken to be "absolute zero" in the previously described thermodynamic sense is known as 
an absolute temperature scale.  Fixing the location of a second point on the scale would 
then determine the unit size.  In the metric system, the Kelvin scale is used for absolute 
temperatures, and the second fixed point on the scale is that of the triple point  of water.  
There is a single temperature as well as pressure at which water in its vapor, liquid, and 
solid phases∗ coexist.  The Kelvin scale is defined such that the triple point of water 
occurs at 273.16 K.  In the English system, absolute temperature is measured on the 
Rankine scale, defined such that the triple point of water occurs at 491.69 R. 

 
It is worth asking why these temperature scales are based on the triple point of 

water.  Water is used because it is ubiquitous and hence should be readily accessible to 
labs looking to calibrate their thermometers.  It might be tempting to define a scale in 
terms of, say, the "ordinary" freezing point of water or the boiling point of water.  The 
temperature at which water boils or freezes turns out to depend on the pressure 
experienced by the water (more on this in the next chapter).  Thus the ability to calibrate 
a thermometer would be dependent on the ability to establish the standard pressure.  The 
advantage of using the triple point of water is that it occurs at only one combination of 
temperature and pressure.  Being able to measure the pressure accurately is irrelevant 
since if the pressure is incorrect, the three phases will not coexist. 

 
The reader is probably more familiar with the Celsius and Fahrenheit temperature 

scales.  The Celsius scale is defined so that 0oC corresponds to the freezing point of water 
at one atmosphere of pressure and 100oC corresponds to the boiling point of water at one 
atmosphere of pressure.  The size of the Celsius degree is identical to that of the Kelvin; 
these two scales differ only in where they are zeroed: 

 
T(K) = T(oC) + 273.15 .   (3.12)  

 
Notice that the triple point of water does not occur at 0oC, but rather at 0.01oC.   

 

                                                
∗ Actually there are several different solid phases of water.  The most common phase and the one 

referred to here is known as ice I. 
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Because the size of the Kelvin unit and the Celsius degree are the same, when 
temperature differences or changes are calculated we get the same numerical result: 

 

! 

" T K( ) = " T oC( )  .    (3.13) 

 
The origin of the Fahrenheit scale is a bit more involved.  OoF was taken to be the 

temperature of an ice/salt/liquid-water solution.  96oF was taken to be body temperature, 
but apparently measured differently than by current standards.  With these two points on 
the scale fixed, all others are determined.  In particular, the boiling point of water under 1 
atmosphere of pressure is 212oF and the conversion between Rankine and Fahrenheit is 

 
T(R) = T(oF) + 459.67  .   (3.14) 

 
The Rankine unit and the Fahrenheit degree have the same size so that 

 

! 

" T R( ) = " T oF( )  .    (3.15) 

 
Finally, to convert between the English and metric units: 

 
T(oF) = 1.8 T(oC) + 32 .    (3.16) 

 
T(R) = 1.8 T(K) .    (3.17) 

 
Note that the Rankine scale and the Kelvin scale share a common origin, absolute zero. 

 
The following information is extremely important:  Thermodynamics is based 

primarily on the concept of absolute temperature.  Therefore, whenever you see the 
variable T in an equation, you should assume that absolute temperature is what is called 
for.  Only when temperature changes are being calculated is it safe to use the Celsius or 
Fahrenheit scale.  Those two scales have been introduced primarily because they are the 
scales most commonly used outside of the scientific world. 

 

Temperature Extremes 
 
An understanding of the range of temperatures accessible provides interesting 

insight into the delicate balance of life on earth.  At the upper extreme, very high 
temperatures are generally associated with nuclear reactions and plasmas such as those 
found on stars.  Our own sun has a surface temperature of about 6000 K, but the 
temperature rises to a number on the order of 107  K as one moves towards the core.  
Extremely high temperatures are a result of, and a requirement for, nuclear fusion 
reactions that power the sun.  On earth, temperatures of millions of Kelvin have been 
achieved in test explosions of thermonuclear weapons and in laboratory settings for 
fusion related research. 
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At the other extreme, the Third Law of Thermodynamics predicts that absolute 
zero is not obtainable.  That does not prevent us from getting close.  Evaporation cooling 
techniques using liquid helium (described more in Chapter 12) give us access to 
temperatures of less than 1 K.  Magnetic cooling can result in temperatures of less than 1 
mK (see Chapter 12). Recent progress in laser cooling of trapped atoms has resulted in 
temperatures of as cold as 20 µK. 

 

   
Figure 3.3 The range of accessible temperatures is shown on a log scale, with the human 
survival region highlighted. 

 
 
Given the wide range of accessible temperatures, it is interesting to realize how 

narrow a temperature range we live in.  Without significant insulation or artificial 
cooling, the human body can survive in temperatures ranging roughly from 280 K to 320 
K, and even some of this territory is well outside the comfort range.  By taking advantage 
of artificial heating and insulation, we have expanded the habitable portions of the earth 
to pretty much anywhere on the earth's surface.  Weather report temperatures near the 
surface of the earth typically range from 230 K to 320 K.  While this range is all 
survivable with climate control technology, nevertheless it still represents a very narrow 
portion of the temperature range accessible in our universe. 

 
 

Misleading Temperature Intuition 
 
All of us have grown up with a sense of temperature developed through listening 

to weather reports, monitoring body temperature, adjusting thermostats, etc.  However, 
the way our body responds to different situations may give us misleading information 
about temperature. 

 
The development of the first thermometers proved to be real eye-openers when it 

came to dispelling mistaken intuition about temperature.  W. E. Knowles Middleton 
quotes from a 1613 letter by Galileo to Giovanfrancesco Sagredo: 

 
The instrument for measuring heat, invented by your excellent self, has been reduced by 

me to various elegant and convenient forms, so that the difference in temperature between one 
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room and another is seen to be as much as 100 degrees.  With these I have found various 
marvellous (sic) things, as, for example, that in winter the air may be colder than ice or snow; that 
the water just now appears colder than air; that small bodies of water are colder than large ones, 
and similar subtle matters.∗ 
 
(The History of the Thermometer and Its Uses in Meterology, Johns Hopkins 

Press 1966). 
 
Have you ever noticed that on a cool day, a metal doorknob feels colder than the 

wooden door to which it is attached?  Before you touch either the doorknob or the door, 
they are very nearly at the same temperature.  The difference comes in how they respond 
to your warm body.  Heat leaves your hand more rapidly when you touch the metal 
doorknob than when you touch the wooden door.  It is that experience that causes you to 
say the doorknob is colder. 

 
In the above example, the situation as described is inherently non-equilibrium 

since there is a constant flow of heat from your body to the door or the doorknob.  Thus 
the situation is more complicated to analyze.  What you would find is that if you place 
one hand on the doorknob and the other on the door for a few seconds, the door may 
indeed have a higher temperature than the doorknob.  The reason for this is that thermal 
energy flowing out of your body does not spread throughout the wood as rapidly. 

 
Air movement also effects our temperature sensing abilities.  The wind chill 

index is based on the fact that cold air feels colder when it is blowing.  For simplicity, 
consider an exposed hand on a cold day.  Heat loss from the hand to the surrounding air 
is caused by the temperature difference between skin and the air immediately surrounding 
it.  As heat flows from the hand to the air, that air warms up somewhat.  The resulting 
warm air barrier slows down heat loss from the exposed skin.  The effect of wind is to 
blow away this warm air barrier and replace it with fresh, cold air that in turn produces 
more rapid heat loss.  The greater the wind, the more rapid the replacement.  The wind 
chill temperature is determined by answering the following question: Given the rate of 
heat loss from exposed skin at this actual temperature and wind speed, at what 
temperature would calm air produce the same heat loss rate?  Thus, the wind chill index 
is based on heat loss considerations. 

 
There are a variety of other common phenomena that result in distortion of our 

body's ability to sense temperature.  The moral of the story is this: your body makes an 
unreliable thermometer! 

                                                
∗ The careful reader may note that at the time this was written, a sharp distinction between heat 

and temperature had not yet been made.  Note also at this time there was no agreement on the size of the 
degree unit. 
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    Wind 
(mph)  

     

           

Calm 5  10  15  20  25  30  35  40  45  50  

40  36  34  32  30  29  28  28  27  26  26  

35  31  27  25  24  23  22  21  20  19  19  

30  25  21  19  17  16  15  14  13  12  12  

25  19  15  13  11  9  8  7  6  5  4  

20  13  9  6  4  3  1  0  -1  -2  -3  

15  7  3  0  -2  -4  -5  -7  -8  -9  -10  

10  1  -4  -7  -9  -11  -12  -14  -15  -16  -17  

5  -5  -10  -13  -15  -17  -19  -21  -22  -23  -24  

0  -11  -16  -19  -22  -24  -26  -27  -29  -30  -31  

-5  -16  -22  -26  -29  -31  -33  -34  -36  -37  -38  

-10  -22  -28  -32  -35  -37  -39  -41  -43  -44  -45  

-15  -28  -35  -39  -42  -44  -46  -48  -50  -51  -52  

-20  -34  -41  -45  -48  -51  -53  -55  -57  -58  -60  

           

 
 

Table 3.1 The wind chill chart adopted by the U.S. National Weather Service beginning for the 
2001-2002 winter season.  Temperature is shown in degrees Fahrenheit. 
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Chapter 3 Problems 
 

1.  Plot on a single graph the Boltzmann factor for values of energy ranging from 0 eV to 
0.10 eV, first at room temperature and then at 50oC above room temperature.  Discuss 
the qualitative differences between these two plots. 

 
2.  The ground state energy of an electron in a neutral hydrogen atom has energy -13.6 

eV.  The next energy level up (the first excited state) has energy -3.4 eV. 
a. At what temperature (in Kelvin) is the probability of finding a neutral hydrogen 
atom in one of its first excited state equal to 10% of the probability of finding it in its 
ground state?  [The reader with some knowledge of quantum mechanics may know 
that there are two "first excited" states of hydrogen with very nearly the same energy.  
What is being asked for here is the probability that a particular one of them is 
occupied, not the total probability that either one is occupied.] 
b. Plot the probability ratio (P1st exc/PGS) as a function of temperature for temperatures 
ranging up to the temperature you calculated in part (a). 

 

3.   Starting from the equation, 
  

! 

qi
2 = dqi qi

2

"#

#

$ P1(qi ), show that it follows that: 

! 

qi
2 = kBT" i

.  Use the methods described in Appendix A. 

 
 
4.  Calculate vrms at 0oC and 20oC for the following gas molecules: 

a. N2 
b. O2 
c. CO 

 
5.  A liter of monatomic ideal gas at room temperature and one atmosphere of pressure 

contains about 3X1022 molecules.  Estimate the thermal energy, U, of this gas. 
 
6.  The following represent temperatures measured in oF.  Convert them into oC and K. 

a. 0oF 
b. 20oF 
c. 70oF 
d. 95oF 

 
7.  The following represent temperatures changes measured in oF.  Convert them into oC 

and K. 
a. 0oF 
b. 20oF 
c. 70oF 
d. 95oF 
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8.  Estimate the number of gas molecules in a room 2.5 m x 3.0 m x 4.0 m at an 
atmospheric pressure of 1.01 x 105 N/m2 and a temperature of 22oC.  If the mass of 
each gas molecule is, on average, 4.8 x 10-26 kg, how much total mass is associated 
with the gas in this room? 

 
9.  Suppose there is a collection of N independent particles, each of which can be in a 

state with energy equal to zero or a state with energy equal to Eo (where Eo>0).  
Suppose this collection of particles is brought into thermal equilibrium with a 
reservoir at temperature T.  What would you expect the thermal energy of the 
collection of particles to be as T approaches absolute zero?  How about when T 
approaches infinity? 

 
10. An oxygen molecule can be modeled as dumbbell shaped.  The moment of inertia 

about an axis passing though the center of the molecules at right angles to its length is 
11.7 where mass is measured in atomic mass units and distance is measured in 
angstroms (10-10 m).  Use the equipartition theorem to calculate its rms rotational 
speed about a given axis at 300oC. 

 
11. NASA has a thermal vacuum test facility that can achieve a pressure as low as 

approximately 10-4 Pa.  Compute the ratio of the gas molecules remaining to the gas 
molecules initially present when the chamber is pumped from atmospheric pressure 
down to 10-4 Pa. Assume the temperature inside the chamber remains constant.  (The 
job is actually harder than it may appear since as the chamber is pumped down, some 
molecules that had been residing on the surface of the chamber leave the surface and 
must be pumped off too.) 
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12. Suppose a system S has just two allowed energy states, state S1 of energy -Eo and 
state S2 of energy +Eo.  If this system is in contact with a thermal reservoir at 
temperature T,  

 
a. show that 

 

  

€ 

P S in S1( ) =
e

Eo
kBT

e
Eo

kBT + e
−Eo

kBT

P S in S2( ) =
e
−Eo

kBT

e
Eo

kBT + e
−Eo

kBT

 

 
are consistent with both equation (3.2) and with the normalization requirement  

  

€ 

P S in S1( ) + P S in S2( ) =1. 
 

b. Show that if kBT>>Eo, then 
 

  

! 

P S in S1( ) "
1
2

+
Eo

2kBT

P S in S2( ) "
1
2

#
Eo

2kBT

 

 
c. Sketch plots of the two probability functions you derived in part (a) as a function of 
the temperature T.  Show both plots on the same coordinate axis so that you can 
visually verify that the normalization constraint applies. 

 
13.  Suppose the speed of a collection of N2 gas molecules is measured, with the 

following results: 
Molecule 1 2 3 4 5 6 7 8 9 10 
Speed 

(m/s) 
159 495 250 534 620 315 435 385 402 372 

  Estimate the temperature of this gas. 
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14. A thermistor is a device used to measure the temperature of a system by taking 
advantage of the fact that electrical resistance is temperature dependent.  An electrical 
circuit is set up for the purposes of measuring the resistance of the thermistor while 
the thermistor is in thermal equilibrium with the desired system.  One equation which 
models the temperature-resistance equation is known as the Steinhart-Hart equation: 

  

! 

1
T

= a+b!nRel +c !nRel( )3  
where T is the temperature in Kelvin, Rel is the measured electrical resistance in 
Ohms, and a, b, and c are constants determined by the material from which the 
thermistor is made.  Taking tF as the temperature in degrees Fahrenheit, rewrite the 
Steinhart-Hart equation in terms of tF and solve for tF in terms of a, b, c, and Rel. 

 
15. Consider a system S with a large number of microscopic states.  Suppose one such 

microscopic state (A) has energy EA and another (B) has energy EB. 

a. Show that 
    

€ 

P S in A( )
P S in B( )

=
1
2

when EA −EB = kBT! n2  

b. Evaluate     

! 

kBTn2 at room temperature, first in J and then in eV. 
c. Does it follow that if   

! 

EA " EB = kBTn2 then the probability of finding that the 
system S has energy EB is twice that of finding S has energy EA? 

 
16. a. According to the equipartition theorem, at what temperature will hydrogen ions 

(i.e., protons) have an rms speed equal to 10% the speed of light?   
b. Repeat this calculation for electrons. 
c. Note that when the speed of an object gets to 10% of the speed of light, relativistic 
effects become more important, and the equipartition theorem would need to be 
modified accordingly.  Are either of the temperatures you calculated found on the 
sun? 

 
17. When asked what the temperature is in, say, a classroom, most people would respond 

by quoting a value from a thermometer (such as that on the room thermostat, if 
available).  In fact, there is no unique temperature in the room.  Discuss temperature 
variations you might encounter in a typical classroom. 

 
18. Suppose liquid nitrogen is used to cool helium gas down to 77 K. 

a. Calculate the rms speed of helium under these conditions. 
b. At what temperature would a water molecule have the same rms speed? 
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19. Consider a system that can be in any one of N microscopic states, of total energy E1, 
E2, ÉE N, respectively.  Assume this system is in equilibrium at temperature T so that 
the probability of finding the system in a given microscopic state is determined by the 
Boltzmann distribution.  Show that if the same constant, Δ, is added to all of the 
energies, the probability distribution does not change.  (There is an analogous result 
in classical mechanics: if you add a constant to a potential energy function, the 
resulting motion of the particle in that potential is unaffected.) 

 
20. The Celsius scale was set up so that 0oC corresponds to the temperature at which 

water freezes at one atmosphere of pressure and 100oC corresponds to the 
temperature at which water boils at one atmosphere of pressure.  Water was chosen, 
presumably, because it is readily available on the planet.  Suppose we lived on a 
planet where ammonia dominates. Ammonia has a freezing point of Ð77.72oC and a 
normal boiling point of Ð33.43oC.  If a Thomsen degree scale were created such that 
0oT was the freezing point of ammonia and 100oT was the normal boiling point, what 
would absolute zero be in oT?  Assume that on this new planet, atmospheric pressure 
is the same as it is on earth.  
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