
PHY 549 

Module C1 

Spread Sheet Physics 
 
Topic 1: Plotting Data—Basic introduction to entering and plotting data, displaying error 
bars and appropriate labels. 
 
Topic 2: Plotting functions—How to generate a plot of a specified function; applications 
to air resistance problems. 
 
Topic 3: Fitting data to a functional form—Fitting data to polynomial and exponential 
functions 
 
Topic 4: Polynomial series—series representations of solutions; testing convergence 
 
Topic 5: Fourier series—applications to waves 
 
Topic 6: Numerical Integration —Using spreadsheets to solve problems not readily 
solved analytically; applications to air resistance problems 
 
Topic 7: Additional exercises: 
 a. Quantum harmonic oscillator—finding normalizable solutions 
 b. Quantum harmonic oscillator—time dependent solutions 
 c. Classical anharmonic oscillator 
 



MODULE C1 
 
Name:        Term: 
 
 
Problem Max 1st 2nd Final 
1 
 

5    

2 
 

5    

3 
 

5    

4 
 

5    

5 
 

5    

6 
 

10    

7a 
 

5    

7b 
 

10    

TOTAL 
 

50    



 
 
Topic 1: Plotting Data—Basic introduction to entering and plotting data, displaying 
error bars and appropriate labels. 
 
The following data was taken in the intermediate mechanics lab.  Various torques were 
applied to a single rotating object in order to test the relationship ! =I" .  The torque was 
applied through a constant force exerted on a string wrapped around a pulley.  The 
calculated value of the torque is entered into the table in units of Nm.  The acceleration 
was determined by measuring the amount of time required to complete a specified 
number of rotations.  It is entered in units of rad/s2.  Experimental uncertainties in these 
values are shown in the two right hand columns. 
 
 
acceleration  torque  delta acc  delta torque  

0.164  0.0040  0.024  0.0002  
0.238  0.0057  0.036  0.0003  
0.338  0. 0081  0.052  0.0004  
0.258  0.0060  0.040  0.0003  
0.369  0.0084  0.055  0.0004  
0.539  0.0121  0.083  0.0006  
0.389  0.0091  0.060  0.0005  
0.551  0.0128  0.074  0.0006  
0.805  0.0182  0.121  0.0009  

 
Step 1.  Entering Data 
 
Open up an Excel worksheet, and enter this data, including column headers.  I usually 
start entering data in cell C3 in case I want to add additional column or sheet labels or 
notations. 
 
The first torque you enter is 0.040.  The spreadsheet will likely change this to 0.04.  You 
need to force the spreadsheet to show all of the intended significant digits.  After you 
have finished putting in all of this information, highlight all of the cells in the 
acceleration column except the title.  Then pull down the format menu and select cells.  
Click number, and you should see a list of possible cell formats.  On that list, click 
number.  This will allow you to specify the number of decimal places.  This you be set to 
3 for the acceleration column.  Click OK to get out of the menu.  Repeat this process for 
the remaining columns, using 3 places for the other acceleration column and 4 for the two 
torque columns.  The data should now appear in your spreadsheet exactly as it appears in 
the table above. 
 
Step 2: Generating the basic plot 
 



Now highlight the first two columns of data.  For this part, it will not make any difference 
if you highlight the column titles or not.  Choose the insert menu, and select chart.  Select 
the scatter plot option, and for the sub-type, select the style that produces points only, no 
line. If you click next twice you should have options to insert title, legend, etc.  Starting 
with title, title “Test of t=Ia”.  Label the x axis “angular acceleration (rad/s2)” and the y 
axis “torque (Nm)”.  Explore the other menu options in this window.  Legend can be 
deleted by deselecting the show legend box.  You can choose whether to display 
gridlines, etc.  After you have finished exploring, click finish. 
 
The chart should now appear on your screen.  To clean things up a little, click on the title 
(Test of t=Ia).  This will allow you to edit it.  Highlight “t” and pull down the format 
menu.  Choose the ‘selected title” option and under font, type in “symbol”.  When you 
click ok, this will change the t to ! .  Repeat this to change a to " .  Clicking anywhere else 
in the plot will move you out of this title-editing mode.  Now click on the x axis label and 
highlight the “2”.  Pull down the format menu and once again choose “selected title”.  
Under “effects” click superscript, then click ok.  This should change s2 to s2.  
 
If you want to reconsider how you initially set up your plot (such as you change your 
mind about whether or not to show the legend), you can get back to those initial menus 
by pulling down the chart menu and selecting chart options.  Do this to eliminate the 
legend and the gridlines, if you have not already done so.  Finally, move your cursor over 
the plot area (now likely a gray box) and click.  Under the format menu, you should now 
see a “plot area” option.  Select that and under area, choose “none”.  
 
Your plot should look like this now: 
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If it does not, take the time now to go back and correct it.  If one of your points does not 
look right, check to make sure you typed in the data  correctly.  Data corrections are 
automatically updated on the plot. 
 
Step 3: Modifying the appearance of the data 
 
Suppose I want to highlight one particular data point.  Move your cursor to the left most 
data point and click.  That should highlight the whole data series.  Click again at the same 
spot to highlight just the one point.  Now the format menu should display the “selected 
data point” option.  Under that option, you can now change the symbol of this one point.  
Under marker, change the style to one of the squares & click ok.  This point should now 
be marked differently than the others.   
 
Now make a single click on one of the data points so the whole series is highlighted.  Pull 
down the format-selected data series menu.  Select “x error bars”.  Choose the “both” 
option near the top.  Click on “custom” at the bottom.  To the right, you should see an 
icon (a series of parallel lines) which allows you to roll up this window temporarily.  
Click on that.  Now that the window is mostly rolled up, you should be able to see your 
data.  Highlight the data only under the “delta a” column.  Click on the unroll window 
icon at the far right of the window.  You should now see column references entered into 
the first of the two error bar blanks.  Repeat this process, using the same column of data 
to fill in the other blank.  This will complete your x error bars, so click ok.  Repeat this 
process for y error bars, using the delta torque data. 
 



Your final plot should look like this: 
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Assignment 1: 
 
A container of fixed volume has an unknown quantity of gas inside of it.  The 
temperature in the container can be varied and the pressure can be recorded.  This 
experiment is performed on 2 consecutive days, and evidently some of the gas leaked out 
overnight.  The following results are obtained: 
 
T P(day 1)  P(day 2)  

0 103  91  
10  107  96  
20  109  99  
30  112  103  
40  118  105  
50  122  109  
60  126  113  
70  128  117  
80  133  120  
90  137  124  

100  139  127  



 
The temperatures are in oC and the pressure is in kPa.  Assume the temperature is known 
to within 1oC and the pressure is known to within 5%. 
 
Produce a plot of pressure as a function of temperature, displaying both plots on the same 
graph.  Keep the legend and display appropriate error bars and axis titles.  Hand in just 
the plot, but save your worksheet in case there is a problem with your submission. 
 



Topic 2: Plotting functions—How to generate a plot of a specified function; 
applications to air resistance problems. 
 
An object falling under the influence of gravity while experiencing quadratic fluid 
resistance has a net force on it of mg-c2vy

2, where I have taken the positive y axis 
pointing downward and where c2 is a constant which measures the strength of the 
resistive force.  If it is released from rest, then its velocity as a function of time is given 
by 
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vy = vt tanh
t
τ
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 
 
 
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  

where !  is the characteristic time and given by 

€ 

τ =
m

c2g
 

and vt is the terminal speed and given by 

! 

vt =
mg
c2

. 

 
We are going to use Excel to study the behavior of this function.  Let us take c2=0.0138 
Ns2/m2 and m=0.60kg, values approximately appropriate for a basketball-sized object 
moving through air. 
Set up the following table in a fresh Excel spreadsheet, starting in cell C3: 
m c2 g t final dt tau vt 
0.60 0.0138 9.8     
 
First, we will have Excel calculate ! .  The advantage of letting Excel do this is that we 
will be able to change the mass and have !  automatically updated in all calculations.  
Move the cursor to the blank box below the “tau” label and click.  Type the following in, 
but do not hit the enter or return button yet: “=(“.  Next click on the cell with the mass 
data (“0.60”), type “/(”, click on the space with the c2 data (0.0138), type “*”, click on the 
space with the g data, and type Ò))^0.5”.  Your formula should look like the following: 
=(C4/(D4*E4))^0.5 
 
“C4” tells Excel to look in cell C4 to find the needed data.  If the formula looks correct, 
press return.  The number 2.106 should now appear in the cell.  Try changing the value of 
m to see this number automatically updated, then return to the original value of m=0.60. 
Next construct a similar equation for vt.  You should have typed in 
=(C4*E4/D4)^0.5 
with the result being about 20.6. 
 
The next step is to enter the time variable and the velocity.  In column C6, enter “t” and 
in column D6 enter “v”.  I will begin by assuming we are starting at t=0, so just below the 
“t” (C7), enter 0.  In cell D7, enter the velocity formula: 
=I4*TANH(C7/H4) 
When you hit return, this should show the number 0, which makes sense since this object 
is being dropped from rest. 



 
Side Trip: Relative vs. Absolute references.  We will shortly copy the velocity formula 
into a large number of cells, but first it is important to understand the difference between 
relative and absolute references.  When Excel sees a formula like 
=I4*TANH(C7/H4) 
in cell D7, it really interprets each of those cell references as relative references.  Rather 
than seeing “C7”, it really sees the instruction “look one cell to the left of the present 
location for this number”.  Likewise, H4 would be interpreted as 3 cells up and 4 cells to 
the right of the present location.  If we want to make an absolute cell reference, we would 
insert $ signs.  For instance, $H$4 would be interpreted as “always look in cell H4 for 
this number, regardless of where this formula appears.” 
 
Enter in the final time cell F4 the number 10, and in the dt cell G4 the number 1.  Next 
move the cursor to C8, the next vacant time cell.  Enter “=C7+$G$4” and click return.  
This takes the previous time and increments it by dt, so this cell should now have a “1” in 
it.  More specifically, this formula says, “enter into this cell the sum of what is right 
above it and the value in H4.”  Click once again on cell C8 and then move the cursor to 
the lower right corner, click and release the mouse.  You should see a symbol like a 
square with arrows on it appear.  Once you see that symbol, click and hold the mouse, 
dragging down to row 17.  This should highlight 8 new cells in the column.  When you 
release the mouse, the formula will be pasted into all of those cells, and you should see 
the numbers 0 through 10 appearing in your time column. 
 
Next click on the velocity formula in D7.  You will need to change the relative references 
I4 and H4 to absolute references by adding the appropriate $ signs.  Notice that this 
editing can be done in the formula bar at the top of the worksheet.  Once you have done 
this, copy this formula to the rest of the cells in the same way you copied the time 
formula: click on the cell, move to the lower right corner, click and hold while moving 
down to row 17, and release.  If you are copying a formula this way, and you see error 
messages and other strange results, you have probably forgotten to make some of your 
references absolute. 
 
Construct a labeled graph of velocity as a function of time, as discussed in Topic 1.  
When selecting a chart type, use under the scatter plots the type that produces a smooth 
line with no data points.  The result should look like this: 
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Sometimes a plot like this may look a little rough, so you decide to add more data points.  
Let’s double the number of data points.  Go to the bottom entry on the time column (C17) 
and copy the formula down to C27.  Repeat for the velocity column.  Now go up and 
change dt  (G4) to the formula “=F4/20”.  Finally, you need to create a new plot or 
modify the existing one.  If you want to modify the existing one, click on the plotted line 
and notice that the cell references appear in the editing bar at the top of the worksheet.  
Wherever you see the number 17 (the row where the data used to end) replace it with 27.  
Hit return when you are done. 
 
This plot is now set up so that you can easily vary m, c2, and the maximum time plotted (t 
final).  Vary all of those and study the resulting behavior.  What is the significance of vt?  
How about ! ?  If there were no air resistance, the velocity would be increasing linearly 
over time.  That is what we see in these plots for small times.  At what point does the 
graph noticeably deviate from the linear function?  How does the time at which this takes 
place compare to ! ? 
 
 
Assignment 2:  An object of mass m dropped from rest subject to a downward 
gravitational force and a linear fluid resistance force (  

! 

" c1

 
v ) will have its velocity as a 

function of time given by 

! 

vy = vt 1" e" t /#( ) 
where the positive y axis points downward and 
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a. Produce labeled plots (velocity vs. time) for the following cases: 
 
Case 1 m=0.050 kg c=1.00 Ns/m 
Case 2 m=0.050 kg c=0.10 Ns/m 
Case 3 m=0.050 kg c=0.010 Ns/m 
Case 4 m=0.50 kg c=1.00 Ns/m 
Case 5 m=0.0050 kg c=1.00 Ns/m 
 
Make sure the time scale on your plots is such that you can see the velocity function 
evolve in time as it approaches the terminal velocity.  
  
b. Comment on how m and c1 affect these plots. 
 
c. Calculate the slope of these functions numerically right near t=0 and discuss your 
result. 
 
 
 
 



Topic 3: Fitting data to a functional form—Fitting data to polynomial and 
exponential functions 
 Let’s return to the experimental data in Topic 1, in which applied torque was compared 
to the resulting angular acceleration. 
 
acceleration  torque  

0.164  0.0040  
0.238  0.0057  
0.338  0.0081  
0.258  0.0060  
0.369  0.0084  
0.539  0.0121  
0.389  0.0091  
0.551  0.0128  
0.805  0.0182  

 
The torque is given in Nm and the angular acceleration in rad/s2.  Enter this data into a 
new worksheet and create an appropriately labeled chart, as before, using a scatter plot 
that displays points only (no line).  Your result should look something like this: 
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Now pull down the chart menu and select “add trendline”.  We are expecting a linear 
relationship (since ! =I" ) so select linear.  Next click on the Options tab and check the 
box marked “display equation on chart”.  Another options box indicates you can select 



the intercept.  In this case it is tempting to require the intercept to be zero since we expect 
no angular acceleration when the applied torque is zero.  However, a nonzero intercept 
would be an indication that there may be something else in our experiment that we have 
not yet accounted for (such as friction), so we will not force the line to pass through the 
origin.  Click ok, and the data will be fit by a straight line.  Sometimes it is difficult to 
read the equation, but notice that it can easily be dragged to an empty spot in the plot 
window. 
 

y = 0.0221x + 0.0004
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The slope of the line is the moment of inertia of the rotating object: I=0.0221 kgm2.  the 
intercept indicates that if we apply a torque of 0.0004 Nm, there will be no acceleration.  
This may represents the amount of torque needed to overcome friction in the system. 
 
Open a new worksheet and enter the following data, starting in cell C3 for the first 
column header: 
t  signal  

0 4.78955227  
0.05  3.18864706  

0.1  2.1092258  
0.15  1.40972793  

0.2  0.92687089  
0.25  0.613985  

0.3  0.40888976  
0.35  0.2817194  



0.4  0.18837841  
0.45  0.13109985  

0.5  0. 08630752  
0.55  0.05544678  

0.6  0.03142221  
0.65  0.01716536  

0.7  0.00730004  
0.75  0.01767593  

0.8  0.00448236  
0.85  0.00971336  

0.9  0.00431307  
0.95  0.00564802  

1 0.00168006  
 
 
You will construct several quick charts to help you analyze this data.  As long as you do 
not intend to keep these charts for future reference, you do not need to label them 
carefully.  You are building towards constructing a final chart that is well labeled. 
 
Create a quick chart with this data and then select “add trendline”.  Fit your data to an 
exponential, making sure to select the “display equation” option.  I found the fit to be 
y=4.22e-7.78x .  It is instructive to took at this data differently.  While the fit does seem to 
pass close to all of the points, a log plot will clarify the nature of this function.  Letting S 
be the signal and t be the time, we anticipate this data is fit by a function of the form 

  

€ 

S= Ae−Bt

nS= nA− Bt
 

That is, a plot of the log of S versus t will produce a straight line of slope –B. 
 
Let’s generate that plot.  Enter new column titles, “t” in cell F3 and “log signal” in cell 
G3.  Then in cell F4, enter “=C4”, and in cell G4, enter “=ln(D4)”.  Copy these formulae 
so that all of the cells are calculated (down to row 24).  Create a chart with this data.  You 
should see something like this: 
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The chart clearly suggests that the data at larger times (lower signal value) has 
significantly more noise in it.  This fact was not evident from the plot of the signal and 
the exponential fit.  It may be advantageous to exclude this noisier data.  If you slide your 
cursor over individual data points, you should see their labels pop up.  In particular, right 
around t=0.55 seems to be when the noise is noticeably worse.  With this in mind, 
generate a new plot for values of t up to 0.55s, and fit that data using a straight line.  I 
found 
Y=-8.04x+1.55.  Keeping in mind that y represents the log of the signal, this equation 
corresponds to  

€ 

S= e1.55e−8.04t = 4.71e−8.04t

 

While this result is similar to the previous fit, it is nevertheless different.  This suggests 
that the previous fit was excessively influenced by the noisiest data.  To check the quality 
of the fit, we construct a new plot.  Enter the following column titles: in I3, “t”, in J3, 
“data”, in K3, “fit”.  Then in cell I4, enter “=C3”.  In cell J4, enter “=D4”.  In K4, enter 
“=4.71*exp(-8.04*I4)”.  Copy these formulae down through row 24 and create a labeled 
chart. In this chart, you will want to keep the legend.  Format each data series so that the 
data appears as points only and the fit appears as a line with no points.    This is what I 
found: 
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Assignment 3: Use Excel to fit the data in the table below to an appropriate function.  
Fit this data to a form involving an exponential decay—try an exponential decay plus a 
constant.  You should save your worksheet but turn in an appropriately labeled graph, an 
equation representing the fitted curve, and a brief description of how you determined the 
best fit function. 
 
t(seco nds)  signal  

0 1.398  
1 1.243  
2 1.111  
3 1.035  
4 0.982  
5 0.924  
6 0.911  
7 0.881  
8 0.868  
9 0.855  

10  0.848  
11  0.838  
12  0.843  
13  0.838  
14  0.831  
15  0.828  

 
 



Topic 4: Polynomial series—series representations of solutions; testing convergence 
 
There are some problems in physics that involve transcendental functions or equations 
which cannot be solved exactly, where progress can be made using a polynomial 
expansion.  For instance, the differential equation governing a simple pendulum of length 
L is given by 

! 

˙ ̇ " +
g
L

sin" = 0 

When # is much less than one radian, sin# can be approximated by # itself, yielding 
 

! 

˙ ̇ " +
g
L

" # 0  

 
This equation is the standard simple harmonic motion equation that is readily solved.  To 
get a feel for how much error might be involved in the approximation, we can use Excel 
in a variety of ways.  Let’s carry out the expansion of sin# to four terms: 

! 

sin" # " $
" 3

3!
+

" 5

5!
$

" 7

7!
 

We will consider values of q ranging from 0 to $/2. 
 
Set up an Excel chart with column headers as follows: 
theta Term1 Term2 Term3 Term4 
 
Under the “theta” column, enter values of theta from 0 to 1.55 in increments of 0.05.  In 
the remaining columns, program the individual terms in the expansion appearing above 
(i.e., under term three, you will enter something like “=C4^5/120”).  Finally, generate a 
quick plot of all of these terms as a function of #.  This is what I found: 
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From this, we deduce that the linear term always dominates over this range.  The cubic 
term becomes significant at about 0.5rad.  The fifth power term becomes barely 
noticeable at a little over 1 rad, and the final term seems to be negligible.  Of course, 
what one means by “negligible” depends on how much accuracy the problem requires.  
Examination of the worksheet shows that the fourth term is less than 0.3% of the first 
term at the end of our range, so we ought to be able to ignore it if, for instance, our goal 
was 1% accuracy. 
 
Another way of studying the approximation is to sum the series.  Add a new set of 
column headers: 
Theta Approx1 Approx2 Approx3 Approx4 
 
Program in the following for the approximations: 
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approx1="

approx2 =" #
" 3

3!

approx3=" #
" 3
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Now make a quick plot of these four levels of approximation. 
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The deviation between the third level and fourth level of approximation is not seen at all 
throughout this range, consistent with our earlier observation that the fourth term is 
negligible.  We see the cubic term having an effect above 0.5rad and the fifth power term 
having an effect a little above 1rad, all consistent with our other analysis. 
 
From either analysis we could conclude the following: 
1. If our domain is restricted to values less than 0.5rad and if we need just 1% accuracy or 
better, then the linear approximation is fine. 
2. If our domain extends to $/2, then we should keep the first three terms in the sum to 
maintain 1% accuracy. 
 
Assignment 4:  It is useful to keep in mind that some polynomial approximations do 
not have the property that the higher power terms are smaller in size.  Some complicated 
functions or data sets are fit with a high order polynomial to simplify calculations, 
without regard to fundamental physical principles that might underlie the function.  For 
instance, the specific heat of carbon can be expressed approximately as follows: 
 
c=-170+7.20T+0.133T2-0.000199T3 
  
where T is the temperature of the carbon in Kelvin and c is in units of J/(kmole Kelvin). 
This fit to experimental data is valid from about 36K to 300K.  Analyze this polynomial 
expression in one of the two ways described above to determine how many (or if all) of 
the terms are needed to adequately describe the specific heat over this temperature range.  
Assume that you are aiming for an estimate of the specific heat good to within 1%. 



 



Topic 5: Fourier series—applications to waves 
 
Fourier analysis, the ability to express a periodic function as the sum of sine and cosine 
functions, is often employed in physics to make certain calculations more manageable 
(see for instance driven harmonic oscillators).  Suppose you have a function, f(t), which 
is periodic in time, with period equal to T.  Then Fourier’s theorem allows you to express 
f(t) as follows: 
 

! 

f t( ) =
ao
2

+ an cos n" t( ) + bn sin n" t( )[ ]
n=1

#

$
where

" =
2%
T

an =
2
T

f t( )cos n" t( )dt
&T
2

T
2

'

bn =
2
T

f t( )sin n" t( )dt
&T
2

T
2

'

 

 
For example, suppose the f(t) is a periodic pulse of width ! and height Fo, such that one 
pulse is centered on t=0 and one pulse occurs every T seconds.  That is, 
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f t( ) = Fo jT "
#
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< t < jT +
#
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; for all integerj

f t( ) = 0 otherwise
 

 
The function as defined is even, meaning that the integrand in the equation for bn is odd.  
Hence all bn are equal to zero.  When one works out the other integrals, one finds 
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2"
T

an =
2Fo sin

n#"
T

$ 

% 
& 

' 

( 
) 

n#
n > 0

 

 
Let’s take ! =0.2T and Fo=1.  Then, 
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so that 
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While for some analytical calculations, the infinite series can be kept, if numerical results 
are required, we usually can only keep a finite number of terms in the sum.  We will once 
again explore this option using Excel.  If you are careful about how you set it up, you can 
get Excel to calculate the coefficients for you.  If you have not already discovered this, 
note that it is possible to make an absolute reference to a column but a relative reference 
to a row, and vice versa.  That is, if you enter “=$D4” into cell D5, that tells Excel to 
look up one row from where it is, but always in column D.  If this formula where copied 
and pasted into cell G10, it would look up one row (9) and into column D, i.e., D9.  For 
n=10, I found: 
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I then expanded my table to 20 terms and replotted: 
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The series is able to fairly accurately reproduce the regions where f=0 and produce a 
pulse of length 0.2s, but the pulse is not the flat one we were trying to obtain.  As a 
general rule, a Fourier series will have trouble reproducing a discontinuity in a function. 
 
If you have been unsuccessful in reproducing these plots, pick a few points in your chart 
(such as the n=5 term for t/T=0.1) and calculate them by hand, using the above equations 
and compare them to the Excel values.  The most common mistakes are simple typos in 
entering numbers or putting in a relative reference in a formula where an absolute 
reference was required (or vice versa). 
 

Assignment 5 
 
Consider a function periodic defined on the interval –T/2 to T/2 as f(t)=1-|2t|/T, and 
periodic in T.  Pictorially, this would be a triangular wave.  It can be shown that the 
Fourier coefficients for this function are 

! 

a0 =1

an =
4

" 2n2
n odd

an = 0 n > 0 andeven

bn = 0 for all n

 

 



Plot this function on the interval from t/T=0 to t/T=2, keeping the first 10 nonzero terms.  
By comparing this result to what you would get keeping 4 or 6 terms, discuss how well 
these series fit the original function and compare the quality of the fit to that of the 
previously worked example. 
 
 
 
 
 
 



Topic 6: Numerical Integration I—Using spreadsheets to solve problems not readily 
solved analytically; applications to air resistance problems 
 
Spreadsheets can be used to perform basic numerical integrations, a useful application 
when a differential equation cannot be solved analytically.  Consider an object moving 
through a fluid, experiencing a net force due to fluid resistance only.  Often, this force 
can be expressed in the following form: 

€ 

Fx = −c1vx − c2vx vx  . 
That is, there is one term in the force proportional to the speed (the linear term) and one 
proportional to the square of the speed (the quadratic term).  Both terms give rise to a 
force that is opposite the velocity, which is why the second term may look a little strange. 
 
When we apply Newton’s Second Law, we find, 

! 

dvx

dt
= "

c1
m

vx "
c2
m

vx vx = "
vx

#
"

vx vx

$
 

where to simplify the equation it is useful to define 

€ 

τ =
m
c1

λ =
m
c2

 . 

!  and % have units of time and distance, respectively.  It is typical in physics to 
consolidate parameters into as few as possible before treating a problem numerically.  
That is, we can explore all possible values of m, c1, and c2 by varying just two 
parameters, !  and %.  Furthermore, dimensional analysis shows !  has time units and % has 
distance units. 
 
The equation we will program into Excel is 

€ 

dvx = −
vx
τ
−
vx vx
λ

 

 
 

 

 
 dt  

This will tell us how much the velocity changes at any instant.  As a concrete example, 
let’s take vo=10 m/s, ! =2.0s and %=6.0m.  Enter the following information, starting in cell 
c3: 
vo  tau  lambda  dt  

10  2 15  0.1  
t  v dv    
Next, under the t (time) header, in cell C6, enter 0, and in C7 enter “=C6+$F$4”.  This 
should give a result of 0.1 in that cell.  Fill this formula down until t=4.0 (row 46).  In 
cell D6 (the first velocity entry), enter “=$C$4”.  In D7, enter “=D6+E6”.  Since E6 is 
currently blank, D7 will have the same value as D6 (10).  Finally, enter in E6, “=(-
D6/$D$4-D6*ABS(D6)/$E$4)*$F$4”.when you hit return, you should find dv=-1.16, 
giving an updated velocity in cell D7 of 8.83 .  If this checks, then go ahead and fill the 
formulae down through row 46. 
 
Construct a labeled plot of vx vs. t, choosing under the scatter plot options the smoothed 
curve with no points shown since we are not plotting data but rather a mathematical 
function that we expect to be smooth.  You should see something like 
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The velocity at t=0.4 is 6.39, according to this spreadsheet calculation.  A quick way to 
test for accuracy of the integration scheme is to change the size of the increment in the 
integration variable, dt in this case, and see if the calculated result is significantly 
affected.  Change dt from 0.1 to 0.01.  This will make the last entry in your spreadsheet 
0.4.  Now the value of the velocity at t=0.4 is 6.57.  Thus if we need a result accurate to 
within a few percent, we will need to reduce the integration step dt to at least 0.01.  As a 
rough guide, if you want to produce results good to within 1%, keep reducing dt until the 
calculated results do not change more than 1%.  If you are needing to extend your 
spreadsheet to thousands of rows to get results which converge properly over the desired 
interval, then a spreadsheet approach is probably not the way to go.  You should explore 
using more specialized software. 
 
Another way to test for convergence is to compare to known results.  In your spreadsheet, 
return dt to its original value of 0.1.  If we set % to a very large number (say, 106), then 
we will effectively be setting c2 equal to zero.  That is, we will reduce the problem to one 
where there is just linear resistance, and the solution is well known: 

€ 

v = voe
−t /τ .  So with ! =2, vo=10, and t=0.4, we expect v=8.1873.  the spreadsheet returns 

a value of 8.1450, an 0.5% difference.  Decreasing dt to 0.01 yields a velocity at 0.4 of 
8.1832, just 0.05% off. 
 
Now let’s look at the other limit where only the quadratic term is present.  We will 
restore % to 15 and set !  to a very large number (106).  This corresponds to taking c1 to be 
approximately 0.  The analytical solution to this limiting case is 



€ 

v =
vo

1+ vo

λ t
, so that when vo=10, %=15 and t=0.4, we expect v=7.8947.  With dt=0.1, the 

spreadsheet indicates 7.7890, a little over 1% on the low side.  Changing dt to 0.01 yields 
7.8848, about 0.1% off.  Thus it appears that the quadratic term requires a smaller 
integration time step to produce the same quality results. 
 
How accurate were our results for the original parameters (! =2, %=15)?  It is hard to say 
since we do not have an analytical solution with which to compare.  We can check 
limiting cases and vary dt to come to the conclusion that it is most likely that we are 
within a few percent when we take dt=0.1 and that we get the error below 1% when 
dt=0.01. 
 

Assignment 6: 
The simple harmonic oscillator in 1 dimension experiences a force of the form F=-kx.  
An object of mass m will oscillate under the influence of this force with a frequency (in 

rad/s) of  

€ 

ωo =
k
m

.  An anharmonic oscillator has a nonlinear restoring force.  One such 

force is of the form F=-kx-k’x3.  Suppose we have an object of mass m subject to this 
anharmonic force.  It is released from x=+A at time t=0.   
a. Show that the differential equation governing its motion can be written as 

€ 

d2y
dτ 2

= −4π 2y − ρy3

where

τ =
t

To

To =
2π
ωo

and ωo =
k
m
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y =
x
A

ρ = 4π 2 ′ k 
k

A2

 

Notice that y, ! , and & are all dimensionless.  The time variable !  has been defined so that 
in the harmonic limit (k’=0), the period will be 1.  In terms of our dimensionless 
variables, we can take either the harmonic limit or equivalently the small amplitude limit 
(A approaching zero) by setting &=0. 
b. Set up a spreadsheet to calculate the position as a function of time.  To do this you will 
need to add one more column than was shown above, to update the position.  You can use 

! 

y " yo + vyot +
1
2

ayt
2 .  Note that ay will be the equation you derived in (a) and yo and vyo 

are the values of the position and the velocity, respectively, from the prior time step.  “t” 
in the above equation is actually the length of the time step (the amount of time elapsed 
since vyo was last measured). 
c. Choose a value of dt which gives convergence to within 0.1%.  Determine this 
convergence by setting &=0 and then integrating forward until one cycle is complete.  



That is, your initial value of y=1; integrate in time until y=1 again.  This is one cycle and 
!  should equal exactly 1 at that point. 
d. Now determine the value of the period for various values of &, ranging up to &=20.  
Create a labeled plot of the period as a function of &. 
 
For this problem, you should turn in your work for part (a), a discussion of your 
convergence test in part (c), and your plot from part (d). 
 
 



Topic 7: Additional exercises 
 

Assignment 7a: 
 
The ground state of the harmonic oscillator can be written as 

  

€ 

ψo x( ) =
mω
π!

 

 
 

 

 
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1
4

e
−

mω x2

2!  

while the first excited state is given by  

  

! 

" 1 x( ) =
m#
$!

% 

& 
' 

( 

) 
* 

1
4 2m#

!
x e

+
m# x 2

2!  

where m is the mass of the object confined in a harmonic potential of the form V=1/2 
m' 2x2.    The probability density associated with these two states is not time dependent.  
If we create a state that is an equal combination of these two states, then the time 
dependence becomes more interesting: 

! 

" x, t( ) = # * x, t( )# x,t( )
=$ o

2 +$ 1
2 + 2$ o$ 1 cos %t( )

 

a. Transform &(x,t) into a new function &(y,! ) where !  is a dimensionless variable equal 
to ' t/2$ and y is a dimensionless variable (which you will need to define) proportional to 
x.  The new density function will have a normalization constant out front, which you can 
ignore.  The rest should look like an exponential times a polynomial function of y. 
b. Generate labeled plots of & as a function of y, when ! =0, 0.2, 0.4, 0.6, 0.8, and 1.0.  
Comment on your results. 
 
Turn in your work for part (a) and your plots for part (b), along with a brief discussion. 
 
 



Assignment 7b: 
 
In classical mechanics, it is common to study the simple harmonic oscillator (F=-kx) with 
a linear damping term (Fdamp=-c1vx).  the resulting differential equation takes the form 

! 

m
d2x
dt2 = " kx" c1

dx
dt

 

Defining (=c/2m and ' o
2=k/m, one finds that when (<' o, the mass will typically undergo 

decaying oscillations, while if (>' o the mass will gradually approach the equilibrium 
position without any oscillations.  We call the first case under damped and the second 
case over damped.  In this problem, you will study the harmonic oscillator with quadratic 
damping added: 

! 

m d2x
dt 2

= " kx " c2
dx
dt

dx
dt

 

a. Rewrite the differential equation by replacing x and t with appropriate dimensionless 
variables. 
b. Use a spreadsheet to numerically integrate this equation.  Take your initial condition as 
the oscillator being released from rest at some point away from the equilibrium position.  
Your goal is to determine under what conditions the oscillations are under damped and 
under what conditions they are over damped.  After you have reached a conclusion, 
repeat this process for a different release point to see if the same criterion applies. 
 
Turn in your work for part (a) and a discussion of your results for part (b).  This 
discussion should include some sample labeled plots showing over damped and under 
damped cases. 


