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Chapter 10 1

Kinetic Theory of Ideal Gases

Maxwell -Boltzmann Distribution

In Chapter 3, we introduced the MaxwBlbltzmann distribution function, which
gives the probability that a given system will be in a microscopic stateesergy E;:

P(s,)=C ex@bE%BTf.

In this chapter, we shall focus on ideal gases. In a departure from our previous approach,
we will initially take our system to be a single gas molecule in thermal equilibrium with
the rest of the gas.

We will begin by confining orselves to considering a monatomic molecule so that

we can neglect rotational kinetic energy and other internal degrees of freedom. Thus, our
simple system has just the kinetic energy of a single particle ofivhass

1
EZEM (vf+vj+v22) : (10.1)

The microscopic state of this molecule is determined by the components of its velocity
vector, So we can write

o Ghgm ()
P(vx,vy,vz)—Cexr% k,T( (10.2)
¥ (

where C is the normalization constant determined by

# # #
1= $av, $av, $av,P(v,,v,,v,)
# # "#

C %ol (10.3)

This distribution function can be used to calculate the average of any function of
velocity f(v,,v,,v,). We just need to complete the integral:
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Chapter 10 2

As a simple gample, we can calculate the average of each velocity component. Since
the distribution function, P, for the ideal gas molecule is symmetric in the velocity
variables, thewn,P is an odd function. Thus

#
$v,P(v,.v,,v,)dv, =0
"H#

Generalizing,

<vx>=<vy>=<vz>=0 : (10.4)

If the gas molecule is not monatomic, then there may be other degrees of freedom
that are thermally active. For instance, the molecule may have rotational kinetic energy.
In this case, the distribution function, P, would hadeitional variables associated with
these internal degrees of freedom. However, we can always integrate out those additional
degrees to reduce the function to dependence on the velocity only. For instance, if we
consider an lmolecule, there will beat least) two additional degrees of freedom
associated with rotations about the two axes that pass at right angles through the line
joining the two atoms. These degrees of freedom are associated with two angular
velocity variables! ; and! ,. The energyvould now take the form

E=%M (Vf+vj +V22)+%(Ilool2 +Izm§)

and the probability function will look like

$$l 1 1 1
ﬁ M Vi+V2+V22 + I"2+In2

P(Vx’vyivyII 11" 2) :C' exm% ( ’ ) 2( b 2 z)zk Tg (105)
|

The normalization constant, C', is different because of the additional variables that
must be integrated over to normalize thection. However, if our interest is just in the
velocity distribution, we can integrate out the variableand! ,, with the result being
the original velocity distribution function given in equation 10.2 . These additional
degrees of freedom will not affect the results we describe below.

We will find it useful in subsequent sections of this chapter to tlevanswer to
the following (and similar) questions: Considering all particles wit, what is(v, ) ?
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Chapter 10 3

We will denote this byv,)" . To answer this question, we need to modify our

probability distribution, first g that we retain only information about the x component of
the velocity:

v 1 / : 10.6
& M )HZEX-ZMVVJ (109
= +
o7 &P kBTé

While this probability distribution gives us information about the x component of
the velocity of all of the particles, we are in fact interésteonly half of the particles,
those whose x component is positive. We need to modify the normalization constant so
that

1=j‘dvX P (v,)
0

where P(v,) is the probability distribution for the desired subset of molecules.
Normalization requires to be exactly twice R():

* -
# M &/2 ) ;I\/IV 7/
P* (v ) =20 exp : 10.7
(v)=2980 (&4 T (10.7)
* :
We can now calculate the desired average:

1
_fVQkBTgé

= , 0.8
M ) (10.8)

() = P (v )y,

where the missing steps are left as an exercise for the reader.

When we are interested in information abthe speed rather than the velocity, it
is useful to look at the probability distribution associated with the speed of the molecule.
If we have a speed dependent functiow), flhat we wish to average, we can write

(f)= "#:;$dvx I:$ivyl2$dvz f(v) P(vx,vy,vz) = :$4%/2de (V)P(v)
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Chapter 10 4

where wehave taken advantage of the fact that R(v,) can be written as a function of
speed, and we have transformed the integral into spherical coordinates. We define a new
probability distribution function for the speed of the molecule:

3 * 1 2 -
P(v)=4" vzp(vx,vy,vz) =4" vzgé%?/ exp:) 2 Wb(”%rg (10.9)

.q.
We can then write
(f)= #(v) P(v)dv . (10.10)
0
&
=
2
-]
[
&
Speed

Figure 10.1 The probability distribution for the speed of an ideal gas molecule.
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Chapter 10 5

Example 10.1: Calculate the average speed of an ideal gas molecule.

v 1 > /1
' W%y (2 oMy /1
= 4 2 0 x 2 d
Hvasv ) exp. kBTé v

We complete the integral, noting that we have a problem of the form

p 1
{x%xp(—axz) -

After some algebra, we find
8k, T
V)= B
V=1

It is left as an exercise for the reader to verify that our probability distribution
correctly reproducethe result from Chapter 3:

Vi = }SKBT (10.10)
M

and to show that the most probable value of the speed is

Vi = /ZKBT . (10.11)
an

All three of these speeds characterizing the probability distribution are propottional

/lli/llgT , as would be expected by dimensional analysis. We see that on average, lighter

molecules move faster than heavier ones at the same temperature. This allows molecules
such as helium to diffuse more rapidly than other gaseathanhore abundant in the

earth's atmosphere. In fact, helium diffuses so well that it has a tendency to diffuse away
from our planet. This is why the helium content of the earth's atmosphere is so small
(about 5 ppm).
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Example 10.2: Suppose we have idieal molecules in a gas in thermal
equilibrium at temperature T. What is the average of the¢tative speed?

We will usev, and v,to represent the velocity of the two molecules, each
of which is governed by itewn MaxweltBoltzmann distribution. The
probability of finding the first molecule with velocity, and the second with
velocity v, is given by

The relative velocity is
‘.’rel = \.’1 " ‘.’2
while the center of mass velocity is

Uty

!
va 2

Some algebra shows that

V2
2 2 2 rel
v, +V, =2V +7

Our two-molecule distribution function can thus be written

1 1
11 M 3 —EM (szm) --M (Vrzel)
P,(V,,V,) = exg 2 exp 2 \2
2nk T KeT KeT

We can focus on the relative velocity by inteting out the center of mass
velocity

PreI (\:/rel) =

1 /
y # & LY (2v2,) AN R
$av.,.., Pav..., ov (Ll exp 2 - }exp 2 "2
) me..# omy cmz 20k, T* . kBTé ' kBTl

" "#
: : C
Recognizing thaWey,?=Vem <+ Vemy +Vem 2, We have three identical integrals of
the form
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# %M (chmx)/ ,((_ +kg T
$dvcmxexp& T =

"#

so that
& iwz /)
P ] _7(;-'# M 2 ,) Z Vol /
reI(VreI) _é%TBT( exp, kBT/
34

From this expression, we can calculate avges of functions involving the
relative velocity in exactly the same way we calculated the average speed in the
previous example. However, there is a simple shortcut. If wMet=M /2,

then the probability distribution looks identical to that of a singi®lecule as
described by equations 10.2 and 10.3:

*

1 ' -
Lo #M & )MV Yy

Pei(Veer) :g{m( exg 2 kBT;

34

Then we can borrow the result from the previous example:

)= T - \/ WL =z [Tl

"M "MA

=~2(v)

Collision Frequency

An important characteristic of a gas is the rate of collisions betweercuies.
This quantity determines how rapidly energy is exchanged, and thus it influences the rate
at which a gas that is out of equilibrium can approach equilibrium and the rate at which
heat flows through a gas.

A collision will occur between two gas ecules if they are close enough to
interact with each other. While a detailed analysis of collision theory is in the realm of
molecular physics, for our purposes it is sufficient to treat the molecules like hard
spheres. If we have a gas of identicalenuales, each of radius R, then a collision
between two molecules occurs when their centers come within 2R of each other.

" If the molecules are not identical, then at this stage one can easily account for the difference by
replacing 2R with the so of the two individual radii. However, the rest of the calculation becomes more
complicated since different types of molecules will have different velocity distributions.
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2R

Figure 10.2 A collision between two molecules, modeled as hard spheres, requires their
centers to be #thin twice the radius of each other.

Next let us suppose a single molecule is in motion in a "gas" of molecules which
are constrained to remain at rest. This situation is admittedly artificial, but it is a first
step towards understanding collisionsAmE#n moving molecules. How many collisions
per second will the moving molecule experience? vi.be the speed of the moving

molecule. In time#t, this molecule will move through a distance

L,=v,"t

As it travels this distance, any stationary molecule whose center is within a
cylinder of radius 2R and length will be hit by the moving molecule. Usimtto

represent the diartexr (2R) of a molecule, the volume of this cylinder is

V,, =" L, =" dPvt
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Figure 10.3 The shaded molecule is moving with spaed As it does so, any molecule whose
center is in a cylinder of radiugl becomes a tat. The molecules in dashed lines represent
those too far away to be struck.

Let us define th@umber density of molecules to be

n — N

NIy (10.12)
where N is the total number of gas molecules and V is the volume occupied lagthe g
Then the total number of molecules in the cylinder, and hence the total number of
collisions in time#t, is given by

I\Icol =" NchI =" N#d2V1$t
Now the careful reader may recognize that after the first collision, the velocity of the
molecule will chang and hence it will not strike the remaining molecules in the cylinder.
This is true, but the molecule will, on average, still strike the same number of molecules.
First note that in our hard sphere model of collisions, which is at the heart of thgadeal
model, the collisions are always elastic. That is, the total kinetic energy does not change
during the collision. Since in our artificial model, only one molecule is allowed to move,
it must carry away from the collision all of its initial kineticezgy. In other words, its
speed is not changed by the collision. However, its direction clearly will change. Thus
the cylinder swept out by the moving molecule is not really straight, but instead has a
kink in it at each collision point. As long astbollisions are far enough apart, these
kinks do not significantly affect the total volume of the cylinder. If the density of the
stationary molecules is uniform, then it will not matter how the cylinder is oriented; the
number of molecules encountereil e the same. Therefore the value @f Hbove is a
reasonable estimate even for multiple collisions.
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The conventional terminology for the number of collisions per unit time is the
collision frequency; f.,. Thus for a single molecule moving througtiformly
distributed, identical, fixed molecules,

f =" H#dv, . (10.13)
Now we relax the artificial restriction on the target molecules. We shall allow
them to move, as would be the case for a gas in thermal equilibrium at teng@ratur

That is, the molecules have the usual Maxwgalltzmann distribution of velocities. In
this case, the relative speed,” v|, determines the collision rate. Hereepresents the

speed of the target molecule. To find the colligiate, we need to average the relative
speed over all values of bottandv,. We have already shown in Example 10.2 that

Thus,
fo =" V2 #A2(v)

Not surprisingly, the collision frequency is proportional to thesdgrof the gas. We can
use the ideal gas law to rewrite this equation:

_N_P
PNV T T
and so
Pd?
f =4/2" \Y; ) 10.14
col kBT< > ( )

Example 10.3: While the Bimolecule is elongated, a reasonable
estimate of its effective average diameigabout 3.2 x 18° m. Estimate the
collision frequency for molecules in nitrogen gas at room temperature®(2
and pressure (101 kPa).

First we calculate the average speed for a nitrogen molecule.
Consulting Appendix D, we find the average nitrogetom has a mass of 28.0
u. Converting to kilograms gives

[1] 27
N =28.0u w =4.65" 10%kg .

The average speed then follows from equation 10.1:
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3
8%.38#10‘23 (295)
<v>=,/?:/TT= : | =472

" (4.65#10*°kg) s

Thus the collision frequency is

2
fcol = ﬁ " Pd <V>

k,T

(101#10°Pa)(32#10°m)" .
. 4722 =53#10°s
%.38#10'23
0

295K >
£ 295K)
That is, we expect the Nmolecuk to have about five billion collisions per
second.

:,\/E"

Mean Free Path

In understanding problems related to energy flow and diffusion, it is also useful to
know how far a molecule typically travels before it suffers a collision. This quantity is
known as te mean free path It is determined by the average speed of the molecule and
the average time between collisions;'f

. 1
L=(v)f i=— 10.15
<v> col #Nﬁ $d2 ( )
Alternatively, using Equation 10.14 we have
kT
L=—"-2 10.16
12" P ( )

We dhall later be interested in determining ,lthe x component of the mean free
path for those particles with positive x velocity components. Using Equations 10.8 and
Example 10.1, we find that

(V) =%<V> : (10.17)
so that from Equain 10.15,
+ re 1 1
I‘x :<vx> coll :§<v>fcol| ZEL . (1018)
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Of course, by symmetry, Lhas the same value.
Example 10.4: Estimate the mean free path for a nitrogen molecule at a
typical room temperature and pressure.

From the previous example, we had the avesagpeed of plunder these
conditions as 472 m/s and the collision frequency as 5.3%10 Thus

o M m8( w\"1 .
1 9.1 — 8
(V)fa= 2672-((5.3) 10° ) =89)10°m
The mean free path is about 300 times the diameter of the molecule.

Diffusion in a Gas

In a gas in equilibrium, there is no meovement of molecules in one direction or
the other. That is, at any instant approximately as many molecules move to the left as
move to the right. Suppose we have a container divided in half by a removable barrier.
We place in the left half of the camer N, molecules, and in the right half, 3NIn the
left half of the container, at any instant, about half of the molecu|¢®) \ill be headed
right, towards the barrier. In the right half of the containef,/3Mnolecules are headed
left towardsthe barrier at any instant. Thus if we abruptly pull the barrier out of the way,

we will observe a net of 3R - N /2 = N, molecules headed left across the central region
of the container.
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7 S
\, 4

Figure 10.4 three times as many moldes are in the right half of the box as the left, so when
the barrier is removed there will be a net flow of molecules to the left.

What we have just described is a gas in aequilibrium state evolving, through
diffusion, towards an equilibrium stat&Vhat drives the diffusion is a spatial variation in
the particle concentratios,. Let us now assume that the spatial variation in number
density is small enough so that the gas is not too far from equilibrium. We will seek an
expression for thBux of molecules in the x direction, that is the number of molecules
per unit area per unit time crossing a plane perpendicular to the x axis.
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<4V At—p

'®
\4

©

Figure 10.5 Molecules inside a box of deptt! t can make it across the xgplane intime / t.
The lightly shaded molecules are too far back to make it across in time.

In order to see how to calculate the flux, let us consider first the simple case of
molecules with identical velocities and uniform spatial distribution. We will take the
axis as the direction of their common motion. If we consider an area, A, on a plane at
X=X,, then any molecule in a regio#t to the left of the designated area will pass

through that area during tin#&. Thus the total number of molecules crossirag area
during time t to t#t is equal to all of the molecules found in the region identified at time
t. The volume of this region iswt so that the number of molecules in iBjgAv#t.

The flux is given by

. _ #moleculescrossing A
< A#elapsedtime
_$AV%

A%
=$Vv

(10.19)
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X Xo X+

Figure 10.6 Molecules diffusing across theg plane.

Now let us repeat this calculation for a gas in which the molecules have randomly
distributed velocities. The net flux can be written as the difference between the flux
associatd with molecules to the left of keading right (positive flux) and those to the
right heading left (negative flux). To determine the positive flux, we need to know where
the crossing particles came from. We Igi(P represent the probability thapatrticle

crossing the xplane had its most recent collision a distdnitem the plane. The
contribution of those particles to the total flux is their probability (I, times the local
flux, $,v,, measured a distant®ack from the plane. Themisgty will be position
dependent, so we denote its valuebhfx.-1). To get the total positive flux, we integrate
over all distanceg, to the left of the xplane:

%

"= &dl#y (X, SV P (1)

P, will certainly depend on the velocity of the particlessing the plane.
However, we shall make the approximation that we can average the velocity dependence
in P, separately fromvy. That is, we shall replace with the average value gf for

those headed towards the plane:

%

"= &ditty (X, $1)(v,) Py(l)
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Notice that (v,)" depends on temperature, which is assumed to be uniform in this
gas, and hence it has no position dependence. That allows us to factor that term out in
front of the integral. Next we assume that the density varastiglly so that over the
short length scales associated with the mean free path of the molecules we can use a
Taylor series expansion:

d
pu(Xo =1) = pu(x,) -1 2

The flux in the positive direction can then be rewritten as

(I) fdl coII de fdl coII ’

where we have used Equation 10.17 to express the averages in terms of average speed.
The first integral is one, since the probability function is normalized. The second integral
asks for the average distance from thetane that a particle crossing tHame has

come since its previous collision. This quantity is what we have identified=a& L

=L/2, half the mean free path. Thus we can write

1, df, L
P LIOINE S\

A similar calculation of the flux in the negative x direction gives

21 1, . dp, L
D = —py(X V) +=(v)——
X ZpN( 0)< >+2< > dX 2
The net flux is the difference between these two:
1 ds
" =#—(v)L—N 10.20
SRSV (10.20)
We define thaiffusivity , D, such that
" =#D d%, : (10.21)
dx
so that our calculation would suggest
1
D= E<v>L : (10.22)

The actual diffusivity of a gas may differ somewhat from this result due to various
simplifying assumptions we have made in our calculation.
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Finally, we can generalize our diffusion equation to account for a density that
varies in more thajust the x direction:

" =#D$ % . (10.23)

This equation shows explicitly that the driving force behind diffusion is a spatial
variation, or gradient, of the concentration. The diffusion is greatest in the direction of
greatest change the number density. The negative sign in the equation reminds us that
diffusion occurs from higher density towards lower density regions. The diffusivity is a
measure of how much particle flow will be caused by the density gradient. It increases
with increasing average speed and mean free path.

When calculating the diffusivity of one species of molecule into a gas mixture
(for instance looking at helium diffusing into air), we need to use the average speed of the
diffusing species. When we calci@ahe mean free path, however, we need to account
for all of the species present since they may all give rise to collisions. Thus in the mean
free path calculation, the appropriate density idated density of the gas and the
diameter would be an avg@between the diffusing species and the rest of the gas.

A simple interpretation of the physical meaning of the diffusivity is seen through
dimensional analysis. Inspection of Equation 10.22 shows that the quéBtity has
units of ength. This quantity is the order of magnitude of the distance that a molecule
will diffuse during a time#t. If we were to observe the molecule's travel, we would see a
zig zag path wondering slowly away from the starting point of the molecule. The kin
in the path are due to collisions with other molecules. The path is knowaragosn
walk, and a well known result for such walks is that the net distance traveled from the
start of the walk grows like the square root of the number of steps takefo(sastance
Reif's Fundamentals of Statistical and Thermal Physics). In our case, the number of steps
in the path is roughly proportional to the time allowed for the walk, hence'the
dependence in the net distance traveled.

”
<

Figure 10.7 In a random walk, the net displacement from the starting point grows roughly in
proportion to the square root of the number of steps taken.
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Example 10.5: Estimate the diffusivity for nitrogen gas at room
temperature ad pressure.

From Examples 10.3 and 10.4 we found that under these conditions the
average speed of a nitrogen molecule is 472 m/s and the mean free path is
8.9x10°m. Hence

n (_y 2 2
=LL= 1§47zm-8()8.9( 10°m)=2.1( 10° - =0.21°
2 2 S S S
We can use this number to estimate the distance a nagrogiolecule can

diffuse in 1 second:

X
dist" +/D#t =\/§9.21‘:m (15 =0.46cm
% s |
Diffusion of gases is a phenomenon that shows up in a wide range of
circumstances. Our sense of smell depends in part on the process of diffusion to cause
aromatic molecules to travel from theburce to our nose. The process is also aided by
convection currents and other disturbances in the air, but unless the wind is blowing
straight into our nose, we rely at least partly on diffusion for the aromatic molecules to
enter our nose.

An interesing laboratory application of diffusion in gases is in the area of vacuum
system leak detection. Small leaks in a vacuum system can be difficult to locate but at
the same time can be disastrous to an experiment. One approach to leak detection is to
pumpthe system down as far as the slow leak will allow it and then blow helium gas
around the outside of the system, near potential leaks. Helium, being a light atom,
diffuses very rapidly (its average speed is large) and hence will enter through a leak more
rapidly than other gases. A mass spectrometer is attached to the vacuum system and set
to sound an alarm when helium is detected. When the helium gas encounters the leak
point, it rapidly diffuses through the leak and down to the mass spectrometelingoun
the alarm.

Heat Conduction in a Gas

The development of a heat conduction equation for gases is very similar to that
for particle diffusion. In the case of heat flow, we know the driving force is a
temperature gradient. Imagine that we have a gafineal between two large plates held
at fixed temperatures,Tand T respectively. Let us assume the plates are horizontal and
that the upper plate is the hotter plate. After some time, we should reach a steady state
situation in which there is a constdreat flow from the reservoir maintaining the warmer
plate at T,, through the plate, through the gas, into the second plate, and finally into the
reservoir maintaining its temperature. Furthermore, in steady state there will be no net
motion of gas molades. That is, no convection current will be maintained because once
the hotter, less dense gas has risen to the upper (hotter) plate, it is stuck there.
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Figure 10.8 Schematic representation for the heat conduction problem.

To study heat conduction through the gas, we once again consider a plane normal
to the x axis, located at xzx We shall examine the flow of internal energy across this
plane. Note that due to the steady state conditions there is no net particlerfiesvthis
plane. That is,

+ #

"N AV, g = (Ko F AV, g (10.24)

where the subscripts on the velocity averages indicate the region in space where the
average is performed. Since the temperature is varying in the x direction, the density and
average spas are likely to vary. However, they must do so in such a way that Equation
10.24 above is satisfied. Furthermore the averages calculated on either side of the x=x
plane should have the same value as that calculated right onpla@ec

+

" N (Xo # dx)<vx>xo#dx =" N (Xo + dX)<vX >i0+dx =" N (X0)<V><>; ) (10'25)

The energy flux across the plane is found by calculating the net of the thermal
energy times the particle flow in each direction. Specificallys(#} represent the

thermal energy associated with a singds gholecule at position x. The energy flux in
the x direction is then

#

Xo+dx

"k = B(X, #AX)$y (X, # dx)(vx>:o o (X +AX)B (X, +AX)(V, )

. (10.26)
=8, (X, )(Vy >x0 [e(x, # dX) # ti(x, +dx)]

where Equation 10.25 has been used in the last step. A Taylor series expansion can be
used to simplify the terms in the brackets:

t(x, " dx)" e(x, +dx) # a(xo)+§dx- ?&/tf;)t(xo)" %d)é;" ngx . (10.27)
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The thermal energy function is changing due to the temperature variation in the x
direction. That is,

—

& _dg"T_ "
el (10.28)

where¢, is the specific heat at constant volume per gas moleculeqsatan 6.12)".
Combining equations 10.28).28, we find

" SH2%, (xo)<vx>:o ¢, @dx
=#%<v>ﬂdx
v .4

We have rewritten the specific heat in terms of the molar specificgat,
Lastly, we note that the average distance a particle crossingpleghas traveled
since its last collision is equal to the mean free path, L. We then sefdkt since
that is how far away from the plane thermal information is being carriedVe write
our thermal conduction equation in the form

—#K$—T , (10.29)

$x

where the thermal conductivity K is given by
1¢c, lc,
K==X(v)L==* : 10.30
S u)l= )L (10.30)

Once again, the actual thermal conductivity in a gas will vary somewhat due to

simplifying assumptions we have made in our calculation. Recd#fiatdoth L andv

are proportional to T/P in an ideal gas, we see that the pressure dependence in K drops
out, leaving only temperature dependence through the average speed. That is, the thermal
conductivity is proportional to the sare root of temperature and independent of the
pressure. We can also relate the thermal conductivity to the diffusivity by comparing
equations 10.22 and 10.30:

K=-D= YD, (10.31)

< |
<|®

Once the density is small enough that the mean fribelyggomes comparable to
or greater than the separation between the hot and cold plates, then individual gas

" Recall that the thermal energy in an ideal gas can be expressed as a furtetigpeséture only,
independent of pressure and volume.

" We could have set up a more careful calculation usigg® we did for diffusion. The result
however is the same, so we take a shortcut here for brevity.
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molecules carry thermal energy directly from the warm plate to the cold plate. The
model of energy transport via collision of gas molecules ngdioapplies in that regime.

Example 10.6: Estimate the thermal conductivity of nitrogen gas at
room temperature and pressure.

From Appendix D, we see that ¢or nitrogen at room temperature is

J
_ 20.81——
¢, =G, =  moleK _0.743—>_ _743
28,013 9 geK kg*
mole
The specific volume is found thigyh the ideal gas law:
n J %
$.314 '(295K)
_ RT moleK & e
l %3 — 101( 10 Pa_— =0. 867
M 28.0(10° K9 kg

Ie

The thermal conductivity is then found using the result from Example 10.5 as
well as Equation 10.31:

743 > JK
=&D=—g 217105 ™ _0018W
V' ose7- S m
kg

Experimentally, the thermal conductivity of Ns found to be about 0.027
W/(mK), so our calculation has given us the correct order of magnitude, but as
anticipated is off by a factor of order one.

Viscosity

Consider a fluid flowing through a pipe. The velocity distribution for the
molecules in this fluid is no longer the basicxMell-Boltzmann distribution we have
seen up to now since the average velocity is not zero. We will define the x direction to be
that of the fluid flow and the y direction to be some direction normal to the flow.
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Figure 10.9The velocity of fluid flowing through a pipe is smallest near the surface of the
pipe.

While it is often convenient to talk about the velocity of the fluid flow, it is
important to realize that the velocity varies over the cross section of the pifaet, In
there is a boundary layer right at the surface of the pipe where the fluid velocity is
essentially zero. Only as we move away from the surface of the pipe and towards the
center of the flow does the average velocity become significant.

Mathematicdy, we say thatv, ) is a function of y. Despite the net flow of
molecules in the x direction, there is still random motion in the y direction. This random
motion has the effect of causing particle mixing in the y direction. As H,resme
particles that are in the faster moving core region move to the slower, outside portion of
the flow, while some outer (and slower) molecules move towards the core of the flow.
The overall effect is to cause slower movement in the core and aexposenolecules to
the atrest barrier region of the fluid near the pipe surface. Thus the rate of flow
decreases. From a macroscopic perspective, we say that there is a resistance to fluid flow
or viscosity. Equivalently, we can say that in order to main the flow rate, we must
continually exert a force. Our goal is to relate this force to characteristics of the fluid.

We begin by looking at the net momentum flux in the y direction due to thermal
motion. As with the case of thermal conductivity, a&sume we have a steady state
situation so that there is no net movement of molecules in the y direction. The flux of the
x component of molecular momentum, in the y direction is then proportional to the

particle flux in the y direction"( <vy>) and the average x component of the molecules'’
momentum:

" ) MO g S () M), (10.32)

or,
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" 1 %NV,
oy THES(VIM %Zdy . (10.33)

(Details of this calculation are left as an exercise to the reader.)

Figure 10.10 The velocity vectors of two molecules about to cross thgane. Notice that the
molecule moving away from the center of the pipe has a larger x component of velocity than
the one moving towards the center.

Working in analogy with our previous twedvations, we argue that dy;7EL/2,
so that

=L 10.34
P,y n ay ( )

where
" :#%(v) . (10.35)

We have simplified the equation for the viscosity by using the rel&&6gM .
The viscosity can also be relatedtte tliffusivity through equation 10.22:

The momentum flux has units of force/area and represents the shear stress associated
with the viscous flow of the gas.
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Example 10.11: Estimate the viscosity of nitrogen at room temperature
and pressure.

In Examples 10.3 and 10.5 we calculated both v and D, making our

work easy:
2
o 21#10°7 ”
"=—=— S = 2.4#103‘5—¥
v 0.867?9 m=*s

The experimental value is about 1.7x3&g/(ms).

As with other calculations in this chapter, we find that our approximations get the
order of magnitude right, but that is the best they can do. However, we have been able to
gain insight into the mechanisms underling transport processes in gases. Furthermore, we
shall see (Problem 11) that this viscosity theory correctly predicts tipetatare
dependence.

Copyright 2009 Marshall Thomsen



Chapter 10 25

Chapter 10 Problems

1. Derive Equation 10.3 for the normalization constant, C, using the result
[e*dx= \/E
T a

2. Fill in the missing steps in the derivation of Equation 10.8¥gy".

3. a. Derive Egation 10.10 fow,. for an ideal gas molecule, recalling our definition
that v, = <v2> .

b. Derive Equation 10.11 for the most probable spéech ideal gas molecule by
determining the speed that maximizes the distribution fund®{@i.

4. Calculate<\% ,Vm% ,and<vx% and from that place the four velocitglated
mp mp mp

quantities in order of increasing size.

5. Calculate(V), V,,s andv,,, for an N, molecule at 22 (room temperature).

6. Estimate the ratio of the diffusivity of a He atom to that of amilecule under
identical room temperature and pressure conditions. Take the diameter for a helium
atom to be 2.3x18 m.

7. Repeat probla 6 for the thermal conductivity. Compare your result to the data in
Appendix D.

8. Derive an expression for the thermal conductivity of an ideal gas which explicity
depends on temperature only and not pressure. Assume the effective number of
degree®f freedom per molecule, d.o.f., is independent of temperature. (For this
problem, use d.o.f. to represent the degrees of freedom to avoid confusion with the
molecular diameted).

9. Derive an expression for the viscosity of an ideal gas that ekpbbiows its
temperature and pressure dependence.

10. Fill in the missing steps between equations 10.32 and 1033.
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11. a.Show that the viscosity of an ideal gas can be written as

o _AM kT

d*#”

b. This equation suggests that the viscosityraportional to the square root of the
temperature. The following table is taken from a functional fit of the viscosity of
nitrogen gas based on experimental data (Cole, Wendy A and William A. Wakeman,
J. Phys. Chem. Ref. Datk4 209226 (1985)). Plothe viscosity as a function of the
square root of the temperature to see if you get a linear relationship as part (a) would
predict.

T(Kelvin) %¢lPa s)

300 17.9
400 22.25
500 26.11
600 29.61
700 32.83
800 35.85
900 38.69
1000 41.41

8/15/02 6/28/06 6/11/08
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