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Chapter 11 1

Magnetic Materials

Overview of Magnetic Properties

In this chapter, we will examine the thermodynamics of magnetism. We will
focus on simple models paramagneticandferromagnetic systems to enhance our
qualitative understanding of timagnetic properties of some materials. A feature
common to these two materials is that when they are in the presence of a sufficiently
strong magnetic field, they have a tendency to become magnetized in the direction of that
field. The distinction betwen these two materials is that a ferromagnet can maintain its
magnetization even when the external magnetic field is turned off, whereas a paramagnet
cannot.

Let us begin with a review of some basic concepts of magnetism. An object that
has become magrnetd by a uniform magnetic field will contain a north pole and a south
pole. They are inseparable, and we emphasize this by referring to the combination as a
magnetic dipole. We quantify the description of a magnetic dipole through the magnetic

dipole manent,M . The vector points towards the magnetic north pole. The magnitude
of the vector can be determined through torque or energy measurements using the
equations we outline below.

A compass needle is a lighteight magnetic dipel. It is free to rotate and will
swing around so that its dipole moment is parallel to the external magnetic field it is
experiencing. We can express that tendency by describing the torque on the magnet:

"“_M#B . (11.1)

This toraque is at a maximum when the dipole momavit, is perpendicular to the
external field,B. We can also express the tendency to rotate in terms widtpeetic
potential energy, U g:

U,="M¥B . (11.2)

Recalling that torques and forces have a tendency to push a system towards its potential
energy minimum, we see that this expression also predicts that a magnetized object will
rotate until it is parallel to the magnetic field since that is wittakes to minimizéJ ;.

In paramagnetic and ferromagnetic materials, we find that there exist permanent
magnetic dipoles on an atomic scale. The origin of these moments is a quantum
mechanical effect relating to the orbital motion of the electron andléttron spin
(unless we are talking about nuclear magnetic effects, a topic that will be treated briefly
later). In some atoms, the magnetic moments of all the electrons exactly cancel. In
others, they do not. The details of how to predict whetheobthere is a net atomic
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Chapter 11 2

dipole moment are better left to a quantum mechanics course. We will take it for granted
that in certain atoms, there do exist magnetic dipole moments.

Magnetic Properties of an Isolated Atom

Let us define the magnetic dipateoment of an individual atom to e The
magnitude of this moment will be determined by the specific type of atom. If we place
this single atom in a magnetic field, it will have a potential energy

U,="[¥B . (11.3)

To go further, we must once again borrow some results from quantum mechanics.
It turns out that measurements of the componenjs béve only certain discrete values
allowed. One begins by defining the z axis to be in theitie of the external magnetic
field. The magnetic dipole moment is thepnantized along this direction. That is, a
measurement qf, will always produce just one of a handful of allowed valués: most
of this chapter, we will restrict ourselves to the simplest case in which the only two
allowed values qgfi, are +4 and-p.. We stress that this does not cover all physical
possibilties, but it does provide us with a simple, analyzable model which gives insight
into the thermodynamics of magnetic systems and of magnetic phase transitions.

With our restrictions imposed, there are just two possible values for the magnetic
potential eergy of the single atom in a magnetic field:

U,="uB or U=+ , (11.4)

corresponding to the dipole moment being parallel to or opposite to the magnetic field,
respectively.

Next we venture into an analysis that is normally reserved fortstatis
mechanics courses. Nevertheless, the reader has been amply prepared for it through our
introduction to the Boltzmann factor in Chapter 3 and our use of it and related probability
functions in Chapter 10. Assuming that this single atom is in thexgualibrium at
temperature T, what is the probability of finding it in either one of its two possible states?
From Chapter 3, we know in general

#E IS
P(s)=C expg/0 SkBT( ,

where C is a normalization constant. In our example, we have
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" %
P(u, =+1)=C expgl%BT.&o

4

" ) (11.5)
P, =(k) =Cerpg " 1o

Now, the probability function must be normalized. That is, the dipole must point
one way or another with unit probability:

1=P(u, =+1)+ P, ="H)

This gives

C= 1
Toq® o8,
ex %BT&R- GX% kBng

from which we obtain

n B %

expg1 KBT&
"B,/ % _ "(uB/ Y
%JKBTL&%X% KBTL@

“(UB/ %
ex KT8

,=( p) = 0 " )
exigl%BTég eX[# M%BTé

Py, =+u) =
ex

(11.6)

P(u
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Figure 11.1 The probability (P+) that an atom has its dipole moment pointing in the same
direction as the external magnetic field. - Bhows the probability for the moment pointing
opposite the field.

Figure 11.1 shows the probability asgmted with the two states of the atom.
Notice that at any given temperature, these two probabilities must always sum to 1. At
low temperatures, the dipole is nearly always found pointing parallel to the applied field.
This is the state that minimizés magnetic potential energy. As the temperature
increases, however, thermal energy becomes available which allows the atom to be found
on occasion in the higher potential energy state, associated with the dipole pointing
opposite to the external fieldAs the temperature gets very large, both probabilities
approach 1/2. This is consistent with what we saw in Chapter 3. In the limit of infinite
temperature, all microscopic states are equally likely.

We can now calculate the average magnetic momehiso$ingle dipole. The
average value of the z component of its dipole moment tives the probability we
will find it pointing parallel to the magnetic field addedtotimes the probability we
will find it pointing opposite to the magnetic field:
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u(exp

uB 3 -uB
kBT] exl’[ %BTD
Ao

We can express this and subsequent results more coynipactltake advantage
of the hyperbolic trigonometric functions:

n " X

sinh(x) = € 5 coshx) = € +2e
tanh(x) = sinh(x) _ eX " e"X
cost{x) e‘+e
Then we find
M =t rgk— HB 7 (11.7)
=utan o .
:—H T
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Figure 11.2 The average magnetic moment of a single dipole in an external field. The field is
measuredm units of ksT/u and the magnetic moment is measured in unitstof

Figure 11.2 shows the average magnetic moment as a function of the applied
magnetic field. Notice that when the magnetic field goes to zero, so does the
magnetization. This property is characterisfiparamagnetic behavior. On the other
hand, when the magnetic field is sufficiently strong, the magnetization approaches its
maximum value|f). How strong does the field have to be for the magnetization to be
nearly a maximum? From the plot we see tiaineed B to be somewhat greater than
kg T/H.

We get a second result from our calculation at little extra cost. Since the potential
energy isU ; ="u,B, then the average magnetic potential energy is

U=(U =" (1B =" B rangd B¢ 11.8
=(U )= <uz>—utan$(r§( : (11.8)

The plot of the average magnetic potential energy as a function of magnetic field will, of
course, have an appearance identical to that in Figure 11.2.
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Chapter 11 7

The Fundamental Thermodynamic Equation for Non  -Interacting
Paramagnetic Atoms

The simplest model for aapamagnet would consist of N identical atoms as
described in the previous section. If the atoms do not have any magnetic interactions
with each other, then the only contribution to their thermal energy comes from their
interaction with the external fieldinder these conditions, any extensive thermodynamic
quantities for the set of N atoms (such as magnetic moment and thermal energy) can be
found by multiplying the single atom result by N:

uB
M =Ny ranh 11.9
, =Nuran (kBT) (11.9)
#uB &
U="NuBtanhts (. (11.10)
(
& T

In the above equations, we have chosen to express the both the magnetic moment
and the average magnetic potential energy in terms of the thermodynamic variables, B
and T. We could also have chosen to express the average magnetic potentiahenergy
terms of B and I giving an equation that parallels equation 11.2:

U=-M,B.

If there were energy moving in or out of our system of spins, then the average
magnetic potential energy could change:

dU =-BdM, -M_dB . (11.11)
Compare this to the mathematical form of the First Law of Thermodynamics:

dU=d'Q, .. +d'W . (11.12)

into sys on sys

It is tempting to try to draw a one to one relationship with the terms on the right
hand side of the preceding two equations. To make thaectan, we need first to
consider the relationship between the entropy of our system and its magnetization. In
Chapter 2 we defined entropy as

" =#$ pinp,, (2.5)

where pis the probability of finding the system in a microscopic stat&hat
probability is determined by the Boltzman factor, ekgkgT).

Since the potential energy of a microscopic state of our N dipole system is always
proportional to the magnetic field, B, and wherever potential energy appears in the
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Boltzmann fator, it isalwaysdivided by the temperature, T (even in the normalization
constant!), it follows that all Boltzmann factors for our paramagnetic spin system can be
written as a function of B/T. We can thus conclude that the entropy can be written as a
function of B/T only (apart from other constants of the system, specifically IN)and

If we examine equation 11.9 for the average magnetic moment of the collection of

dipoles, we see that it too is a function of B/T. Put another way, we can invert that
function to read

L HM 8
E :&tanh 1%%(
T u u

If we were to substitute this expressiinto an equation for entropy written as a
function of B/T, we would find that entropy can be written as a function of average
magnetic moment only, without direct reference to temperature or magnetic field. While
this result applies to a system of Aoteracting paramagnetic spins, the situation is not
as simple when we consider interacting spins in subsequent sections.

An important consequence of the preceding discussion, and the one we wish to
exploit now, is that for neimteracting paramagnetspins, holding the entropy fixed has
exactly the same consequences as holding the magnetization fixed. We now return to our
two equations for dU, 11.11 and 11.12. Let us consider a reversible, infinitessimal
process, in which case we can replace d'Q W8 in equation 11.12. Then we have

dU=TdS+d'W (reversible process). (11.13)
If we further specialize to the case of a reversible isentropic process,
du=d'W (reversible isentropic process). (11.14)

Now let us conigler the other dU equation (11.11). Since we can hold entropy
constant by holding the magnetization constant, an isentropic process would be
characterized by dM0. Thus

dUu="M,dB (reversible isentropic process). (11.15)
Comparing thesewo results gives us
dW=-M,dB (noninteracting paramagnetic spins). (11.16)
Using equation 11.16, we can write equation 11.13 as

dU=TdS" M,dB, |,

so that by comparison to equation 11.11 we have
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TdS="BdM (revesible process involving nemmteracting
paramagnetic spins). (11.17)

The reader who has studied other thermodynamics textbooks may wonder why
our result for d'W differs from that found in some other textbooks (+Bdhe answer
is subtle, butevolves around the issue of how we defined our system. We took the
energy of our system to be only the potential energy of the magnetic dipoles in the
magnetic field, B. Had we also included the energy associated with the fokjpdewe
would have aived at the BdMform for work. However, that approach has other pitfalls
associated with it. For a more detailed discussion, see Barrett and Macdonald's paper
(American Journal of Physi& (7) 613615 July 1999) oBtatistical Physicby F.
Mandl (Jdin Wiley & Sons 1988).

In summary, we can write

dU=TdS" M, dB  (reversible process involving nenteracting
paramagnetic spins). (11.18)

This equation is analogous to dU=T88V for simple hydrostatic systems and is
sometimes referret as thdcundamental Thermodynamic Equationfor the system.

Entropy for Non -Interacting Paramagnetic Atoms

We can use the Fundamental Thermodynamic Equation for our paramagnetic
system to derive a Maxwell relation. Working in analogy with similavdé&dns in
Chapter 6, we begin by looking at the Helmholtz Free Energy function:

F=U"TS. (6.15)
A small change in F can be written as
dF=dU-TdS-SdT=-M,dB-SdT,

where we have used the fundamental thermodynamic equation fgstemdo reach the
last equality. We can then obtain expressions for partial derivatives of F:

#'E&

e FE oM,
B";

HE& '

& =)S

The Maxwell relation is obtained by differentiating the first expression with
respect to temperature and the secont wespect to applied field:

(11.19)
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Go M.k 5 S (11.20)
"T B B T

However, we know that the entropy can be written as a function of x=B/T, so that

#'S& #"x& dS_1dS

é%( §f o Tdx (11.21)

We can work out the derivative on the left hand side of equatid20 using
equation 11.9:

(aMZ) _ NWB e[ HBY (11.22)
0T ), kT KT

Combining equations 11.201.22 we find

2
dS__Nuwx X seanz| X
ax kg K,

Integration by parts yields

S=" Nu—tanhgéﬁ—“Nk €n+cos $/P(—( +C (11.23)

where C is the integration constant. Its value maygberchined by considering the

behavior of the function as the temperature becomes infinite. In that case, all
microscopic states become equally likely. We can count them exactly the same way we
counted the number of states for N coins back in Chapteofany system of N

particles, each of which has two possible states, the total number of microscopic states is
2V, All of these states are accessible in the infinite temperature limit, and so we must
have

Lim S=k,!n(# accessiblenicroscopicstates)
=k 'n(ZN) Nkg! n(2)

On the other hand, kang the limit directly from equation 11.23 yields (see
problem 2)
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Hence,C=Nk;!n(2), so that we can write
B #uB& ) #1B &
S="Nu—=tanhy +Nkg! n+2cosho Oy 11.24
optantg i Nt eosg 7. (.24

where the second and third terms in equation 11.23 have been combmedesult is
consistent with our earlier discussion in that the entropy is a function of B/T.

The entropy is shown in Figure 11.3 as a function @iB/k;T. Notice that as
the magnetic field increases or the temperature decreases (i.e., y indreasds)
entropy decreases. The system is becoming more ordered and has fewer accessible
microscopic states.
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Figure 11.3 the entropy for a system of N namieracting paramagnetic atoms. In the figure,
y:ﬂB/kBT

Isentropic Magnetic Field Reduction

Suppose we have a system of fioteracting paramagnetic dipoles in contact
with a thermal reservoir at some temperature T. If we quasistatically increase the
magnetic field on the system, then according to equation 11.9 the magnetization will
increase.The thermal energy, U¥ B, becomes more negative since both B ancdud
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increasing. This is in contrast to the ideal gas system, for which any isothermal process
leaves the thermal energy unchanged.

At the same time, Figure 11.3 shows that by incregasia magnetic field, the
entropy of the system decreases. We know of course from our previous investigations of
entropy that there must be heat flow out of the system associated with this decrease in
entropy. This process is reminiscent of the heatwesthsiep in the cyclic processes we
have studied earlier. Among other applications, we saw how to use those processes to
make refrigeration units. We will now outline how to use a paramagnetic system as a
refrigerator.

Having magnetized the sample undsmthermal conditions, let us separate it from
the thermal reservoir while we maintain the magnetic field. Now, with the system
insulated so that no heat flow is allowed, we quasistatically decrease the magnetic field.
This process is then adiabatic magnetic field reduction Assuming there are no
dissipative aspects to this process, we can describe itissnairopic magnetic field
reduction. We know that for this system the entropy is a function of B/T, so that in order
to keep the entropy constathe ratio B/T must remain constant. Hence by decreasing
the magnetic field, we cause the temperature to decrease.

This simple analysis suggests that if we decrease our applied field to zero, then
the temperature of our system will be forced to gceto also. In fact, we cannot attain
absolute zero in this way. There will always be either some weak residual magnetic field
from the surroundings or an effective residual magnetic field due to interactions among
the dipoles. The lowest temperature \a@ attain by isentropic demagnetization is then
dependent upon this residual field. Commercially available units can cool down to about
50 mK using isentropic demagnetization.

Negative Temperature

Let us return momentarily to the simple single dipokteay. We had for the
probability of the two microscopic states of this system,

e@% =y

P(u, =
ex;#% T 9rex% % TR
(11.6)

P(u, = (1) =— 0
* expMTaexpﬁ %T

We wish to allow for the possibility that the direction of the applied magnetic
field may change. Thus, we will take our positive z axipdint in the direction of the
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initial magnetic field. Whep,=+y, the dipole points along the positive z azis, regardless
of the current direction of the applied magnetic field.

To give us a concrete example to discuss, suppose we start with oeridipol
thermal equilibrium at temperature T under the influence of magnetic fiefdtBe +z
direction such that

BBy 130540
koT 2

It is easily shown that under these circumstances,

3
P(p_z = +u) = Z
1
P(p_z =" u) = _4

If we have N such dipoles, the prolday of finding any one of those dipoles in
the up or down orientation is given by 3/4 and 1/4, respectively. In other words, 3/4 of
the dipoles will point in the positive z direction, 1/4 in the negative z direction. Recalling
the connection between temtial energy and the orientation of the dipole with respect to
the field, we can equivalently say that 3/4 of the dipoles are in their minimum potential
energy state-(1B,) and 1/4 are in their maximum potential energy stgud ()t

Now let us supposeevabruptly reverse the direction of the magnetic field so that
B,=-B,. If this shift is rapid enough, the paramagnetic dipoles will not have time to
respond to the change, so in the short term, at least 3/4 of them will be ppptesite
to the magnetidield, placing them in themaximumpotential energy state. If we were
to assume that the probability of this state is still correctly described by

e’xp%“l32 o
k. T
P, =H1)=— :

&
puB % _"(uB 9’
expg %BT&S- exPg 2 k, T8

then the only way to compensate for the sign switch in B in order to prekerve
probability value of 3/4 is to also switch the sign of the temperature. That is, the
temperature takes on a negative value, exactly opposite in size to its previous positive
value.

How can we interpret a negative temperature? If we return to tizi@q for
thermal energy in this paramagnetic system,
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uB
U =-NuBtan , 11.10
u f{k T) ( )

B

we see that for positive temperatures, the thermal energy is negative. As the temperature
approaches absolute zero, the thermal energy approaches a laitiagf-NuB. On

the other hand, as the temperature approaches infinity, the thermal energy rises towards a
limiting value of zero. Put another way, for positive temperature, the thermal energy of
this paramagnetic system is always negative but it is@easing function of

temperature.

When the temperature is negative, the thermal energy is positive. That is, the
thermal energy of the system is greater for negative temperatures than for positive
temperatures. While the notion of "hot" is not vesllwlefined, if we associate hotness
with the thermal energy contained in a system, our conclusion must be that when this
system is at a negative temperature, it is hotter than when it is at a positive temperature.
To cool down from the negative temperatuiheat must flow out of the systermust
dump some of its thermal energy. As the thermal energy approaches zero from the
positive side, the thermal energy equation above shows that the temperature must tend
towards negative infinity. Eventually, whenough energy has been lost, the thermal
energy reaches zero and the temperature can then be either positive infinity or negative
infinity. Further heat loss drops the temperature from positive infinity down to finite
positive temperatures. Thus thdlphetween negative temperatures and positive
temperatures goes not through absolute zero but rather through infinite temperature.

A Ferromagnetic Mean Field Theory

We now turn our attention to magnetic dipoles that interact with each other. The
detailsof the interaction are quantum mechanical in nature, but for our purposes it is
sufficient to note that in some cases these interactions create a tendency for the dipoles to
line up parallel to each other. This type of interaction is knowrf@sanagnetic
interaction, and we will see that it provides insight into the thermodynamics of
ferromagnetic materials. The ferromagnetic interaction can be modeled as a potential
energy associated with the dipoles which is minimized when they are parallel to each
other and maximized when they are exactly opposite to each other.

Let us focus our attention on a single dipole out of a collection of
ferromagnetically interacting dipoles. Even if there is no external magnetic field applied
to this system of dipolethie one we focus on will have a tendency to point in a particular
direction, that direction being determined by the direction of its interacting neighbors.
That is, if most of the dipole's neighbors point in the positive z direction, then that dipole
is dso more likely to point in the positive z direction, since that is the direction which
minimizes its potential energy.
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We can treat the potential energy of the dipole iagproximateway if we view
its interactions with its neighbors as giving risatoeffective magnetic field, B that it
experiences. This effective field is known asriremn fieldin that it represents the
average effect of the interactions between any single dipole and its neighbors. Then we
can write its potential energy duethis effective field as

U,="h¥B,,. (11.25)

If we assume as we did with the paramagnetic dipoles that only two possible
dipole orientations are possibie£+u andy,=- ), then analyzing the thermodynamics
of this single dipole is exactly the same as for the paramagnetic system, and we have

M,, =utan UBr : (11.26)
k, T

The magnetization, M is that of a single dipole rather than the wholéectibn of
paramagnetic atoms. This is because we chose to focus on a single dipole as our system.

Suppose all of the dipoles have similar interactions; then all of them will have a
similar magnetization. At the same time, it is the magnetizatidmecfurrounding
dipoles that determines the effective magnetic field acting on the dipole of interest. That
iS, we expect

B;="M,, (11.27)

where! is a constant which depends on the strength and number of interactions our
dipole has. We can rewrite the magnetization equation as

M, =utanr{%) . (11.28)
B

For a given temperature, we can in principle solve this equation for the
magnetzation. In practice, the solution is not straightforward, but we can at least
understand the nature of the solution. First we set

|v|z’=m (11.29)
VI
and
2
. HH , (11.30)
k,T
so that
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M,'=tanb(" M,’) . (11.31)
We can find the solution graphically by plotting the two functions,
y =tanh(" M,)
and
y=M,’

and seeing where they intersect. The function tadiij starts out at zero and
approaches 1 as Mapproaches infinity. Of course the other functipr, M,', starts out

at zero and approaches infinity as Bpproaches infinity. We can immediately conclude
that regardless of the valuéo, M,'=0 is always a solution to equation 11.31. However,
a second solution may also exist. We know that for large enoygly MM, " will

exceedy =ranh(" M,’). If for small values of Mthe reverse is the case, then the tw

functions must cross, indicative of a second solution.

Therefore, a second solution to equation 11.31 will exist if the tanh function takes
off more rapidly than the linear function, that is if

d[rani(* M,

M,'=0
This condition require$>1, orreturning to our definition of (equation 11.30),

2
T<M
k

B

In summary, for values of T sufficiently low (as determined by the nature of the
interactions in our system) there is a solution to the magnetization equation which
correspond$o a noRzero magnetization even in the absence of an externally applied
magnetic field. However, when the temperature exceeds the critical valtlglqf then
the magnetization must be zero. What this describes qualitatively is the ferromagnetic to
paramagnetic phase transition. At sufficiently low temperatures, a system with
ferromagnetic interactions can have a magnetization even in the absence of an externally
applied magnetic field. As the system is heated up, however, the thermal energy
becomeso great that the dipole interactions are not strong enough to maintain the order
of a magnetized state. The magnetization vanishes and will only return if a magnetic
field is applied, a characteristic common to the paramagnetic phase.
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Figure 11.4 Sdtving the paramagnetic mean field equations graphically.

More Realistic Ferromagnetic Models

When one looks at a magnetic dipole in the mean field theory approach to
ferromagnetism, each of its neighbors is assumed to behave independently of each other.
In real ferromagnetic systems there are important correlations among the neighbors that
have a significant effect on the nature of the phase transition. Suppose we have a large
set of magnetic dipoles in a square array as shown in Figure 11.5. If palehidiieracts
with just its nearest neighbors, then each will have a total of four interaction terms. The
interactions take the foradu,1,, where J is a positive constant that represents the
strength of the interaction, and the allowed valugs, afe+u and-pu as before. This
model is known as thevo-dimensional Ising model on a square lattice
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Figure 11.5 A schematic representation of the tdonmensional Ising model on a square lattice.
Each arrow represents an atomdipole.

Since J>0 in our model, the preferred orientation, that is the one that minimizes
the potential energy, has adjacent dipoles parallel to each other. With some effort, one
can calculate the thermal energy and the magnetic moment for this sy&fkemill
focus our attention on the latter, which is given by

a1
1-(s,inhZJM ) } . (11.32)
kT

B

M =Nu
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Figure 11.6 The magnetic moment (plotted as MUNas a function of temperature (plotted as
ke T/J?) is shown for the twadimensional Ising model on a square lattice.

When T exceeds a critical valuk(T. =~ 2.27Ju?), then there is no real value for
the magnetic moment, so it is zero there.thestemperature drops through The
magnetic moment rises sharply, indicating that the thermal energy is small enough that
the interaction between the dipoles dominates, and the system becomes magnetized.
Note that there is no magnetic field in thisdeb A ferromagnet can be magnetized
even without a field present.

When our system makes a transition from the paramagnetic phase into the
ferromagnetic phase and there is no magnetic field present, it is equally likely for the
dipoles to point in the mitive z direction as in the negative z direction. What generally
happens is thatomainsare formed. Within each domain the system is strongly
magnetized. However, adjacent domains are magnetized in different directions. If the
system is exposed toneeak magnetic field as it is cooling down or a strong magnetic
field after it has cooled down, then the dipoles will have a preference to line up parallel to
the magnetic field. Thus there will be a single domain and nonzero magnetic moment for
the sample
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It turns out that the presence of an applied magnetic field eliminates the
paramagnetic to ferromagnetic phase transition for the two dimensional Ising model.
Even though the system becomes magnetized, there is no phase transition in the sense of
a hawng a discontinuity in the derivative of a free energy function. So we return to the
case of no magnetic field being applied to our sample and ask what is the order of the
phase transition. The reader may recall that the order is determined by theveeriva
the free energy function for which the first discontinuity appears. If vexaenine the
plot of the magnetic moment as a function of temperature, it is clear that while the
magnetic moment is continuous at the transition temperature, its finsitdes is not.
Equation 11.9 shows that the magnetic moment itself may be related to a first derivative
of a free energy function. That in turn suggests the discontinuity shows up in a second
derivative of a free energy function, so that this is arsg¢ooder phase transition.
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Problems

Note: for some of these problems, Appendix B on the hyperbolic functions may
prove useful.

1. Consider a single paramagnetic spin in an applied magnetic field, B, and in thermal
equilibrium. For what temperatural\WP (,=+1)=0.99? Express your answer in
terms of k, 4, and B.

2. Starting from equation 11.23, verify th%tl’;l S=C.

3. Evaluate the zero temperature limit of the expression for entropy in a paramagnetic
system. Explain how the result maksense physically.

4. Derive the following Maxwell relation for a system of Aioeracting paramagnetic
spins:

#T&_ H#M, &
¢l Vs,

Hint: Use U as your starting energy function.

5. Show that at sufficiently high temperatures, the magnetic mormarparamagnetic
system is approximately given by

_ Nu’B
© kT

6. Consider a single magnetic dipole in an applied field, B, oriented in the z direction.
Suppose the z component of the dipole moment can talteempossible valuegy,=
+U, O0,-u. (This corresponds to a quantum spin 1 case, as opposed to the spin 1/2 case
looked at earlier in the chapter.)
a. Write out the Boltzmann factors for each of the three possible microscopic states.
b. Write out the normalized probabilityrfations for each of the three possible states.
c. Show that the thermal average energy is given by

Zsinr(si)
U=-uB B

1+2cos nB
KT

d. Mathematically evaluate the zero and infinite temperature limits of U and discuss
how they make sense physically.

7. Sketch a pit of the thermal energy of a single spin 1/2 paramagnetic atom in a
magnetic field as a function of TO;T k1B, for TO ranging fronbd to +5. Discuss the
features of the plot in light of the section on negative temperature.
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8. Discuss the physics behind TdS when the system you are examining has negative
temperature. Will dS be negative or positive when fieat in? Does this result
make sense?

9. In the mean field ferromagnetic model, for what temperature is the magnetization of a
single dipole equal tp/2? Express your answer in termguof , and k.

10. Approximate solution to the mean field theequation
a. Starting from the mean field equation 11.28, expand the tanh function to third order
(i.e., to the cubic term) and solve for,MThe result will be an approximate
expression for the magnetization as a function of temperature for weakhetizagl
systems.
b. Use this equation to estimate the magnetization wiBiuk’=0.995 .
c. Will this approximation be valid whepK/!u =0.9? Why or why not?

11. By determining the temperature at which the magnetic moment vanishes fer a two
dimensional Ising system on a square lattice, show analytically that the phase
transitiontemperature is determined by the equation

2Ju°

i) n(1++2)

12. In the discussion of mean field theory in this chapter, it was stated that in order that
d[tanh(" M,")] |
dM '

z

>1,

M,'=0
it must be true thdt>1. Prove this assertion.

13. In ChapteR, we saw that the dimensionless entropy for unequally weighted states
can be calculated with the equation

" =#3 p!n(p) (2.5)

where the sum is over all microscopic states amegpesents the probability of
finding the system in microscopitase i. Use this expression to show that the
entropy fora single spin 1/2 dipole in a magnetic field is given by

S=" u—tan éﬂ—ﬁk 'n+2cos§i—

This result verifies equation 11.24 in the N=1 case.

6/26/03 8/10/04 (needs B&T revisions) 7/6/05 6/12/08/11/08
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