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Chapter 2: Introduction to Energy, Entropy, and Temperature  
 
At the heart of thermodynamics one finds the principle of energy conservation.  

There are a variety of ways to state this principle; among them is:  
 
Energy cannot be created or destroyed, just transferred or transformed. 
 

In this context, transferred refers to energy being moved from one system or location to 
another, while transformed refers to the form of the energy being changed.  The 
usefulness of this principle comes through an understanding of the various forms of 
energy and the mechanisms of energy transfer. 

Mechanisms of Energy Transfer  
 
Typically, the first method of energy transfer one studies in classical mechanics is 

that of work.  Work is performed when one system exerts a force on a second system, 
and there is a component of the displacement vector of one of the systems along the line 
of the force.  More precisely, the work by a force   
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If the force has a component in the direction of the displacement of the object, the 

work done on the object is positive, resulting in (momentarily at least) an increase in the 
energy of the object.  If the force has a component opposite to the displacement, then the 
work done on the object is negative and energy is being transferred away from the object. 
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Figure 2.1 Work is determined by calculating the dot product between the force vector and the 
infinitessimal displacement vectors along the path between two points. 

 
In thermodynamics, work may be involved when a gas is compressed or allowed 

to expand.  A gas confined to a cylinder by a piston will exert pressure that results in a 
force on the piston.  If the piston is allowed to move outward, then the volume occupied 
by the gas increases as the gas exerts a force through a distance on the piston.  Thus we 
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can relate the increase in volume occupied by the gas to work done by the gas.  
Conversely, a gas whose volume is kept fixed cannot do work in this way. 

 

 V

 
Figure 2.2 A gas expanding against a piston does work on the piston by exerting a force 
through a distance. 

 
Another common form of energy transfer is the wave.  Waves on springs and 

strings as well as sound waves provide a means to move energy from one spot to another.  
Similarly, electromagnetic waves, such as light, also transfer energy.  Heat describes a 
form of energy transfer in thermodynamics.  We shall see later that one form of heat 
involves electromagnetic waves. 

 

Forms of Energy  
 
Of the many forms of energy, the one that is most visible is kinetic energy, the 

energy of motion.  Formally, kinetic energy is defined by 
 

! 

KE =
1
2
mv2 ,     (2.2) 

 
where m is the mass of the object and v is its speed.  This equation defines the kinetic 
energy of a point-like particle.  To extend its usefulness to an object of finite size, we 
must take v to represent the center of mass speed and then add in the rotational and 
vibrational kinetic energy of the object. 

 
There are a large number of energies classified as potential energy.  Among 

these are gravitational, chemical, electrical, elastic, and nuclear.  Being forms of energy, 
they can all be transformed into kinetic energy under the right circumstances.  In fact, we 
often deduce the existence of potential energy by observing its conversion to kinetic 
energy.  For instance, if we drop a book on the floor, we observe the increase in its 
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kinetic energy on the way down.  This helps us deduce that the book had gravitational 
potential energy. 

 

The Molecular Level  
 
In order to fully appreciate the role of energy in thermodynamics, it is useful to 

look first at systems on a microscopic level.  Consider the molecules of a gas.  If the gas 
is flowing, such as air on a windy day or helium leaking rapidly from a balloon, then 
there is a net motion of gas molecules in a particular direction.  However, even if the gas 
is not flowing the molecules are still in motion (see our discussion in Chapter 1).  They 
move about in random directions with randomly distributed speeds.  Collisions among 
the gas molecules and between the molecules and other objects help ensure the random 
nature of this motion.  Thus a gas that is at rest when viewed from a macroscopic 
perspective is in fact full of motion when examined on a molecular level. 

 
Molecules in a liquid behave somewhat similarly to those in a gas, except that 

they tend to cluster more.  The clustering is due to chemical attraction between the 
molecules.  As two molecules are drawn together by chemical forces, there is a decrease 
in the chemical potential energy associated with their interaction. *  Thus when molecules 
in a liquid move in and out of clusters, their chemical potential energy changes.  
Furthermore, as their speeds vary due to collisions with other molecules, their kinetic 
energy varies.  These energy considerations are similar to those for molecules in a gas 
except that potential energy changes are often less noticeable in the gas phase. 

 
A key feature distinguishing molecules in a solid from those in a liquid and a gas 

is that molecules in a solid are much more localizedÑ they are by and large unable to 
roam throughout the material.  Recall our model for a solid in which molecules are 
represented by balls and the chemical bonds which hold the solid together are represented 
by springs.  This model structure can maintain a well-defined shape while at the same 
time allowing individual balls to vibrate.  As they vibrate, not only do they have kinetic 
energy that varies over time, but also they have potential energy that varies due to the 
compression and stretching of the springs.  By the same token, molecules in a real solid 
vibrate, giving rise to time varying kinetic and chemical potential energy. 

 

Internal Energy  
 
What we have seen, then, is that solids, liquids, and gases all store significant 

quantities of energy when you examine them on a molecular level.  This energy is called 
internal energy.  In applying the principle of energy conservation, we often are trying to 

                                                
* This force-potential energy relationship is analogous to the gravitational situation.  Suppose you drop a book on the floor.  The book feels 

a gravitational force pulling it towards the floor.  At the same time, as the book falls, its gravitational potential energy steadily decreases.  Thus, a force is 

exerted in the direction of decrease of the potential energy associated with that force.  
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track energy down, asking where did it come from or where did it go to. Changes in 
internal energy, though sometimes less visible than other changes, must be taken into 
account to make a proper full accounting of energy transfers and transformations. 

 
It is useful to break internal energy up into two parts, thermal energy and non-

thermal energy.  Thermal energy, loosely speaking, is associated with the random 
molecular motion in a material.  Put another way, thermal energy represents those terms 
in the energy function of a system that might change appreciably during a thermal 
process.  As seen above it may have both kinetic energy and potential energy 
components.  Later, when we discuss other systems (such as magnetic systems) we will 
extend this definition.  Non-thermal internal energy, as the name implies, is the rest of the 
internal energy.  Typically this includes nuclear energy and that portion of chemical 
potential energy not significantly affected by the random molecular motion.  For instance, 
there is chemical potential energy associated with the chemical bond in an oxygen 
molecule.  However, at room temperature most of this energy is unlikely to be influenced 
by the motion of the molecule and hence we would classify it as non-thermal internal 
energy.  At higher temperatures, collisions involving an oxygen molecule can set up 
vibrations within the molecule.  This vibrational energy is influenced by the random 
motion of the molecule so we include it as thermal energy.  As you may suspect, 
thermodynamics focuses more on thermal energy than non-thermal internal energy.  
However, the non-thermal portion can play a significant role in thermodynamics, as in 
the case of combustion. 

 

Cautions  
 
By now, you may have noticed that several of the forms of energy we have 

defined overlap.  For instance, on a microscopic level, thermal energy is really a 
combination of kinetic energy and some forms of potential energy.  Chemical potential 
energy is often a significant portion of non-thermal internal energy.  It is important when 
setting up energy balance equations to think through the physics carefully ensuring that 
you are not double counting any energy. 

 
Some textbooks avoid the use of the term Òthermal energyÓ, arguing that it cannot 

be rigorously defined.  The concept of internal energy is introduced, with no distinction 
made between thermal and non-thermal components.  This approach can be problematic, 
however, when looking at processes like combustion.  Imaging allowing wood to burn in 
an insulated container of fixed volume.  Defining the system to be the contents of the 
container, then no energy is able to enter or leave the system.  Hence its internal energy is 
constant.  Yet, the temperature and the entropy of the system have both increased 
dramatically.  The reason this has happened is that some chemical potential energy has 
been converted into thermal energy.  Thus it is seen that temperature can vary 
dramatically while the internal energy remains constant.  However, varying the 
temperature will nearly always change the thermal energy. 
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"Heat" is a term that is often misused.  Frequently when that term is used 
imprecisely what is really being described is thermal energy.  Keep in mind that thermal 
energy is a form of energy or equivalently it represents a way in which a substance may 
store energy.  Heat represents a way in which energy is transferred.   

  
 

Example 2.1: A 60 kg person climbs up two flights of stairs resulting in 
her center of mass rising 8 meters.  Estimate the amount by which her internal 
energy has decreased and discuss the energy transformations likely taking 
place. 

 
Assuming the individual starts and ends at rest, the primary change we 

notice is that her gravitational potential energy has increased by an amount 
equal to mass x g x height change, or (60 kg)(9.8 m/s2)(8 m) = 4.7x103 J.  This 
energy (which corresponds to slightly over 1 food Calorie! ) must have come 
from internal energy stored in the body, most likely chemical potential energy 
stored in sugars.  Thus the internal energy of this person must have decreased 
by at least 4700 J.  However, there are other considerations.  We know that 
exercising raises body temperature.  We shall see that this is associated with an 
increase in this personÕs thermal energy.  As long as this thermal energy stays 
in her body, then there is no additional impact on her total internal energy 
(energy is just being shifted from one form of internal energy to another).  But 
more than likely, assuming she does not walk up into a hot attic, some of this 
thermal energy will be transferred (via heat) to the surroundings so the 
decrease in her internal energy is likely to exceed the 4700 J estimated above.   
 

 

Connecting the Macroscopic World with the Mol ecular World  
 
The primary goal of both thermodynamics and statistical mechanics is to take a 

complex system with a large number of interacting particles, sweep as many details under 
the rug as possible, and arrive at numerical predictions about the average value of various 
properties such as pressure, temperature, and thermal energy. 

  
Let us illustrate this principle by considering a simple gas.  The gas found in a 1 

liter bottle under ordinary room conditions contains about 3x1022 molecules.  For the 
moment, let us assume we can use classical (not quantum) mechanics to describe the 
motion of each molecule.  There would be 3x1022 equations of the form 

  

! 

 
F " = m

 
a  to 

govern the motion of the molecules, with the force sum in each equation including about 
3x1022 terms to allow for interactions between the molecule under study and the 
remaining molecules.  Additional force terms in the sum are necessary to account for the 
interaction between the molecule under study and the bottle that confines the gas.  

                                                
∗ 1 food Calorie corresponds to 1000 thermodynamic calories.  For details, see Chapter 6. 
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Clearly we have too many equations to solve simultaneously.  The statistical mechanics 
approach is to study the properties of individual molecules and, through the use of 
statistics and energy conservation principles, deduce the behavior of macroscopic 
properties such as pressure.  This might be referred to as a "bottom up" approach.  
Thermodynamics, in the classical sense, is more of a "top down" approach in that it treats 
the problem by looking at the experimentally observed properties of macroscopic 
systems, and it seeks generalizations based on those observations. 

 
There are advantages and disadvantages to either approach.  The statistical 

mechanics approach requires an understanding of the behavior of individual molecules in 
the gas but rewards us with a detailed understanding of the origins of the observed 
macroscopic properties.  The classical thermodynamics approach provides us with more 
direct access to the properties we most often encounter, but at the price of a somewhat 
diminished understanding of the origin of those properties. 

 

Approaching the Concept of Temperature  
 
The notion of temperature is familiar.  We have all read a weather forecast, and 

we understand the difference between hot weather and cold weather.  However, most 
people cannot define temperature beyond relating it to the terms ÒhotÓ and ÒcoldÓ.  
Moreover, while most of us probably believe we have an intuitive sense of what 
temperature is, our intuition often misleads us.  For instance, if we ask someone why they 
prefer to sit on a wooden bench rather than a metal bench on a cold day, they will likely 
respond that the metal bench is colder, implying that the temperature of the metal bench 
is less than that of the wooden bench.  In fact, until we sit on the benches, their 
temperatures are likely to be nearly the same (assuming they are approximately the same 
color).  The problem is that we often use our body as a temperature sensor, and our body 
makes a poor thermometer.  This, in turn, interferes with our intuitive notion of 
temperature. 

 
A thorough understanding of the concept of entropy at the outset of a 

thermodynamics course makes it much easier to define temperature in a rigorous and 
understandable way and at the same time provides insight into such questions as why heat 
engines are not 100% efficient and why gases tend to expand into a vacuum.  We 
therefore turn to an examination of systems on the molecular level where we will see 
what is meant by the term "entropy". 
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The Concept of Microscopic States of a System  
 
Recall that a system is a well-defined collection of objects under study.  We can 

either define a system by describing its elements (such as defining the system to be this 
page of the thermodynamics book) or by describing the location of the elements in the 
system (such as defining the system to be all of the people inside a movie theater). 

 
A complete description of the microscopic state of a system at one instant in time 

requires specifying simultaneously values of the dynamical variables for each of the 
microscopic components with a precision limited only by the Uncertainty Principle of 
Quantum Mechanics.  In contrast, describing the macroscopic state of a system requires 
the specification of only a few quantities that are determined by making measurements on 
significant portions of the system.  A better set of terms to use might be "microscopically 
described state" and "macroscopically described state" since the distinction being drawn 
relates to the way in which the state is described.  The former description pays attention 
to the microscopic details of the state; the latter does not.  However, these more precise 
phrases are dropped in favor of the less cumbersome terms of microscopic state and 
macroscopic state. 

 
As an example, consider a gas of monatomic∗ particles in a container.  The 

microscopic state is described by specifying, among other things, the momentum vector 
of each atom in the gas.  (Quantum mechanics will not allow us to specify position at the 
same time as we specify the momentum.)  Obviously this is a complex matter for not 
only must we specify on the order of 1022 three-component vectors, but also each 
collision will cause two of these vectors to change, and the collisions occur with great 
frequency.  This is why we develop schemes to average out the microscopic details of 
large systems.   

 
Although the possible momentum values for each particle is limited, according to 

the principles of quantum mechanics, the number of microscopic states possible for a 
given total system energy is still a very large number.  In contrast, specifying the 
macroscopic state of this system requires just a few quantities such as pressure, volume, 
temperature, etc.  As we shall see, for a given macroscopic state of a system, there are 
usually a very large number of microscopic states possible.  In thermodynamics, we do 
not care which of these microscopic states the system is in; we care only about the 
average properties, where the average is taken over all possible microscopic states of the 
system. 

 
We will begin by examining a simple system that illustrates some of the important 

concepts of microscopic states while allowing us to keep the numbers more manageable.  
Consider a single penny: when flipped it can land on one of two sides, heads (H) or tails 
(T).  This single penny system thus has two possible microscopic states.  If we flip two 

                                                
∗ "Monatomic" means that each molecule consists of just one atom.  The noble gases (helium, 

neon, argon, krypton, xenon, and radon) are monatomic. 
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pennies, there are 22=4 possible microscopic states (HH, HT, TH, TT).  Notice we count 
HT separately from TH because we assume we can distinguish between the first and 
second penny; that is we know not just that there is one heads and one tails, but that 
penny number one is heads and penny number two is tails.  Flipping three pennies yields 
23=8 possible microscopic states (HHH, HHT, HTH, HTT, THH, THT, TTH, TTT).  In 
general flipping N pennies yields 2N possible microscopic states. 

  
A macroscopic measurement would correspond to measuring the average value of 

a microscopic property.  To illustrate this point, let us assign the numerical value +1 to 
heads and -1 to tails.  We will define the "flip" value for a collection of N tossed pennies 
as 

 

  
  

! 

f =
+1" (# heads)#1" (# tails)

N
    (2.3) 

   
 

so that f ranges from -1 (all tails) to +1 (all heads).  The variable f contains information 
about the system as a whole, but not necessarily information about individual pennies in 
the system.  Hence, f is a macroscopic variable.   

 
Consider the case of 2 and 4 flipped coins.  The microscopic states and their f 

values are shown in Tables 2.1 and 2.2. 
 

State f 
HH 1 
HT 0 
TH 0 
TT -1 

 
Table 2.1 Microscopic states of a system consisting of 2 tossed pennies. 
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State f 
HHHH 1 
HHHT 1/2 
HHTH 1/2 
HHTT 0 
HTHH 1/2 
HTHT 0 
HTTH 0 
HTTT -1/2 
THHH 1/2 
THHT 0 
THTH 0 
THTT -1/2 
TTHH 0 
TTHT -1/2 
TTTH -1/2 
TTTT -1 

 
Table 2.2 Microscopic states of 4 tossed coins. 

 
If we assume the coins are "fair", in that heads and tails are equally probable, then 

the probability of finding a particular f value is equal to the number of microscopic states 
resulting in that f value divided by the total number of microscopic states possible.  For 
instance, with two flipped coins, the probability of finding f=1 is 1/4 since one of four 
possible states corresponds to f=1.   For four flipped coins, the probability that f=1 is 1/16 
since one of sixteen possible microscopic states corresponds to f=1.  Table 2.3 shows the 
probability of finding a given f value for 2, 4, and 8 flipped coins. 

 
f value  Probability 
 2 coins 4 coins 8 coins 
1 0.25 0.0625 0.0039 
0.75   0.0313 
0.5  0.25 0.1094 
0.25   0.2188 
0 0.5 0.375 0.2734 
-0.25   0.2188 
-0.5  0.25 0.1094 
-0.75   0.0313 
-1 0.25 0.0625 0.0039 

 
Table 2.3 Probability of obtaining given f values when 2, 4, or 8 coins are flipped. 
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Notice that as the number of coins flipped increases, the probability of finding f 
deviating substantially from its average value of 0 decreases.  This trend continues as the 
number of coins increases, and in fact the probability of finding f deviating substantially 
from 0 falls off exponentially with increasing coin number.  The qualitative conclusion is 
obvious: the more coins you flip, then the closer your actual f value will be to its 
predicted average (zero). 

 

Entropy  
  
This simple probability argument can be recast by introducing the concept of 

entropy.  Let us first define an accessible state as a microscopic state that is consistent 
with all known macroscopic constraints on our system.  For instance, if we are interested 
in states involving two flipped coins that yield an f value of 0, there are 2 accessible 
states, HT and TH.   

 
We now define the dimensionless entropy, σ, as 
  

  σ = ln (#accessible microscopic states of the system).    (2.4)  
 

Table 2.4 shows the entropy for 2, 4, and 8 coin systems.  It was constructed with the 
help of tables like 2.2.  For instance, when 4 coins are flipped, there are 6 possible states 
with f=0 so that the entropy for the macroscopic state of 4 coins with f=0 is ln(6). 

 
 

f value  Entropy  σ 
 2 coins 4 coins 8 coins 
1 ln(1) ln(1) ln(1) 
0.75   ln(8) 
0.5  ln(4) ln(28) 
0.25   ln(56) 
0 ln(2) ln(6) ln(70) 
-0.25   ln(56) 
-0.5  ln(4) ln(28) 
-0.75   ln(8) 
-1 ln(1) ln(1) ln(1) 
 
Table 2.4. The entropy as a function of number of coins flipped and f value. 

 
From this definition of entropy we can immediately deduce some key properties 

of entropy.  If we have a system consisting of 4 coins which are in the state 
corresponding to f=1 (HHHH), and we relax the constraint on f by shaking up our 
system, then the most probable f value for the system after it is shaken will be f=0, as 
seen in Table 2.3.  This is also the value of f for which the entropy is a maximum (see 
Table 2.4).  In general, if we relax a constraint on a system, the system will move to a 
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macroscopic state that maximizes its entropy.  This is, in essence, the Second Law of 
Thermodynamics. 

 
To move this discussion into the context of thermodynamics, suppose we have a 

gas confined by a barrier to the left half of a sealed, insulated container.  Insulating and 
sealing the container ensures that both the total energy and particle number are constant.  
The barrier helps to fix the volume occupied by the gas.  These are all constraints on our 
macroscopic variables.  The number of microscopic states consistent with these 
constraints is enormous.  The natural log of this number is the entropy.  We can relax one 
of our constraints by removing the barrier that confines the gas to the left half of the 
container.  The number of microscopic states that describe a gas nearly evenly distributed 
throughout the bottle is much, much bigger than the number of states corresponding to a 
gas that occupies only the left half of the bottle.  As a consequence, shortly after the 
barrier is removed the macroscopic state we find the gas in will nearly certainly be one 
that corresponds to a more uniform gas distribution.  Recasting this discussion in terms of 
entropy, we see that when the barrier was removed, the gas had access to a macroscopic 
state of higher entropy (a state with a uniform gas distribution), which the gas finally 
occupied.  We say that the system evolved in accordance with the Second Law.  A wide 
class of thermodynamic processes can be described as a natural tendency for systems to 
increase their entropy or equivalently a statistical tendency for systems to be found in 
configurations that correspond to a larger number of accessible states. 

  
A second property of entropy can also be illustrated with coin tossing.  Suppose I 

toss N red coins--there are 2N possible or accessible states.  If I toss M blue coins, there 
are 2M  accessible states.  If I toss all the coins at once, I have N+M coins with 2N+M 
accessible states.  Notice that 

 

    

€ 

n(# red+ blue states) = n(2N+M)

= (N+M)n(2)
=Nn(2)+Mn(2)
= n(2N)+ n(2M )

= n(# red states) + n(# blue states)

 

 
Thus the entropy of the (red+blue) system is equal to the sum of the entropies of the red 
system and the blue system.  In other words, the entropy of these two systems is additive. 

  
This result can be generalized by considering two systems, A and B, which are 

independent in the sense that the microscopic state of A may be specified completely 
without reference to what is happening in system B, and vice versa.  Suppose there are 
N A microscopic states accessible to A and N B accessible to B.  Then in describing the 

combined system, C, there are N AN B possible microscopic states since for each 
microscopic state in which A may be found, B may be found in any one of N B states.  

Thus, the entropy of C is given by 
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€ 

σC = n N AN B( )
= n N A( ) + n N B( )
=σA +σB ,

 

  
once again showing that entropy is additive. 

 

Unequally Weighted States  
 
The preceding discussion was based on the assumption that all accessible 

microscopic states are equally likely.  An accessible state was defined as one that is 
consistent with all known macroscopic constraints on the system.  We will see in the next 
chapter that some macroscopic information provides us with probabilistic information 
about the microscopic states of a system.  In particular, knowledge of the temperature of 
a system will tell us which microscopic states are more likely to be found.  Thus we will 
need to address the issue of how to calculate entropy when not all accessible microscopic 
states are equally likely. 

 
Consider a system with N  accessible microscopic states.  The dimensionless 

entropy of that system is     

€ 

!n N( ).  If we think of this entropy as being the sum of 
contributions from each microscopic state, then it is tempting to write that each state 
contributes to the total entropy in the amount     

! 

!n N( ) N .  However, this seems to 
make the contribution of each state explicitly dependent on all N  states.  We can focus 
our attention on a given state by noting that in this case, the probability, p, of finding a 
given microscopic state is just 1/N .  We can now write the contribution of each state to 
the total entropy as 

  

€ 

−pn p( ) .  Hence the total entropy for this system can be written 
 

  

€ 

σ = − pi! n pi( )
i
∑     (2.5) 

 
where the sum is over all accessible microscopic states, each of which is known to occur 
with probability pi. 

 
Equation 2.5 turns out to be a useful way to generalize entropy to states with 

unequal probability.  It is interesting to study the properties of this function for a system 
with two microscopic states, one occurring with probability x and the other with 
probability 1-x.  In that case, equation 2.5 becomes 

 

  

€ 

σ = −xnx − 1− x( )n 1− x( )

= xn 1− x
x

 

 
 

 

 
 − n 1− x( )
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This function has a limit of 0 when x is either 0 or 1, indicating that when the 
system is known to be in a particular microscopic state, then entropy is zero.  We also 
find that when x=0.5, the entropy reduces to   

! 

!n2 , consistent with our earlier result for 2 
equally weighted microscopic states. 

 

Defining Temperature  
 
Let us now apply the concept of entropy to study energy flow.  Imagine we take a 

hot metal cube and drop it in a cold glass of water.  Our experience tells us that the 
temperature of the water will increase while that of the metal will decrease, and that 
during this process heat will flow from the metal into the water.   The net flow of heat 
will cease when the temperature of the metal is equal to that of the water.  At this point, 
we say that thermal equilibrium has been reached.  While this is an accurate 
description, it relies on two concepts, temperature and heat, which we have yet to 
formally define.  Both of these concepts are closely related to entropy, as we will see 
when we re-examine the above situation in the context of entropy. 

  
In the discussion that follows, we shall assume that no external mechanical work 

is done on the systems under study.  We have seen that for systems such as fluids, this 
assumption can be imposed by requiring that the volume of the system remain constant.  
Consider a single system that we isolate to ensure that its thermal energy, U, is fixed and 
its particle number, N, is fixed.  If we were to count the number of accessible 
microscopic states that contain N particles with total thermal energy U, then the log of 
this number would give us the entropy.  By repeating the calculation for different values 
of N and U, we can map out the function σ(N,U).   

 
The functional form of σ will depend on the type of system--it looks completely 

different for a piece of copper as compared to a glass of water.  Nevertheless, we can 
make some generalizations.  First, the more particles there are in a system, the more 
accessible states there are (as seen in the coin flipping example).  Thus we expect entropy 
to always be an increasing function of N.  Second, if there is no upper limit on how much 
energy each particle can have, then the more energy there is to distribute among the 
particles, the more ways there are to distribute it.  Hence, often entropy will be an 
increasing function of U.  This relationship is formally expressed by 

 

     

€ 

∂σ
∂U
 

 
 

 

 
 
N

> 0       

  
Let us call our hot metal cube System 1 and suppose it has N1 atoms and a total 

thermal energy of U1o before we drop it in the water.  Its entropy would have the value 
σ1(N1,U1o).  Similarly the entropy of the water (System 2) was initially σ2(N2,U2o).  
When the metal is dropped into the water, the metal atoms will not leave the cube (to a 
good approximation) and the water molecules will not enter the cube (to a good 
approximation).  Hence N1 and N2 are constant during this process.  However, since the 
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water molecules collide with the metal atoms, there can be an exchange of energy 
between the two systems.  If we neglect any energy loss to the glass and surrounding air, 
the total thermal energy does not change: 

 
   Utotal = U1 + U2 =  U1o +  U2o = constant.   
 

Then any increase in the thermal energy of water must be matched by a corresponding 
decrease in the thermal energy of the metal: 

 
    

! 

" U2 = #" U1.  
     

If we neglect the influence of interactions between the systems on the total entropy, then 
the initial entropy of the two systems was given by 

 
   

! 

" total (N1,U1o,N2,U2o) = " 1(N1,U1o)+" 2(N2,U2o).   
 

After the metal is dropped into the water, we have relaxed a constraint by requiring only 
that the total thermal energy be Utotal, but not specifying how it is to be divided among 
the two systems.   

 
As we discussed earlier, when a constraint is relaxed, the system will tend to 

evolve in such a way as to maximize the system's entropy.  We thus expect U1 and  U2 

will adjust themselves until σtotal is maximized.  Let U*1 and  U*2 represent the values 
for which the total entropy is maximized.  When the thermal energies take on these 
specific values, net energy flow will stop and thermal equilibrium will be achieved. 

 
We know from calculus that we can locate the maximum of a function by seeking 

points at which the first derivative vanishes: 
 

   

  

! 

"# total

" U1

$ 

% 
& 

' 

( 
) 

U1=U1
*

= 0

"# 1

" U1

$ 

% 
& 

' 

( 
) 

U1=U1
*

+
"# 2

" U1

$ 

% 
& 

' 

( 
) 

U1=U1
*

= 0 .

    

 
 

As we have already seen, any change in U1 is offset by an opposite change in U2 .  Thus 
the second term in the above equation can be written as 

 

   

€ 

∂σ2

∂U1

 

 
 

 

 
 
U1=U1

∗

= −
∂σ 2

∂U2

 

 
 

 

 
 
U2=U2

∗

.    
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Upon substitution, we find that a mathematical way of expressing thermal equilibrium is 
by the condition 

 

   

€ 

∂σ1

∂U1

 

 
 

 

 
 

U1=U1
∗

=
∂σ2

∂U2

 

 
 

 

 
 

U2=U2
∗

.    (2.6)  

 
Any two systems for which equation (2.6) holds are said to be in thermal equilibrium, 
whether or not the systems are actually in contact with each other.   

 
Our intuitive notion of the metal and the water being in thermal equilibrium is that 

both systems are at the same temperature: T1=T2.  It is then tempting to try to relate the 
above differential equation (2.6) to this statement of temperature equality.  In other 
words, we expect that 

 

€ 

F(T)=
∂σ1

∂U1

 

 
 

 

 
 

U1=U1
∗

 

 
for some function F. 

 
Since entropy is dimensionless while temperature is at least somewhat related to 

energy (which appears in the "denominator" of the derivative), one might guess that the 
function F contains temperature in the denominator.  The simplest relation of this form is 

 

    
  

€ 

1
kBT

≡
∂σ
∂U

 

 
 

 

 
 

N,V

,    (2.7) 

  
 

where kB is a constant, would make a reasonable definition for temperature.  We specify 
that both particle number and volume are held fixed since that was required in the above 
example.  By taking this as our definition of temperature, that we ensure that our 
mathematical condition for thermal equilibrium (eq. 2.6) agrees with our intuitive notion 
that the two systems should have the same temperature.  It turns out that the temperature 
we have defined in equation (2.7) is consistent with the traditional Kelvin absolute 
temperature scale provided we take kB to be Boltzmann's constant: 

 
     

€ 

kB =1.38×10−23J/ K  .   (2.8) 
 

This number can be viewed as an experimental constant if the Joule and the Kelvin are 
defined independently of each other (as they are in this textbook).  On the other hand, one 
can take this number as fixed (not experimentally measured) and use it to establish the 
size of the Kelvin unit.    
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Example 2.2:  Some gases are reasonably well described by the 
relationship: 

 

  

! 

" =
3
2

Nn
U
E

 

 
where N is the number of gas molecules and E is a function of volume and 
other  constants for that gas.  Suppose we have two such gases, one with N1 
molecules and the other with N2 molecules.  We keep the gases in sealed 
containers.  By bringing the containers next to each other, we allow the gases to 
exchange energy.  Neglecting energy loss to the containers themselves and to 
the surroundings, what is the relationship between the thermal energies of the 
two gases once thermal equilibrium has been achieved? 

 
Approach 1:  We can apply the principle that the most likely energy 

distribution is that which maximizes the total entropy of the two gas system.  
That total entropy can be expressed as 

 

    

! 

" tot = " 1 + " 2

=
3
2
N1n

U1

E1
+N2n

U2

E2

# 

$ 
% 

& 

' 
( 

=
3
2
N1n

U1

E1
+N2n

Utot ) U1

E2

# 

$ 
% 

& 

' 
( 

 

 
Now N1 and N2 are fixed since the containers are sealed.  E1 and E2 are 

fixed as given in the problem.  Utot is fixed by energy conservation.  Hence, only 
U1 can vary in the last expression for " tot.  We maximize the total entropy with 
respect to the variable U1 by taking the appropriate derivative: 

 

! 

"# tot

"U1

= 0  

 
or, 

 

€ 

N1

U1

−
N2

Utot −U1

= 0. 

 
Restoring U2 to the equation and rearranging yields 

 

€ 

U1

N1

=
U2

N2

. 

 
That is, the most probable energy distribution between these two systems is one 
that balances the thermal energy per particle. 
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Approach 2:  We can also solve this problem by using the definition of 

temperature.  For a gas whose entropy-energy relationship is described by 
 

  

€ 

σ =
3
2
N!n U

E
, 

 
we can relate the temperature to the thermal energy by 

 

  

! 

1
kBT

"
#$
#U

% 

& 
' 

( 

) 
* 
N,V

=
3N
2U

. 

 
Rearranging gives 

 

€ 

T=
2U
3NkB

. 

 
In thermal equilibrium between our two gases, we require that T1=T2.  Thus, 

 

€ 

2U1

3N1kB

=
2U2

3N2kB

, 

 
or 

 

! 

U1

N1

=
U2

N2

 

 
as before. 
 
 
Now that we have a rigorous definition of temperature and thermal equilibrium, 

then it follows at once from the algebraic property of transitivity that if System A is in 
thermal equilibrium with System B, and System B is in thermal equilibrium with System 
C, then System A is in thermal equilibrium with System C.  This statement is known as 
the Zeroth Law of Thermodynamics. * 

 
The significance of the Zeroth Law is as follows:  Suppose we wish to determine 

if two systems, A and C, are in thermal equilibrium with each other.  To do so requires 
that we know if the thermal energy of the systems would change were we to bring those 
systems into contact with each other.  We generally make this prediction using a 

                                                
* The first and second laws of thermodynamics had already been well established when the need 

for the zeroth law, as a fundamental statement preceding them, was formulated. 



Chapter 2 

Copyright 2009 Marshall Thomsen 

18 

thermometer.  We bring a thermometer, B, into contact with System A and wait for 
thermal equilibrium to be achieved.  We record the temperature reading on the 
thermometer at this point.  If we take the thermometer, B, to System C, and observe no 
change in the thermometer, then we can conclude that the thermometer was already in 
thermal equilibrium with System C.  The Zeroth Law then tells us that System A and 
System C are in thermal equilibrium with each other.  That is, by virtue of the fact that 
Systems A and C produce the same reading on the thermometer, we may predict that they 
are in thermal equilibrium with each other.  Were it not for the Zeroth Law, we would not 
be able to make such a prediction and hence the thermometer would not be a very useful 
device. 

 

Defining Heat  
 
Let us now return to the hot metal cube that was dropped into the cold water.  

While the metal and water were coming into equilibrium, they exchanged energy without 
exchanging particles (N1 and N2 were held fixed) and without performing mechanical 
work on each other (V1 and V2 were held fixed).  We define this type of energy exchange 
as heat flow.  This definition is consistent with traditional concepts of heat flow, 
historically recognized as that which flows when two systems are coming into thermal 
equilibrium with each other.  By a microscopic description of the process of reaching 
thermal equilibrium we arrive at one way of stating the First Law of Thermodynamics: 
Heat is a form of energy flow. 

 
From our definition of temperature, equation (2.7), it follows that if we hold 

particle number and volume fixed in a system, then the ratio between the entropy change 
in a system and the change in its thermal energy is given by 

 

    

€ 

1
kBT

=
δσ
δU , 

 
or 

 

! 

" U = kBT"#  . 
      

The change in thermal energy comes about due to energy flow into the system.  Since N 
and V are fixed in this process, this energy flow is in fact heat flow.  Hence we can 
replace δU with δQ (heat flow):  

 
    

! 

" Q = kBT "#  . 
      
The conventional entropy, S, has dimensions of Joules/Kelvin and is defined as 

Boltzmann's constant times the dimensionless entropy: 
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    S=kBσ.  .    (2.9) 
    
Therefore, the relationship between heat flow and the change in conventional entropy is 

 
    

! 

" Q = T " S .    (2.10) 
   
This relationship tells us that whenever heat enters a system, it is accompanied by an 
entropy increase in the system.  In the case of the hot metal cube dropped into water, heat 
entered the water, causing its entropy to increase, while heat left the metal cube, causing 
its entropy to decrease.  This fundamental connection between heat flow and entropy 
change becomes especially important in understanding the limitations of a broad class of 
engines known as heat engines. 

 
The two quantities, δQ and δS, in the above equation are different in a key 

mathematical sense.  The entropy S represents a property of a system that can be 
determined from thermodynamic variables associated with the system.  It is a well-
defined function that can be differentiated with respect to these variables.  Put another 
way, if we know the starting thermodynamic state (1) of a system and the finishing 
thermodynamic state (2), then there is a single value, ΔS, which describes the change in 
entropy of the system as it underwent this process.  We say mathematically that 

 

€ 

dS
1

2

∫  

 
is a path independent integral, the result depending only on the starting and finishing 
states, not how the system evolved to get from one state to the next.  The quantity dS is 
known as an exact differential. 

 
In contrast to the change in entropy, the amount of heat that flows across the 

boundary of a system depends on the path of the system as it evolves from the starting 
state to the finishing state.  We can not talk about "heat content" of a system since heat is 
not a form of energy storage; rather it is a means of energy transfer.  How much heat 
flows out of a system depends on how the system is manipulated, even if the starting and 
finishing states are kept fixed.  Thus,  

 

! 

" d Q
1

2

#  

 
is a path dependent integral.  Correspondingly, the quantity d'Q is known as an inexact 
differential.  We will use the convention that d' denotes an inexact differential.  
Examples of thermodynamic processes will be presented which illustrate the path 
dependence of d'Q.  For now it is sufficient to note that the primed or unprimed 
differential is used for the inexact or exact differential, respectively.  
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We conclude this discussion with a qualitative analysis of our mathematical 
definition of temperature in order to connect it to our intuitive notion of temperature.  
When you decide that an object is hotter--or at a higher temperature--than yourself, what 
you mean is that if you touch that object you will sense heat flowing from it into your 
body.  That is, we can associate higher temperatures with a greater tendency to allow 
heat to flow out of the system.  Consider the hot metal cube and the cooler water before 
thermal equilibrium is reached.  If some heat δQ enters the metal, the metal's entropy will 
increase by dSm=d'Q/Tm.  If the same amount of heat enters the cooler water, its entropy 
would change by dSw=d'Q/Tw.  Since the water's temperature is lower, it will show a 
correspondingly larger entropy increase.  From the second law of thermodynamics we 
know that this metal-water system will evolve in such a way as to maximize its total 
entropy.  The maximization occurs most effectively if we allow heat to enter the water 
instead of the metal.  In fact, the net entropy change of the combined water-metal system 
due to heat flowing out of the metal and into the water is given by 

 

  

€ 

dS=
d'Q
TW

−
d'Q
Tm

= ′ d Q
1

TW

−
1
Tm

 

 
 

 

 
 > 0 

Hence we observe a net heat flow from metal to water, and not vice versa, because when 
heat flows in this direction there is a net increase in the entropy of the water-metal 
system. 

 
In the next chapter, we shall examine the concept of temperature in more detail 

and will become acquainted with various temperature scales.  In particular, we will see 
that equations relating heat to entropy change, such as equation (2.10), must use an 
absolute temperature scale, such as the Kelvin scale. 

 
Example 2.5: Suppose on a cold day, a building leaks heat to the outside 

at the rate of 1500 W.   Taking the outdoor temperature to be -10oC (263 K), 
estimate how much the outdoor entropy is increasing per second. 

 
Solution:  The heat from the building is unlikely to cause a significant 

temperature increase outside, so we can take that -10oC to be nearly constant.  
In using equation 2.9, we need to remember to use the Kelvin scale.  Since 1500 
W is the same as 1500 J/s, in one second 1500 J leaks outside.  Thus we can 
write 

 

  

€ 

Q = TΔS

ΔS=
Q
T

=
1500J
263K

= 5.70J/ K
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Absolute Zero Temperature  
  
To better understand what it means for a system to be at absolute zero 

temperature, let us imagine we have two systems that we can place in thermal contact 
with each other if we choose.  Suppose System 1 is known to be in a state corresponding 
to the lowest thermal energy it is allowed to have.  In quantum mechanics, we would call 
this the ground state (or, if there were more than one such state, a ground state).  System 
1 would be unable to transfer any of its thermal energy to a second system, System 2, 
since it is not allowed to exist in a lower energy state.  Hence if System 1 were put into 
contact with System 2, under no circumstances could heat flow from 1 to 2.  Given that 
temperature is a measure of the tendency for heat to flow out of a system, and System 1 
cannot have heat flowing out, it is quite plausible to speculate that the temperature of 
System 1 must be the coldest of all possible temperatures, absolute zero.  In the next 
chapter, we shall arrive at this same conclusion through alternative means. 

 
In quantum mechanics, we define the "degeneracy" of the ground state as being 

the number of microscopic states with energy equal to the ground state energy.  The 
ground state degeneracy is therefore also the number of accessible states at absolute zero 
temperature, and thus it determines the entropy of the system at absolute zero.   This 
degeneracy is determined by quantum mechanics and may depend on the number of 
particles in the system as well as on certain symmetries.  However, the degeneracy is 
independent of the size of such externally determined parameters such as volume, applied 
electric or magnetic fields, pressure, etc. We thus arrive at the Third Law of 
Thermodynamics: As the temperature of a system approaches absolute zero, its entropy 
approaches a constant, independent of external parameters such as volume, pressure, and 
applied fields.  

 
In many situations the ground state degeneracy is extremely small when 

compared to the number of accessible states at elevated temperatures.  Often, then, the 
entropy at absolute zero is neglected.  In fact, if there is just one ground state, then since 
ln(1)=0, the entropy is exactly zero when the temperature is absolute zero.  Hence, the 
form of the Third Law found in many texts states that the entropy of a system approaches 
zero as its temperature approaches absolute zero. 

 
One of the consequences of the Second and Third Laws of thermodynamics is that 

it is not possible to reduce the temperature of a system to absolute zero.  As we shall see 
in Chapter 6, the only way to reduce the entropy of a system is to allow heat to flow out 
of the system, and the only way for heat to flow out of a system is if there is a lower 
temperature system for it to flow into.  Thus, to achieve the low (or zero) entropy state 
that is associated with absolute zero, one must already have a system at absolute zero into 
which heat can flow.  Lacking such a system, absolute zero is unattainable. 
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Summary of the Laws of Thermodynamics  
 
Zeroth Law: If System A is in thermal equilibrium with System B, and System B 

is in thermal equilibrium with System C, then System A is in thermal equilibrium with 
System C. 

First Law: Heat is a form of energy flow. 
 
Second Law: If we relax a constraint on a system, the system will move to a 

macroscopic state that maximizes its entropy. 
 
Third Law: The entropy of a system approaches zero as its temperature 

approaches absolute zero. 
  
These four laws are the basis of classical thermodynamics.  They are seen to have 

their roots in the microscopic processes that govern system behavior.  While formal 
derivations of these laws have not been given, their connection to underlying microscopic 
processes has been discussed to help the reader see their origin in energy conservation 
and statistics. 
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Chapter 2 Problems  
 

1.  A microwave oven rated at 800 W is run for 30 seconds at maximum power in 
order to heat a container of food.  Using this information, obtain an upper limit on 
the increased internal energy of the food.  Explain why the actual increase in 
internal energy will be somewhat less. 

 
2.   Suppose we toss a coin which can land either Heads (H, +1), Tails (T, -1) or on its 

Edge (E, 0).  Write out the appropriate definition of f in analogy to equation 2.3  
and then write out tables similar to Table 2.2 for the case of 2 tossed coins and 3 
tossed coins.  Assume that it is the peculiar nature of this coin that all three 
possible states (H, E, T) are equally likely. 

 
3.  Use your results from Question 2 to write out a table of values for entropy as a 

function of f and N, for N=2,3.  This table should be analogous to Table 2.4. 
 
4.  Suppose I have dice with p sides. 
 a. How many microscopic states are possible when I toss n such dice? 
 b. If my only macroscopic constraint is that I am tossing n such dice, what is the 

entropy of this system? 
 c. Consider what happens when I toss n such dice and separately m such dice.  

Verify that the entropy is an additive property in this case. 
 
5.  Under what conditions can we be sure that our definition of temperature given by 

equation 2.7 will produce a positive temperature.  Discuss the nature of the 
allowed energy levels in a system that could allow for a negative temperature.  
(Such a phenomenon is indeed observed in certain systems). 
 

6.   Suppose I have a deck of playing cards, sorted by suit.  If I now give the cards a 
fair shuffle, does this new state have greater entropy or not?  Why? 

 
7.  Describe three processes not already discussed in this chapter or in these problems 

in which the entropy of a system increases.  Make sure to explain why the process 
increases entropy.  

 
8.  At one atmosphere of pressure, 334 J of heat must flow into 1 g of ice at 0oC  (273 

K) in order to melt it.  The result is 1 gram of liquid water, still at 0oC.  On the 
other hand, starting with 1 g of liquid water at 100oC (373 K), 2257 J of heat is 
required to vaporize it, producing 1 g of vapor at 100oC.  What is the entropy 
change for each of these two processes? 
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9.  Inside a hollow container at temperature T, one finds thermally generated 

electromagnetic radiation.  It can be shown that the dimensionless entropy 
associated with that radiation is given by the equation 

€ 

σ = κV
1
4U

3
4  

where κ is a constant, V is the volume inside the container, and U is the thermal 
energy of the radiation.  Show that the relationship between the thermal energy 
and the temperature is given by 

€ 

U =
3κkB
4

 

 
 

 

 
 
4

VT4  

 
10.  A mathematics book covering probability and statistics will tell you that the 

number of ways you can arrange N pennies with NH of them heads is given by 

€ 

N!
NH! N −NH( )!

. 

 
a. Use this information to verify the data for 8 coins in Table 2.3. 
b. Calculate the probability of finding 

! 

-0.25" f " 0.25 for 4 coins, 8 coins, and 16 
coins, and comment on the trend.  
 

11.  An electric heating element is immersed in boiling water at 100oC=373 K.  If the 
heater is drawing 800 W of power, by how much does it change the entropy of the 
water during 1 minute? 

 
12.  A ball of mass 500 g is dropped from a height of 1.5 m.  On its return bounce, it 

rises to 1.1 m. 
a. Calculate the loss of mechanical energy (kinetic energy + gravitational potential 
energy) of the ball. 
b. Where and in what form(s) would you expect to find this missing energy? 
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13.  Ising models are sometimes used to shed light on the behavior of magnetic 

systems.  A simple chain of 4 Ising magnetic dipoles has microscopic states 
determined by the orientation of the 4 dipoles (ÒupÓ or ÒdownÓ), each of which 
can be assigned a value Si=+1/2 or Ð1/2, depending on whether it points up or 
down.  The magnetization of this chain is 

 

! 

M =µ S1 +S2 +S3 +S4( ) 
 where µ is a measure of the strength of each individual dipole. 

The energy of a microscopic state of such a chain is  

! 

Emicrostate = " J S1S2 +S2S3 +S3S4( )  
This represents a ferromagnetic chain since the lowest energy states are 
magnetized (all of the dipoles point in the same direction). 
a. How many microscopic states of this system are there? 
b. Construct a table describing each state (you can use up and down arrows for 
each dipole) in column 1, showing its magnetization in column 2 and its energy in 
column 3. 
c. Suppose we only had the ability to measure the magnetization.  By examining 
the values in the previous table, determine the allowed values of M and construct 
a table showing those allowed values in column 1, the number of states with each 
value in column 2, and the corresponding dimensionless entropy, σ, in column 3.  
This represents the entropy as a function of magnetization. 
d. We can instead suppose that we are only able to measure the energy of the 
system.  Repeat part c, constructing a table that will show the entropy as a 
function of the energy of the system. 

 
14.  For a large number, N, of randomly flipped coins, it can be shown that the 

probability of getting a particular flip value, f, is approximately given by 

€ 

P f( ) ≈ 2
πN

exp −
Nf 2

2

 

 
 

 

 
  

Compare this approximation to the exact result (most easily obtained using the 
equation in Problem 10) for 16 coins and each allowed value of f ranging from 0 
to +1. 

 
15.  A 100 W light bulb is on in a well-insulated room with no windows.   
 a. Estimate the amount by which the internal energy of the room will increase 

during each hour the bulb remains on.  You may neglect heat flowing in or out of 
the room. 

 b. How would your answer change if the room had some high quality windows 
selected for their ability to insulate?  



Chapter 2 

Copyright 2009 Marshall Thomsen 

26 

 
 16.  The entropy as a function of thermal energy is plotted for two systems.  The units 

for both energy and entropy are arbitrary but identical for the two systems.  
Suppose system 1 has a thermal energy of 20 units while system 2 has a thermal 
energy of 10 units.  If these two systems are brought into contact and allowed to 
exchange thermal energy, in which direction will the net energy flow be and why? 

Chapter 2 Problem 16
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17.  Consider a system with two microscopic states, on occurring with probability x 

and the other with probability 1-x.  Show that the dimensionless entropy for this 
system is a maximum at x=0.5 by showing that the first derivative of the entropy 
function vanishes at that point. 

 
18.  Consider a system with N  possible microscopic states, each of which occur with 

probability 

€ 

pi =Ce−yi , where C is a constant and yi is a quantity associated with 
microscopic state i. 

 a. Find an expression for C in terms of the yi by noting that when the probabilities 
are summed over all states, the result must be 1. 

 b. Find an expression for the dimensionless entropy of this system, in terms of the 
yi. 

 c. Evaluate the limit of this expression as all yi simultaneously go to zero. 
 d. Evaluate the limit of this expression as all yi go to positive infinity with the 

exception of y1, which remains finite. 
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19.  A metal spoon sitting in a cup of coffee provides a means for heat to flow from 

the coffee to the surrounding air.  (There are other heat flow mechanisms; this 
problem focuses on just one).  Suppose the coffee has a temperature of 75oC  
(348 K) and the surrounding air has a temperature of 22oC (295 K).  If heat flows 
through the spoon at a rate of 1.6 J/s, 

 a. By how much does the entropy of the coffee decrease each second due to this 
process? 

 b. By how much does the entropy of the surrounding air increase each second due 
to this process? 

 
20.  A small business has a conference table with five chairs, two on the left and three 

on the right.  A boss holds weekly meetings with two of her staff members.  The 
boss traditionally sits on the left side of the table and the staff members sit on the 
right. 

 a. How many possible seating arrangements are there at the weekly meetings? 
 b. Suppose the boss has a change of heart and announces at the next meeting that 

she will no longer be constrained by tradition: everyone can sit in whichever chair 
they want to.  Now how many possible arrangements are there? 

 c. Comment on your results to parts (a) and (b) as they relate to the Second Law 
of Thermodynamics. 
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