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Magnetic Materials  
 

Overview of Magnetic Properties  
 
In this chapter, we will examine the thermodynamics of magnetism.  We will 

focus on simple models of paramagnetic and ferromagnetic systems to enhance our 
qualitative understanding of the magnetic properties of some materials.  A feature 
common to these two materials is that when they are in the presence of a sufficiently 
strong magnetic field, they have a tendency to become magnetized in the direction of that 
field.  The distinction between these two materials is that a ferromagnet can maintain its 
magnetization even when the external magnetic field is turned off, whereas a paramagnet 
cannot. 

 
Let us begin with a review of some basic concepts of magnetism.  An object that 

has become magnetized by a uniform magnetic field will contain a north pole and a south 
pole.  They are inseparable, and we emphasize this by referring to the combination as a 
magnetic dipole.  We quantify the description of a magnetic dipole through the magnetic 
dipole moment,     

 

M  . The vector points towards the magnetic north pole.  The magnitude 
of the vector can be determined through torque or energy measurements using the 
equations we outline below. 

 
A compass needle is a light-weight magnetic dipole.  It is free to rotate and will 

swing around so that its dipole moment is parallel to the external magnetic field it is 
experiencing.  We can express that tendency by describing the torque on the magnet: 

 
  

! 

! 
" =

! 
M #

! 
B  .       (11.1) 

 
This torque is at a maximum when the dipole moment,   

! 

 
M , is perpendicular to the 

external field,   

! 

 
B .  We can also express the tendency to rotate in terms of the magnetic 

potential energy, U B: 
 

    

! 

U B = "
! 
M ¥

! 
B  .       (11.2) 

 
Recalling that torques and forces have a tendency to push a system towards its potential 
energy minimum, we see that this expression also predicts that a magnetized object will 
rotate until it is parallel to the magnetic field since that is what it takes to minimize U B.  

 
In paramagnetic and ferromagnetic materials, we find that there exist permanent 

magnetic dipoles on an atomic scale.  The origin of these moments is a quantum 
mechanical effect relating to the orbital motion of the electron and the electron spin 
(unless we are talking about nuclear magnetic effects, a topic that will be treated briefly 
later).  In some atoms, the magnetic moments of all the electrons exactly cancel.  In 
others, they do not.  The details of how to predict whether or not there is a net atomic 
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dipole moment are better left to a quantum mechanics course.  We will take it for granted 
that in certain atoms, there do exist magnetic dipole moments. 

 

Magnetic Properties of an Isolated Atom  
 
Let us define the magnetic dipole moment of an individual atom to be   

! 

! 
µ .  The 

magnitude of this moment will be determined by the specific type of atom.  If we place 
this single atom in a magnetic field, it will have a potential energy 

 

    

! 

U B = "
 
µ ¥
 
B  .       (11.3) 

 
To go further, we must once again borrow some results from quantum mechanics. 

It turns out that measurements of the components of   
! 
µ  have only certain discrete values 

allowed.  One begins by defining the z axis to be in the direction of the external magnetic 
field.  The magnetic dipole moment is then quantized along this direction.  That is, a 
measurement of µz will always produce just one of a handful of allowed values.  For most 
of this chapter, we will restrict ourselves to the simplest case in which the only two 
allowed values of µz are +µ and -µ..  We stress that this does not cover all physical 
possibilities, but it does provide us with a simple, analyzable model which gives insight 
into the thermodynamics of magnetic systems and of magnetic phase transitions. 

 
With our restrictions imposed, there are just two possible values for the magnetic 

potential energy of the single atom in a magnetic field: 
 

  

! 

U B = "µB or U B =+µB ,     (11.4) 
 

corresponding to the dipole moment being parallel to or opposite to the magnetic field, 
respectively. 

 
Next we venture into an analysis that is normally reserved for statistical 

mechanics courses.  Nevertheless, the reader has been amply prepared for it through our 
introduction to the Boltzmann factor in Chapter 3 and our use of it and related probability 
functions in Chapter 10.  Assuming that this single atom is in thermal equilibrium at 
temperature T, what is the probability of finding it in either one of its two possible states?  
From Chapter 3, we know in general 

 

! 

P s( ) =C exp" Es
kBT

# 
$ % 

& 
' ( 
 , 

 
where C is a normalization constant.  In our example, we have 

 



Chapter 11 

Copyright 2009 Marshall Thomsen 

3 

! 

P µz =+µ( ) =C exp µB
kBT

" 
# $ 

% 
& ' 

P µz = ( µ( ) =C exp ( µB
kBT

" 
# $ 

% 
& ' 

 .   (11.5) 

 
Now, the probability function must be normalized.  That is, the dipole must point 

one way or another with unit probability: 
 

! 

1= P µz =+µ( )+P µz = "µ( ) . 
 

This gives 
 

! 

C=
1

expµB
kBT

" 
# $ 

% 
& ' +exp( µB

kBT
" 
# $ 

% 
& ' 

 , 

 
from which we obtain 

 

! 

P µz =+µ( ) =
expµB

kBT
" 
# $ 

% 
& ' 

expµB
kBT

" 
# $ 

% 
& ' +exp( µB

kBT
" 
# $ 

% 
& ' 

P µz = ( µ( ) =
exp( µB

kBT
" 
# $ 

% 
& ' 

expµB
kBT

" 
# $ 

% 
& ' +exp( µB

kBT
" 
# $ 

% 
& ' 

 .    (11.6) 
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Figure 11.1 The probability (P+) that an atom has its dipole moment pointing in the same 
direction as the external magnetic field.  P- shows the probability for the moment pointing 
opposite the field. 

 
 
Figure 11.1 shows the probability associated with the two states of the atom.  

Notice that at any given temperature, these two probabilities must always sum to 1.  At 
low temperatures, the dipole is nearly always found pointing parallel to the applied field.  
This is the state that minimizes its magnetic potential energy.  As the temperature 
increases, however, thermal energy becomes available which allows the atom to be found 
on occasion in the higher potential energy state, associated with the dipole pointing 
opposite to the external field.  As the temperature gets very large, both probabilities 
approach 1/2.  This is consistent with what we saw in Chapter 3.  In the limit of infinite 
temperature, all microscopic states are equally likely. 

 
We can now calculate the average magnetic moment of this single dipole.  The 

average value of the z component of its dipole moment is +µ times the probability we 
will find it pointing parallel to the magnetic field added to -µ times the probability we 
will find it pointing opposite to the magnetic field: 
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€ 

Mz = µz

= µ( )P µz = µ( ) + −µ( )P µz = −µ( )

=
µ exp µB

kBT
 
  

 
  
− exp −µB

kBT
 
  

 
  

 
 
 

 
 
 

exp µB
kBT

 
  

 
  
+ exp −µB

kBT
 
  

 
  

  . 

 
We can express this and subsequent results more compactly if we take advantage 

of the hyperbolic trigonometric functions: 
 

! 

sinh x( ) =
ex " e" x

2
coshx( ) =

ex +e" x

2

tanh x( ) =
sinh x( )
coshx( )

=
ex " e" x

ex +e" x

 . 

 
Then we find 

 

! 

Mz =µ tanh
µB
kBT

" 

# 
$ 

% 

& 
'  .      (11.7) 
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Figure 11.2 The average magnetic moment of a single dipole in an external field.  The field is 
measured in units of kBT/µ and the magnetic moment is measured in units of µ . 

 
Figure 11.2 shows the average magnetic moment as a function of the applied 

magnetic field.  Notice that when the magnetic field goes to zero, so does the 
magnetization.  This property is characteristic of paramagnetic behavior.  On the other 
hand, when the magnetic field is sufficiently strong, the magnetization approaches its 
maximum value (µ).  How strong does the field have to be for the magnetization to be 
nearly a maximum?  From the plot we see that we need B to be somewhat greater than 
kBT/µ. 

 
We get a second result from our calculation at little extra cost.  Since the potential 

energy is   

! 

U B = "µzB, then the average magnetic potential energy is 
 

  

! 

U = U B = " µz B = "µB tanh µB
kBT

# 

$ 
% 

& 

' 
(  .    (11.8) 

 
The plot of the average magnetic potential energy as a function of magnetic field will, of 
course, have an appearance identical to that in Figure 11.2. 
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The Fundamental Thermodynamic Equation for Non -Interacting 
Paramagnetic Atoms  

 
The simplest model for a paramagnet would consist of N identical atoms as 

described in the previous section.  If the atoms do not have any magnetic interactions 
with each other, then the only contribution to their thermal energy comes from their 
interaction with the external field. Under these conditions, any extensive thermodynamic 
quantities for the set of N atoms (such as magnetic moment and thermal energy) can be 
found by multiplying the single atom result by N: 

 

  

€ 

Mz =Nµ tanh µB
kBT
 

 
 

 

 
       (11.9) 

! 

U = "NµB tanh
µB
kBT

# 

$ 
% 

& 

' 
(  .     (11.10) 

 
In the above equations, we have chosen to express the both the magnetic moment 

and the average magnetic potential energy in terms of the thermodynamic variables, B 
and T.  We could also have chosen to express the average magnetic potential energy in 
terms of B and Mz, giving an equation that parallels equation 11.2: 

 

€ 

U = −MzB . 
 
If there were energy moving in or out of our system of spins, then the average 

magnetic potential energy could change: 
 

€ 

dU = −BdMz −MzdB .     (11.11) 
 

Compare this to the mathematical form of the First Law of Thermodynamics: 
 

  

! 

dU = d'Qinto sys +d'Won sys .   (11.12) 
 
It is tempting to try to draw a one to one relationship with the terms on the right-

hand side of the preceding two equations.  To make that connection, we need first to 
consider the relationship between the entropy of our system and its magnetization.  In 
Chapter 2 we defined entropy as  

 

  

! 

" = # pinpi
i

$  ,     (2.5) 

 
where pi is the probability of finding the system in a microscopic state, i.  That 
probability is determined by the Boltzman factor, exp(-Ei/kBT). 

 
Since the potential energy of a microscopic state of our N dipole system is always 

proportional to the magnetic field, B, and wherever potential energy appears in the 
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Boltzmann factor, it is always divided by the temperature, T (even in the normalization 
constant!), it follows that all Boltzmann factors for our paramagnetic spin system can be 
written as a function of B/T.  We can thus conclude that the entropy can be written as a 
function of B/T only (apart from other constants of the system, specifically N and µ). 

 
If we examine equation 11.9 for the average magnetic moment of the collection of 

dipoles, we see that it too is a function of B/T.  Put another way, we can invert that 
function to read 

 

! 

B
T

=
kB

µ
tanh" 1 Mz

Nµ

# 

$ 
% 

& 

' 
(  . 

 
If we were to substitute this expression into an equation for entropy written as a 

function of B/T, we would find that entropy can be written as a function of average 
magnetic moment only, without direct reference to temperature or magnetic field.  While 
this result applies to a system of non-interacting paramagnetic spins, the situation is not 
as simple when we consider interacting spins in subsequent sections.   

 
An important consequence of the preceding discussion, and the one we wish to 

exploit now, is that for non-interacting paramagnetic spins, holding the entropy fixed has 
exactly the same consequences as holding the magnetization fixed.  We now return to our 
two equations for dU, 11.11 and 11.12.  Let us consider a reversible, infinitessimal 
process, in which case we can replace d'Q with TdS in equation 11.12.  Then we have  

 
  

€ 

dU = TdS+ d'W (reversible process).     (11.13) 
 

If we further specialize to the case of a reversible isentropic process, 
 

  

! 

dU = d'W  (reversible isentropic process).  (11.14) 
 
Now let us consider the other dU equation (11.11).   Since we can hold entropy 

constant by holding the magnetization constant, an isentropic process would be 
characterized by dMz=0.  Thus 

 

! 

dU = " MzdB (reversible isentropic process).  (11.15) 
 

Comparing these two results gives us 
 

  

€ 

d' W = −MzdB  (non-interacting paramagnetic spins).  (11.16) 
 
Using equation 11.16, we can write equation 11.13 as 
 

! 

dU = TdS " MzdBz  , 
 

so that by comparison to equation 11.11 we have 
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! 

TdS= " BdM  (reversible process involving non-interacting  
paramagnetic spins).          (11.17) 

 
The reader who has studied other thermodynamics textbooks may wonder why 

our result for d'W differs from that found in some other textbooks (+BdMz). The answer 
is subtle, but revolves around the issue of how we defined our system.  We took the 
energy of our system to be only the potential energy of the magnetic dipoles in the 
magnetic field, B.  Had we also included the energy associated with the dipole fields, we 
would have arrived at the BdMz form for work.  However, that approach has other pitfalls 
associated with it.  For a more detailed discussion, see Barrett and Macdonald's paper 
(American Journal of Physics 67 (7) 613-615 July 1999) or Statistical Physics by F. 
Mandl (John Wiley & Sons 1988). 

 
In summary, we can write 
 

! 

dU = TdS " MzdB  (reversible process involving non-interacting  
paramagnetic spins).        (11.18) 

 
This equation is analogous to dU=TdS-PdV for simple hydrostatic systems and is 

sometimes referred to as the Fundamental Thermodynamic Equation for the system. 
 

Entropy for Non -Interacting Paramagnetic Atoms  
 
We can use the Fundamental Thermodynamic Equation for our paramagnetic 

system to derive a Maxwell relation.  Working in analogy with similar derivations in 
Chapter 6, we begin by looking at the Helmholtz Free Energy function: 

 

! 

F =U " TS .         (6.15) 
 

A small change in F can be written as 
 

€ 

dF= dU−TdS−SdT= −MzdB−SdT,  
 

where we have used the fundamental thermodynamic equation for the system to reach the 
last equality.  We can then obtain expressions for partial derivatives of F: 

 

! 

" F
" B

# 

$ 
% 

& 

' 
( 

T

= ) Mz

" F
" T

# 

$ 
% 

& 

' 
( 

B

= ) S

.       (11.19) 

 
The Maxwell relation is obtained by differentiating the first expression with 

respect to temperature and the second with respect to applied field: 
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! 

"Mz

"T
# 

$ 
% 

& 

' 
( 
B

=
"S
"B

# 

$ 
% 

& 

' 
( 
T

 .      (11.20) 

 
 

However, we know that the entropy can be written as a function of x=B/T, so that  
 

! 

" S
" B

# 

$ 
% 

& 

' 
( 

T

=
" x
" B

# 

$ 
% 

& 

' 
( 

T

dS
dx

=
1
T

dS
dx

 .    (11.21) 

 
We can work out the derivative on the left hand side of equation 11.20 using 

equation 11.9: 
 

€ 

∂Mz

∂T

 

 
 

 

 
 

B

= −
Nµ2B
kBT2 sech2 µB

kBT

 

 
 

 

 
  .    (11.22) 

 
 

Combining equations 11.20-11.22 we find 
 

€ 

dS
dx

= −
Nµ2x

kB

sech2 µx
kB

 

 
 

 

 
  . 

 
Integration by parts yields 

 

  

! 

S= "Nµ
B
T

tanh
µB
kBT

# 

$ 
% 

& 

' 
( +NkBn cosh

µB
kBT

# 

$ 
% 

& 

' 
( 

) 

* 
+ 

, 

- 
. +C ,  (11.23) 

 
where C is the integration constant.  Its value may be determined by considering the 
behavior of the function as the temperature becomes infinite.  In that case, all 
microscopic states become equally likely.  We can count them exactly the same way we 
counted the number of states for N coins back in Chapter 2.  For any system of N 
particles, each of which has two possible states, the total number of microscopic states is 
2N.  All of these states are accessible in the infinite temperature limit, and so we must 
have 

 

    

! 

Lim
T" #

S= kB! n #  accessible microscopic states( )

= kB! n 2N( ) = NkB! n 2( )
 . 

 
On the other hand, taking the limit directly from equation 11.23 yields (see 

problem 2) 
 

! 

Lim
T" #

S= C . 
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Hence,   

! 

C= NkB! n 2( ), so that we can write 
 

  

! 

S= " Nµ
B
T
tanh µB

kBT

# 

$ 
% 

& 

' 
( +NkB! n 2cosh µB

kBT

# 

$ 
% 

& 

' 
( 

) 

* 
+ 

, 

- 
.  ,   (11.24) 

 
where the second and third terms in equation 11.23 have been combined.  This result is 
consistent with our earlier discussion in that the entropy is a function of B/T. 

 
The entropy is shown in Figure 11.3 as a function of y=µB/kBT.  Notice that as 

the magnetic field increases or the temperature decreases (i.e., y increases) then the 
entropy decreases.  The system is becoming more ordered and has fewer accessible 
microscopic states. 

 
Figure 11.3  the entropy for a system of N non-interacting paramagnetic atoms.  In the figure, 
y=µB/kBT. 

 
 

Isentropic Magnetic Field Reduction  
 
Suppose we have a system of non-interacting paramagnetic dipoles in contact 

with a thermal reservoir at some temperature T.  If we quasistatically increase the 
magnetic field on the system, then according to equation 11.9 the magnetization will 
increase.  The thermal energy, U=-MzB, becomes more negative since both B and Mz are 
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increasing.  This is in contrast to the ideal gas system, for which any isothermal process 
leaves the thermal energy unchanged. 

 
At the same time, Figure 11.3 shows that by increasing the magnetic field, the 

entropy of the system decreases.  We know of course from our previous investigations of 
entropy that there must be heat flow out of the system associated with this decrease in 
entropy.  This process is reminiscent of the heat exhaust step in the cyclic processes we 
have studied earlier.  Among other applications, we saw how to use those processes to 
make refrigeration units.  We will now outline how to use a paramagnetic system as a 
refrigerator. 

 
Having magnetized the sample under isothermal conditions, let us separate it from 

the thermal reservoir while we maintain the magnetic field.  Now, with the system 
insulated so that no heat flow is allowed, we quasistatically decrease the magnetic field.  
This process is then an adiabatic magnetic field reduction.  Assuming there are no 
dissipative aspects to this process, we can describe it as an isentropic magnetic field 
reduction.  We know that for this system the entropy is a function of B/T, so that in order 
to keep the entropy constant, the ratio B/T must remain constant.  Hence by decreasing 
the magnetic field, we cause the temperature to decrease. 

 
This simple analysis suggests that if we decrease our applied field to zero, then 

the temperature of our system will be forced to go to zero also.  In fact, we cannot attain 
absolute zero in this way.  There will always be either some weak residual magnetic field 
from the surroundings or an effective residual magnetic field due to interactions among 
the dipoles.  The lowest temperature we can attain by isentropic demagnetization is then 
dependent upon this residual field.  Commercially available units can cool down to about 
50 mK using isentropic demagnetization.  

Negative Temperature  
 
Let us return momentarily to the simple single dipole system.  We had for the 

probability of the two microscopic states of this system, 
 

! 

P µz =+µ( ) =
expµB

kBT
" 
# $ 

% 
& ' 

expµB
kBT

" 
# $ 

% 
& ' +exp( µB

kBT
" 
# $ 

% 
& ' 

P µz = ( µ( ) =
exp( µB

kBT
" 
# $ 

% 
& ' 

expµB
kBT

" 
# $ 

% 
& ' +exp( µB

kBT
" 
# $ 

% 
& ' 

.    (11.6) 

 
We wish to allow for the possibility that the direction of the applied magnetic 

field may change.  Thus, we will take our positive z axis to point in the direction of the 
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initial  magnetic field.  When µz=+µ, the dipole points along the positive z azis, regardless 
of the current direction of the applied magnetic field. 

  
To give us a concrete example to discuss, suppose we start with our dipole in 

thermal equilibrium at temperature T under the influence of magnetic field B1 in the +z 
direction such that 

 

  

€ 

µB1

kBT
=

1
2

! n3= 0.549 

 
It is easily shown that under these circumstances,  

 

! 

P µz =+µ( ) =
3
4

P µz = "µ( ) =
1
4

 . 

 
If we have N such dipoles, the probability of finding any one of those dipoles in 

the up or down orientation is given by 3/4 and 1/4, respectively.  In other words, 3/4 of 
the dipoles will point in the positive z direction, 1/4 in the negative z direction.  Recalling 
the connection between potential energy and the orientation of the dipole with respect to 
the field, we can equivalently say that 3/4 of the dipoles are in their minimum potential 
energy state (-µB1) and 1/4 are in their maximum potential energy state (+µB1). 

 
Now let us suppose we abruptly reverse the direction of the magnetic field so that 

B2=-B1.  If this shift is rapid enough, the paramagnetic dipoles will not have time to 
respond to the change, so in the short term, at least 3/4 of them will be pointed opposite 
to the magnetic field, placing them in their maximum potential energy state.  If we were 
to assume that the probability of this state is still correctly described by 

 

! 

P µz =+µ( ) =
exp µB2

kBT
" 
# $ 

% 
& ' 

exp µB2
kBT

" 
# $ 

% 
& ' +exp

( µB2
kBT

" 
# $ 

% 
& ' 

 , 

 
then the only way to compensate for the sign switch in B in order to preserve the 
probability value of 3/4 is to also switch the sign of the temperature.  That is, the 
temperature takes on a negative value, exactly opposite in size to its previous positive 
value. 

 
How can we interpret a negative temperature?  If we return to the equation for 

thermal energy in this paramagnetic system,  
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€ 

U = −NµB tanh
µB
kBT

 

 
 

 

 
  ,       (11.10) 

 
we see that for positive temperatures, the thermal energy is negative.  As the temperature 
approaches absolute zero, the thermal energy approaches a limiting value of -NµB.  On 
the other hand, as the temperature approaches infinity, the thermal energy rises towards a 
limiting value of zero.  Put another way, for positive temperature, the thermal energy of 
this paramagnetic system is always negative but it is an increasing function of 
temperature. 

 
When the temperature is negative, the thermal energy is positive.  That is, the 

thermal energy of the system is greater for negative temperatures than for positive 
temperatures.  While the notion of "hot" is not very well defined, if we associate hotness 
with the thermal energy contained in a system, our conclusion must be that when this 
system is at a negative temperature, it is hotter than when it is at a positive temperature.  
To cool down from the negative temperature, heat must flow out of the system--it must 
dump some of its thermal energy.  As the thermal energy approaches zero from the 
positive side, the thermal energy equation above shows that the temperature must tend 
towards negative infinity.  Eventually, when enough energy has been lost, the thermal 
energy reaches zero and the temperature can then be either positive infinity or negative 
infinity.  Further heat loss drops the temperature from positive infinity down to finite 
positive temperatures.  Thus the path between negative temperatures and positive 
temperatures goes not through absolute zero but rather through infinite temperature. 

 

A Ferromagnetic Mean Field Theory  
 
We now turn our attention to magnetic dipoles that interact with each other.  The 

details of the interaction are quantum mechanical in nature, but for our purposes it is 
sufficient to note that in some cases these interactions create a tendency for the dipoles to 
line up parallel to each other.  This type of interaction is known as a ferromagnetic 
interaction, and we will see that it provides insight into the thermodynamics of 
ferromagnetic materials.  The ferromagnetic interaction can be modeled as a potential 
energy associated with the dipoles which is minimized when they are parallel to each 
other and maximized when they are exactly opposite to each other. 

 
Let us focus our attention on a single dipole out of a collection of 

ferromagnetically interacting dipoles.  Even if there is no external magnetic field applied 
to this system of dipoles, the one we focus on will have a tendency to point in a particular 
direction, that direction being determined by the direction of its interacting neighbors.  
That is, if most of the dipole's neighbors point in the positive z direction, then that dipole 
is also more likely to point in the positive z direction, since that is the direction which 
minimizes its potential energy. 
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We can treat the potential energy of the dipole in an approximate way if we view 
its interactions with its neighbors as giving rise to an effective magnetic field, Beff, that it 
experiences.  This effective field is known as the mean field in that it represents the 
average effect of the interactions between any single dipole and its neighbors.  Then we 
can write its potential energy due to this effective field as 

 

    

! 

U B = "
! 
µ ¥

! 
B eff  .       (11.25) 

 
If we assume as we did with the paramagnetic dipoles that only two possible 

dipole orientations are possible (µz=+µ and µz=-µ ), then analyzing the thermodynamics 
of this single dipole is exactly the same as for the paramagnetic system, and we have 

 

€ 

M1z = µ tanh
µBeff
kBT

 

 
 

 

 
  .      (11.26) 

 
The magnetization, M1z, is that of a single dipole rather than the whole collection of 
paramagnetic atoms.  This is because we chose to focus on a single dipole as our system.   

 
Suppose all of the dipoles have similar interactions; then all of them will have a 

similar magnetization.  At the same time, it is the magnetization of the surrounding 
dipoles that determines the effective magnetic field acting on the dipole of interest.  That 
is, we expect 

 

! 

Beff = "M1z  ,       (11.27) 
 

where !  is a constant which depends on the strength and number of interactions our 
dipole has.  We can rewrite the magnetization equation as 

 

€ 

M1z = µ tanh
µλM1z

kBT

 

 
 

 

 
  .      (11.28) 

 
For a given temperature, we can in principle solve this equation for the 

magnetization.  In practice, the solution is not straightforward, but we can at least 
understand the nature of the solution.  First we set  

 

  

! 

Mz’=
M1z

µ
         (11.29) 

 
and 

 

! 

" =
µ2#
kBT

  ,       (11.30) 

 
so that 
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! 

Mz'= tanh " Mz'( )  .       (11.31) 

 
We can find the solution graphically by plotting the two functions, 
 

  

! 

y = tanh " Mz '( ) 
 

and 
 

  

! 

y= Mz'   
 

and seeing where they intersect.  The function tanh(" Mz') starts out at zero and 
approaches 1 as Mz' approaches infinity.  Of course the other function,   

! 

y = Mz' , starts out 
at zero and approaches infinity as Mz' approaches infinity.  We can immediately conclude 
that regardless of the value of " , Mz'=0 is always a solution to equation 11.31.  However, 
a second solution may also exist.  We know that for large enough Mz',   

€ 

y=Mz ' will 
exceed   

! 

y = tanh " Mz '( ) .  If for small values of Mz' the reverse is the case, then the two 
functions must cross, indicative of a second solution. 

 
Therefore, a second solution to equation 11.31 will exist if the tanh function takes 

off more rapidly than the linear function, that is if 
 

  

! 

d tanh " Mz'( )[ ]
dMz' M z '= 0

>1 . 

 
This condition requires " >1, or returning to our definition of "  (equation 11.30), 
 

€ 

T <
µ2λ
kB

 . 

 
In summary, for values of T sufficiently low (as determined by the nature of the 

interactions in our system) there is a solution to the magnetization equation which 
corresponds to a non-zero magnetization even in the absence of an externally applied 
magnetic field.  However, when the temperature exceeds the critical value of µ2! /kB, then 
the magnetization must be zero.  What this describes qualitatively is the ferromagnetic to 
paramagnetic phase transition.  At sufficiently low temperatures, a system with 
ferromagnetic interactions can have a magnetization even in the absence of an externally 
applied magnetic field.  As the system is heated up, however, the thermal energy 
becomes so great that the dipole interactions are not strong enough to maintain the order 
of a magnetized state.  The magnetization vanishes and will only return if a magnetic 
field is applied, a characteristic common to the paramagnetic phase. 
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Figure 11.4  Solving the paramagnetic mean field equations graphically. 

More Realistic Ferromagnetic Models  
 
When one looks at a magnetic dipole in the mean field theory approach to 

ferromagnetism, each of its neighbors is assumed to behave independently of each other.  
In real ferromagnetic systems there are important correlations among the neighbors that 
have a significant effect on the nature of the phase transition.  Suppose we have a large 
set of magnetic dipoles in a square array as shown in Figure 11.5.  If each dipole interacts 
with just its nearest neighbors, then each will have a total of four interaction terms.  The 
interactions take the form -Jµ1zµ2z where J is a positive constant that represents the 
strength of the interaction, and the allowed values of µz are +µ and -µ as before.  This 
model is known as the two-dimensional Ising model on a square lattice.   
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Figure 11.5 A schematic representation of the two-dimensional Ising model on a square lattice.  
Each arrow represents an atomic dipole. 

 
 
Since J>0 in our model, the preferred orientation, that is the one that minimizes 

the potential energy, has adjacent dipoles parallel to each other.  With some effort, one 
can calculate the thermal energy and the magnetic moment for this system.  We will 
focus our attention on the latter, which is given by 

 

€ 

M = Nµ 1− sinh
2Jµ2

kBT

 

 
 

 

 
 

−4 

 
 
 

 

 
 
 

1
8

  .     (11.32) 
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Figure 11.6 The magnetic moment (plotted as M/Nµ) as a function of temperature (plotted as 
kBT/Jµ2) is shown for the two-dimensional Ising model on a square lattice. 

 
When T exceeds a critical value (  

€ 

kBTC ≈ 2.27Jµ
2 ), then there is no real value for 

the magnetic moment, so it is zero there.  As the temperature drops through TC, the 
magnetic moment rises sharply, indicating that the thermal energy is small enough that 
the interaction between the dipoles dominates, and the system becomes magnetized.  
Note that there is no magnetic field in this model.  A ferromagnet can be magnetized 
even without a field present. 

 
When our system makes a transition from the paramagnetic phase into the 

ferromagnetic phase and there is no magnetic field present, it is equally likely for the 
dipoles to point in the positive z direction as in the negative z direction.  What generally 
happens is that domains are formed.  Within each domain the system is strongly 
magnetized.  However, adjacent domains are magnetized in different directions.  If the 
system is exposed to a weak magnetic field as it is cooling down or a strong magnetic 
field after it has cooled down, then the dipoles will have a preference to line up parallel to 
the magnetic field.  Thus there will be a single domain and nonzero magnetic moment for 
the sample. 
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It turns out that the presence of an applied magnetic field eliminates the 
paramagnetic to ferromagnetic phase transition for the two dimensional Ising model.  
Even though the system becomes magnetized, there is no phase transition in the sense of 
a having a discontinuity in the derivative of a free energy function.  So we return to the 
case of no magnetic field being applied to our sample and ask what is the order of the 
phase transition.  The reader may recall that the order is determined by the derivative of 
the free energy function for which the first discontinuity appears.  If we re-examine the 
plot of the magnetic moment as a function of temperature, it is clear that while the 
magnetic moment is continuous at the transition temperature, its first derivative is not.  
Equation 11.9 shows that the magnetic moment itself may be related to a first derivative 
of a free energy function.  That in turn suggests the discontinuity shows up in a second 
derivative of a free energy function, so that this is a second order phase transition. 
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Problems  
 
Note: for some of these problems, Appendix B on the hyperbolic functions may 

prove useful. 
 

1.  Consider a single paramagnetic spin in an applied magnetic field, B, and in thermal 
equilibrium.  For what temperature will P(µz=+µ)=0.99?  Express your answer in 
terms of kB, µ, and B. 

 
2. Starting from equation 11.23, verify that 

! 

Lim
T" #

S=C  . 

 
3. Evaluate the zero temperature limit of the expression for entropy in a paramagnetic 

system.  Explain how the result makes sense physically.  
 

4. Derive the following Maxwell relation for a system of non-interacting paramagnetic 
spins:  

! 

" T
" B

# 

$ 
% 

& 

' 
( 

S

= )
" Mz

" S

# 

$ 
% 

& 

' 
( 

B

 

Hint: Use U as your starting energy function. 
 

5. Show that at sufficiently high temperatures, the magnetic moment of a paramagnetic 
system is approximately given by 

€ 

Mz ≈
Nµ2B
kBT

 

 
6.  Consider a single magnetic dipole in an applied field, B, oriented in the z direction.  

Suppose the z component of the dipole moment can take on three possible values, µz= 
+µ, 0, -µ.  (This corresponds to a quantum spin 1 case, as opposed to the spin 1/2 case 
looked at earlier in the chapter.)  
a. Write out the Boltzmann factors for each of the three possible microscopic states. 
b. Write out the normalized probability functions for each of the three possible states. 
c. Show that the thermal average energy is given by 

€ 

U = −µB

2sinh
µB
kBT

 

 
 

 

 
 

1+ 2cosh
µB
kBT

 

 
 

 

 
 

 

d. Mathematically evaluate the zero and infinite temperature limits of U and discuss 
how they make sense physically.  

 
7. Sketch a plot of the thermal energy of a single spin 1/2 paramagnetic atom in a 

magnetic field as a function of TÕ= kBT/µB, for TÕ ranging from -5 to +5.  Discuss the 
features of the plot in light of the section on negative temperature.  
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8. Discuss the physics behind TdS when the system you are examining has negative 

temperature.  Will dS be negative or positive when heat flows in?  Does this result 
make sense?  

 
9. In the mean field ferromagnetic model, for what temperature is the magnetization of a 

single dipole equal to µ/2?  Express your answer in terms of µ, ! , and kB.  
 

10.  Approximate solution to the mean field theory equation 
a. Starting from the mean field equation 11.28, expand the tanh function to third order 
(i.e., to the cubic term) and solve for M1z.  The result will be an approximate 
expression for the magnetization as a function of temperature for weakly magnetized 
systems.  
b. Use this equation to estimate the magnetization when kBT/!µ 2=0.995 . 
c. Will this approximation be valid when kBT/!µ 2=0.9?  Why or why not? 

 
11. By determining the temperature at which the magnetic moment vanishes for a two-

dimensional Ising system on a square lattice, show analytically that the phase 
transition temperature is determined by the equation 

  

! 

T =
2Jµ2

kB! n 1+ 2( )
   . 

 
12. In the discussion of mean field theory in this chapter, it was stated that in order that  

  

! 

d tanh " Mz '( )[ ]
dMz ' Mz '= 0

>1, 

it must be true that " >1.  Prove this assertion. 
 

13. In Chapter 2, we saw that the dimensionless entropy for unequally weighted states 
can be calculated with the equation 

  

! 

" = # pi! n pi( )
i

$    (2.5) 

where the sum is over all microscopic states and pi represents the probability of 
finding the system in microscopic state i.  Use this expression to show that the 
entropy for a single spin 1/2 dipole in a magnetic field is given by 

  

! 

S= "µ
B
T

tanh
µB
kBT

# 

$ 
% 

& 

' 
( +kB! n 2cosh

µB
kBT

# 

$ 
% 

& 

' 
( 

) 

* 
+ 

, 

- 
.   . 

This result verifies equation 11.24 in the N=1 case. 
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