
Module C2: MA TLAB

The Physics and Astronomy Department has several copies of
MATLAB installed on computers that can be accessed by students.
MATLAB is a highly developed software package that allows the user
to analyze data sets, functions, and differential equations.  There
are numerous books available, some of which may be found in the
library.  If you use a book, make sure that it is not more than a few
years out of dateÑthis program is now in its seventh major version.

In what follows, I will illustrate how MATLAB can be used to solve
several problems in physics.  Be aware that, as with most well
developed programs, there are multiple methods to achieve the
same result.  You may discover these other methods by perusing
books, MATLAB manuals, and MATLAB help.  This brief  introduction
to MATLAB is not intended to be the final word on this topic.
Anticipate needing to use the MATLAB help menu and the MATLAB
manuals as you work through this.  Working through this module is
similar to working through other problem sets: you should expect to
make a lot of mistakes the first time you try to solve a problem.  The
advantage of software is that it generally lets you know right away
that you have made a mistake.  The disadvantage is that it is not
always obvious what mistake it thinks you have made.



MODULE C2

Name: Term:

Problem Max 1st 2nd Final
1 10

2 10

3 10

4 10

5 10

6 10

7 10

TOTAL 70



Problem 1: Coupled Oscillators

This standard intermediate mechanics problem illustrates how we
can make good use of matrix manipulation in MATLAB.  I will begin
by describing the physics of the situation.

Consider three masses attached to each other and to walls by four
springs, as shown:

Label the springs from left to right k 1, k 2, k 3, and k 4, and the masses,
m 1, m 2, and m 3.

Note: the following equation should make sense to those of you who
have studied Lagrangians.  DonÕt worry about it if you have not
(although consider taking module M2).

For this system, the Lagrangian can be written as

! 

L =
1
2

m1ú x 1
2 +

1
2

m2 ú x 2
2 +

1
2

m3 ú x 3
2 "

1
2

k1x1
2 "

1
2

k2 x2 " x1( )2
"

1
2

k3 x3 " x2( )2
"

1
2

k4x3
2

The resulting equations of motion for the position of the three
masses are
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m1ú ú x 1 + k1 + k2( )x1 " k2x2 = 0

m2ú ú x 2 + k2 + k3( )x2 " k2x1 " k3x3 = 0

m3ú ú x 3 + k3 + k4( )x3 " k3x2 = 0



We will look for solutions of the form
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x1 = a1cos" t x2 = a2 cos" t x3 = a3 cos" t

These are known as normal mode solutionsÑeach mass will oscillate
with the same frequency but may oscillate with different amplitude.
We plug this solution into the equations of motion above and find
that the cosine terms cancel, leaving
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or, rearranging the terms,
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These equations have a solution provided the determinant of the
coefficients is zero:
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Mathematically, this problem is identical to finding the eigenvalues,
! =" 2, of the matrix
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We will use MATLAB to compute these eigenvalues.  To get started,
letÕs first look at a simple, specific case.  Set all of the k values equal
to 10 N/m and all of the m values equal to 2kg.  The matrix becomes
(ignoring units)
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Start MATLAB.  In the command window, enter the above matrix
(giving it the name A) by typing in the following:

>>A=[10,-5,0;-5,10,-5;0,-5,10]

This is the brute force method for entering in a matrix, element by
element.  Individual elements are separated by spaces or commas
and rows are separated by semicolons.  When you hit ÒreturnÓ after
typing this line, you should see the matrix typed out in the 3X3
format as above.

The quickest way to get the eigenvalues is to type Òeig(A)Ó and hit
return.  You should see displayed:

ans =

    2.9289
   10.0000
   17.0711

Right now, these results are stored in the variable ÒansÓ, which is
the default name given to the result of any calculation.  LetÕs store
these results in ÒlambdaÓ by entering lambda=eig (A).  Now you will
see



lambda =

    2.9289
   10.0000
   17.0711

The frequencies we are after are the square root of these
eigenvalues.  MATLAB allows you to manipulate all of the elements
of a matrix in a single line.  To indicate that you want an operation
carried out element by element, you just need to type a period after
the matrix name and before the operation:

omega=lambda.^0.5

The result is

omega =

    1.7114
    3.1623
    4.1317

which are our frequencies in units of rad/s.

Assignment 1:  Repeat the above calculations allowing
m 2 to vary, using the following values: 0.2kg, 1kg, 2kg
(should be identical to what we did), 4kg, 20kg.
Submit for each value of m 2 a listing of the matrix A
and the resulting values of " .  These are easily copied
and pasted into a word processing document.  At the
end of that document, include a brief discussion of
trends you notice.  

We can take advantage of matrices further and avoid having to run
this routine manually multiple times.  Enter the desired matrix
values using the following format:
>>m2=[0.2  1  2  4  20]

Next we will step through the calculations one by one using a
for/end loop.  This loop begins with Òfor i=j:k, where i is a variable



whose initial value is j.  The statements following the Òfor
statementÓ and up to the Òend statement are executed for that value
of i.  Then i is incremented by 1 and the process repeats, until i
reaches the final value, k.  See the MATLAB help utility for
variations on for/end loops.  Here is what you should type in:

>>A=[10 -5 0; 0 0 0;0 -5 10]
>>for i=1:5
A(2,1)=-10/m2(i);
A(2,3)=A(2,1);
A(2,2)=20/m2(i);
lambda=eig(A);
mass=m2(i)
omega=lambda.^0.5
end

Comments:
¥ I initialized the values of A which will not change as m 2

changes and entered zero for the middle row.
¥ While generally MATLAB immediately tells you the result of a

calculation, when you are entering a for/end loop, it will not
write anything out until you type ÒendÓ and hit return.

¥ Another way to get MATLAB to not immediately write out a
result is to end a line with a semicolon.  By doing so inside this
loop, we avoid having the A matrix written out every time an
element is assigned a new value.  The last two lines before the
end statement are written without a semicolon specifically to
allow the results to be written.

¥ If you need to modify what youÕve written (perhaps it has not
run right because you made a typing mistake), copy the entire
block of statements and paste it into the new command line.
You can edit as usual, with the exception that whenever you
hit return, MATLAB will immediately begin the calculation.  If
you want to insert a new line in the middle of your loop, try
shift+return (that is what works on a Mac).

If you have entered the program correctly, you should reproduce
your results from assignment 1.



A more compact representation is obtained by modifying the
program as follows:

>>for i=1:5
A(2,1)=-10/m2(i);
A(2,3)=A(2,1);
A(2,2)=20/m2(i);
lambda=eig(A);
omega(i,1:4)=[m2(i);lambda(1:3).^0.5];
end

A single ÒomegaÓ matrix (5x4) contains the masses in the first
column and the values of omega in the next three columns.  The
assignment statement,
omega(i,1:4)=[m2(i);lambda(1:3).^0.5];
enters data into row i, each time through the loop.  The second
index takes the form 1:4, telling MATLAB to step through the indices
from 1 to 4, one at a time.  The right hand side contains 4 values in
the bracket, the last three of which are determined by a three
element matrix whose indices are expressed compactly as 1:3 .
Since I have included a semicolon after this assignment statement, if
we want to see the results after the loop has run, we need to ask
MATLAB.  This is most simply done by typing ÒomegaÓ and hitting
return.

If we are preparing to graph a relationship, it is often useful to have
a set of numbers representing the independent variable (in this
case, m2) that increase at regular increments.  We can compactly
generate these sets using a variation of the ÒcolonÓ operation.  Enter
the following:
m2=[1:0.2:2]

When you hit return, you should find the values of m2 are now
regularly spaced as 1.0, 1.2, 1.4, 1.6, 1.8, 2.0 .  Copy the loop
program and paste it into the new command line.  Change the upper
limit of i from 5 to 6 and run the program.  Omega should now read
    1.0000    5.1167    3.1623    1.9544
    1.2000    4.8012    3.1623    1.9013
    1.4000    4.5675    3.1623    1.8504
    1.6000    4.3879    3.1623    1.8017



    1.8000    4.2462    3.1623    1.7554
    2.0000    1.7114    3.1623    4.1317

LetÕs plot the first value of "  as a function of m 2.  The plot command
is simple: Òplot(x,y)Ó plots the elements in the vector y as a function
of the elements in the vector x.  If x and y are column or row vectors
of the same size, the plot command is as simple as given above.  Our
date is in a two dimensional matrix, so we need to be more careful
how we tell MATLAB to seek out the data.  Enter:

plot(omega(1:6,1),omega(1:6,2))

This tells MATLAB to look at the first 6 elements of column 1 and
the first six elements of column two for the x and y values
respectively.  When you hit return, a new window should open up
called Figure 1.

The result I found is



At first glance, this looks odd.  Why should there be a sudden
change in the function at m 2=1.8kg?  If we look back at the omega
matrix, we find that the eigenvalues are not always produced in the
same order.  We can correct that by sorting the matrix rows
(excluding the first column) in order of increasing size.  Enter:

for i=1:6
omeganew(i,1)=omega(i,1);
omeganew(i,2:4)=sort(omega(i,2:4));
end

This loop goes through the rows one at a time and sorts entries in
columns 2-4 (where "  values are stored) and places them in order of
increasing size.  When you type ÒomeganewÓ, you should see the
new matrix with properly sorted values of the frequency.    The
values we were plotting are now mostly in column 4.  LetÕs plot that
column now:

plot(omeganew(1:6,1),omeganew(1:6,4))



Labels may be applied using either Edit/Axes Properties or Insert/X
Title.

To display all three frequencies on a single plot, enter

plot(omeganew(1:6,1),omeganew(1:6,2:4))

The first argument specifies the x values and the second instructs
MATLAB to look in columns 2 through 4 for y values.  Once titles are
added, the result is

Assignment 2: Using the same mass and spring system
as described above, plot the three normal mode
frequencies when all of the masses are fixed at 2 kg,
k 1 and k 4 are fixed at 10 N/m, and k 2=k 3, with those
values ranging from 1 N/m to 20 N/m.  Submit a copy
of your plot as well as all MATLAB programming lines
used to generate data for the plot and the plot itself.



Problem 2: Motion in the presence of a complicated force.

Sometimes, the potential energy associated with two atoms or
molecules weakly attracting each other is modeled with the use of
the Lennard-Jones potential:
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where ÒaÓ and V o are constants that help set the length and energy
scale respectively.
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Notice the steep increase in the potential as the two molecules
approach each otherÑthat is the hard core repulsion associated
with the fact that the two molecules cannot occupy the same
position.  On the other hand, at somewhat larger distances the
molecules weakly attract due to electronic interactions.  The result is
an equilibrium position where the potential is a minimum (at r
approximately equal to 1.12a).



For simplicity, letÕs consider a single particle of mass m moving in
the presence of a one dimensional Lennard-Jones potential:
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In preparation for numerical analysis, I will convert the variables to
dimensionless form.  Since ÒaÓ has length units, the obvious

dimensionless position variable is Y=x/a.  It turns out that 
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MATLAB has a convenient tool for solving systems of first order
differential equations .  We can convert this single second order
differential equation into to couple first order differential equations
by introducing the velocity variable, v Y:
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To program this, first it is useful to introduce M-files.  These files
always end with the extension ÒmÓ.  That is, one might be called
Òfilename.mÓ.  Functions which you create and plan to use
repeatedly can be stored in an M-file.  LetÕs program the second of
the above two equations as an M-file.  First, pull down the File
menu, select New File and then M-File.  This should open up a new
window.  Enter the following:

function  acc=vyprim(Y)
acc=12*Y.^(-13)-6*Y.^(-7);



Next save the file as vyprim.m.  It is probably safest to use whatever
directory that shows up as a default.  If you are doing this on a
computer that someone else has done this exercise on, add your
initials to both the file name and the function line [acc=QQQvyprim
(y); save as QQQvyprim.m] so that you do not overwrite someone
elseÕs file.  Every subsequent reference to vyprim should use the
name you have given it.

Now, leaving the M-file window open (you may need to edit this
later) switch back to the command window.  First we will plot this
function to see what it looks like.  At the command line >> enter
ÒY=[0.5:0.05:2];Ó and then Òplot(Y,vyprim(Y))Ó.  Note that the
variable name Y does not have to be the same as the variable name
in the M-file.  I could just as well have entered
>>Q=[0.5:0.05:2];
>> plot(Q,vyprim(Q))
The plot window should show a function that rapidly drops to
values very close to zero.

Comment on the punctuation: The semicolon in the function and on
the command line once again ensures that MATLAB does not write a
result onto the screen for every calculation.

Assignment 3:
Suppose a particle of mass m experiences a potential
energy of the form
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V x( ) =Vo e" 2x
b " e" x

b( )
where V o and b are constants.
a. Choose suitable dimensionless variables and
transform this equation into one involving those
variables.
b. Calculate the force function associated with this
dimensionless potential.
c. Create two M-files, one for the dimensionless
function and one for its derivative, then plot these
functions over an interval which demonstrates the key
features of the function.
You should submit your calculations for parts (a) and
(b), a copy of your m-files, and your plots for part
(c).



Now we need an M-file suitable for use in the differential equation
solver.  We recognize that Y is a function of time, #.  Even though #
does not appear explicitly in the definition of our function, it is a
variable relevant to the differential equation and hence needs to be
specified in the function.  Furthermore, we need to define two
functions to account for the two differential equations.  MATLAB
wants these equations to be entries in a single matrix.  LetÕs define
z(1)=Y and z(2)=dY/d #=v Y.  Our equations to solve then have the
form
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We will define a new function, lennard( t,z), which represents both
of these derivatives.  Open a new M-file and enter

function  dzdt= lennard (t,z)
dzdt(1,1)=z(2);
dzdt(2,1)=12*z(1)^(-13)-6*z(1)^(-7);

Save this as lennard.m .  The differential equation solver expects the
equations to be located in column vectors.  If I had used just a single
argument for dzdt, MATLAB would have treated the array as a row
vector.  (There are other ways for handling this issue.)

Now back in the command window, it is simple to ask MATLAB to
solve this system of equations.  If you read a manual, you will find
there are several differential equation solvers.  Try Òode45Ó firstÑif
that does not work on your problem, read a manual to get other
suggestions.

Enter the following command:
>>[t ,z]=ode45(@lennard,[0,20],[1.05; 0])

This asked MATLAB to solve the coupled first order differential
equations defined by the function lennard.  The variable t ranges
from 0 to 20.  The initial value of z(1) is 1.05 and the initial value of



z(2) is 0.  Physically this means the particle started at Y=1.05 with a
velocity of zero.  When this command is executed, data for t and z
will be displayed on the screen.  Plotting the results is a one line
operation:
>>plot ( t,z)

Notice the position oscillates between 1.05 and about 1.25, for an
amplitude of about 0.1.  The velocity oscillates about zero, as it
must for periodic motion.  The velocity oscillations are clearly not
sinusoidal, due to the asymmetric nature of the potential function.
There look to be 11 minima in the position function during the 20
seconds plotted.  This corresponds to 10 complete cycles and
therefore the period of the motion is about 2 in dimensionless units.
For very small oscillations, this potential can be treated like a
harmonic oscillator.  It can be shown that in dimensionless units,
the period would be
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Try starting the oscillator at 1.10 instead of 1.05.  this starting point
is substantially closer to the equilibrium position of 2 1/6 =1.122 and
hence will produce smaller amplitude oscillations.  What is the
period of oscillation now?  For contrast, start the oscillator at 1.01
and you should see a much longer period.  These plots illustrate a
key difference between harmonic and anharmonic oscillators.  In
anharmonic oscillators, the period of oscillation depends on the
amplitude of motion.

Assignment 4: Using the same potential function as
you used in Assignment 3, write out a differential
equation of motion for a particle of mass m in the
presence of this potential.  Convert the equation to
dimensionless form, and then use MATLAB to solve
the equation.  Take the starting position to be 0.5 in
dimensionless units.  By studying the data, determine
the maximum value of the displacement and the
minimum value.  Calculate the amplitude by taking
the difference between those two values and dividing
by two.  Finally, create a plot and determine the
period of oscillation using the plot.  Turn in your plot
and your values for the period and amplitude.

The differential equation solver produces an array of data.  To
determine the maximum or minimum value, one could scan the data
or one could let MATLAB do that.  For instance, typing at the
command line
>>max(z)
in our Lennard-Jones example worked above produces the result
ans =

    1.2584    0.3510

Recalling that the first column of the z matrix contains the
dimensionless displacement variable and the second contains the
dimensionless velocity, we now know the maximum displacement is
1.2584 and the maximum velocity is 0.3510.  Similarly,
>>min(z)
tells us that the minimum displacement is  1.0495 and the minimum
velocity is Ð0.3507.  Note that conservation of energy would suggest



that the minimum displacement should be 1.05 (the release point),
so there is a little error introduced with this numerical solution.
The amplitude of the oscillation is (1.2584-1.0495)/2=0.1045 .

Next letÕs find where the turn around points are.  There are
numerous ways to do this, undoubtedly some more efficient than
what follows.  Nevertheless, here is one approach.  LetÕs focus on
when the velocity changes sign.  It does so twice in every cycle.  We
will define a new matrix as the product of successive velocity values.
This product will be negative only when the velocity changes sign.
Actually, since we are interested in the sign only, letÕs focus on that.
Entering x=sign(y) causes MATLAB to assign +1 to x if y is positive
and Ð1 to x if y is negative.  Enter the following at the command line

>> for jz=1:380
zswitch(jz)=sign(z(jz,2))*sign(z(jz+1,2));
end

Why did I choose 380 as the upper limit for the index?  I checked
the workspace window and found that z was a 380X2 array.
MATLAB chose that size as being appropriate for the differential
equations it was asked to solve.  You may want to check this value to
see if it is appropriate in your case.  The second index in the z array,
above, is set equal to 2 because that is the column containing the
velocity data.

When you ask MATLAB to type zswitch (remember to just type
ÒzswitchÓ at the command line), you will see an array containing
almost all 1Õs.  The scattered Ð1Õs identify the points when the
velocity changes sign.  We want to find out what times those
switches occur.  We could count through the array to determine the
position or we could get MATLAB to do the search for us:

>> k=find(zswitch==-1)

This produces an array, k, containing the indices of all entries in
that array whose value is Ð1.  The Ò==Ó is used for a logical
statement.  That is, we are not asking MATLAB to set zswitch equal
to Ð1, we are asking MATLAB if zswitch is already equal to Ð1.  To
find the times, remember that they are stored in the t array (that



variable was identified in the call to the differential equation
solver).  Enter

>>t(k)

and you should see a column of times, indicating when the object
reversed directions.

The difference between any adjacent pair of these times is one half
the period.  We can calculate all of the periods at once using

>>for kt=1:19
zperiod(kt)=(t(k(kt+1))-t(k(kt)))*2;
end

I chose 19 as the index limit because my workspace told me there
were 20 entries in the k array (so there were 19 intervals identified).

Want to know the average period?  Enter

>> period=mean(zperiod)

and all of the entries in the zperiod array are averaged.

If we wanted to change a parameter in our original function, it
would be nice not to need to redo all of these commands.  Some
commands are conveniently linked together in an M-file.

function  per=aveperiod( z,t)
dimens=size(z);
points=dimens(1);
for  j=1:(points-1)
    zswitch(j)=sign(z(j,2))*sign(z(j+1,2));
end
k=find(zswitch==-1);
changes=size(k);
for  kt=1:(changes(2)-1);
period(kt)=(t(k(kt+1))-t(k(kt)))*2;
end
per=mean(period);



The only twist added here is the size command, which determines
how many entries there are in the arrays.  That is, if z is a 381x2
array, size(z)=[381   2].

Now back at the command line, I can set up a loop to scan through
various starting values for the oscillator:

>> for ib=1:10
begin(ib)=1.13+ib*0.02;
[t ,z]=ode45(@lennard,[0,20],[begin(ib),0]);
ljperiod(ib)= aveperiod(z,t);
end

The initial positions are stored in ÒbeginÓ and the resulting periods
in ÒljperiodÓ.  Here is the plot:



Assignment 5: Using the same potential as you used in
Assignment 4 and using the same method for defining
the amplitude, explore the variation of the period
with respect to the amplitude, using M-files to code
the differential equations (analogous to the one I
called lennard), to calculate the period (if you coded
the aveperiod one for practice, that should work), and
to calculate the amplitude.  The amplitude M-file can
be built with the use of the max and min functions
(see MATLAB help).  The plot of the period versus the
amplitude should be smooth and monotonic.  I found
it necessary to adjust the length of time looked at by
ODE45 (i.e., increase the time interval from [0,20]) in
order to smooth the plot out.

Submit printouts of your M-files and a copy of a
properly labeled plot of period versus amplitude.
 

Problem 3: Electric potentials: an example of 3D plotting

The electric field due to an infinitely long, straight line of charge
( ! =charge per unit length) has magnitude

! 

E =
"

2#$or

where r is the distance from the point at which the field is measured
to the line of charge.  The potential difference between two points in
the vicinity of this distribution is
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Consider two lines of charge parallel to the z axis.  The first has
charge ! o and passes through the point x=D y=0, and the second has
charge Ð ! o and passes through the point x=-D, y=0.  Let us assume
that the point x=0, y=0, z=0 is the reference point at which V=0.
Our goal is to calculate the electric potential as a function of
position in the xy plane.  We will need to calculate two values of the



potential difference, one for each line of charge, and add them.  For
both calculations, the reference point is the origin, so r 1 will
represent the distance between the origin and the line of charge (D
in both cases) and r 2 will represent the distance between the point
at which the potential is being calculated and the line of charge.
Thus,
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We can define dimensionless variables, V 1=V/( ! o/4 $%o), x1=x/D and
y 1=y/D:
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V1 x1,y1( ) = l n
x1 +1( )2

+ y1
2

x1 " 1( )2
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To create a three dimensional plot, the first step is to establish a set
of points over which the function will be evaluated.  In this case, we
want to be sure to avoid the points (x,y)=(1,0) or (-1,0) since that
will cause problems with the natural log function.  We can define
the set with the following command:

>> [x ,y]=meshgrid(-3.05:0.1:3.05,-3.05:0.1:3.05);

Notice that by choosing Ð3.05 as a starting value and incrementing
by 0.1, we ensure that +1, 0, and Ð1 are all missed.

The next step is to evaluate our function at every point on the grid:

>> v=log(((x+1).^2.+y.^2)./((x-1).^2.+y.^2));

MATLAB uses ÒlogÓ to represent the natural log.  The periods prior
to the squaring and dividing operators ensure that the calculation is
carried out element by element on the x and y matrices.  Òx^2Ó



means square the matrix x, while Òx.^2Ó means square each element
in the matrix (which is what we want to do here).

Lastly, we can create a surface plot using

>> surf(x,y,v)

The result should look like



Under the View menu, you can open up all of the toolbars and
spend some time exploring.  The perspective and apparent lighting
can be changed, among other things.



Assignment 6: The Van der Waals model for a gas can
be expressed in dimensionless variables as
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where

Pr =
P

Pcritical

vr =
v

vcritical

Tr =
T

Tcritical

The critical pressure, volume and temperature are
experimentally measurable quantities.  When the
temperature is less than the critical temperature (i.e.,
T r<1) there exists a phase transition from the liquid
to the vapor phase (at the appropriate pressure).
Above the critical temperature, no such phase
transition exists.

Create a three-dimensional plot (axes labeled)
depicting the relationship between Pr , v r , and T r .
Keep in mind that pressure and temperature should
be positive variables and hence v r  cannot fall below
1/3.  You should submit at least two perspectives (two
rotations) of your plot and a brief discussion about
the qualitative differences in the plot above and
below T r .

Assignment 7:  An object of mass 0.55kg is launched
vertically upward with an initial speed v o.  It
experiences both linear and quadratic air resistance,
so that its motion is determined by the equation

! 

m d2y
dt2 = " mg " c1

dy
dt

" c2

dy
dt

dy
dt

where

! 

c1 = 0.25
kg
s

c2 = 0.015
kg
m

Use MATLABÕs differential equation solving tools to
solve this equation for v o equal to 5 m/s , 10 m/s, and
20 m/s.  Plot the height as a function of time, showing
all three curves (corresponding to the three initial



conditions) on a single graph.  Assume the object is
launched from ground level and hence the minimum
value of y is zero.  If the differential equation solver
returns negative values of y, they should be set equal
to zero.  In this problem, you will probably find it
easier to code the equation as given rather than
convert it into dimensionless variables.  Your final
plot should include both axis labels and a properly
labeled legend.  (HintÑafter inserting the legend,
click, or double click, on the text to edit it).  Submit a
copy of your programming code (including any M-
files you created) and a printout of your plot.


