Module M3: Relative Motion

Prerequisite: Module C1

Topics:
Noninertial, classical frames of reference
Inertial, relativistic frames of reference

References:

Fowles and Cassiday Analytical Mechanics 7th ed (Thomson/Brooks/Cole 2005) Chapter
5

Thornton and Marion Classical Dynamics of Particles and Systems 5th ed
(Thomson/Brooks/Cole 2004) Chapters 10 and 14

Taylor Classical Mechanics (University Science Books 2005) Chapters 9 and 15
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13 10

14 10

TOTAL 80




I. Noninertial, classical frames of reference

A. The general case

What follows is a condensed version of the theoretical background for problems in this
section. You may find it useful to supplement this material by reading from one of the
above references.

Consider two coordinate systems, one the unprimed system and one the primed system.
Assume initially that their coordinate axes are parallel to each other but that their origins,
O and O’, do not necessarily coincide. Let r be the vector that points from O to a given
point P; let »' be the vector that points from O’ to the same point P, and let IEQO be the
vector that points from O to O’. That is, a person locating the point P in the unprimed
system would use I while a person locating P with respect to the primed system would
use . RO describes the relative position of the two coordinate systems. Assuming that
measuring devices behave the same way in both frames of reference (an assumption that
we will question in the next section), vector addition implies:

r=r'+R (1)

o

Differentiating twice with respect to time, again assuming that differentiation is viewed
the same in each frame of reference,
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Let us assume that the unprimed frame of reference is inertial (it does not accelerate).
Newton’s 2" Law applies to inertial frames of reference, and hence

F =ma=ma"+ mA, 4)
Equation (4) applies in a straightforward manner as long as the two sets of coordinate

axes remain parallel. If the primed system rotates with respect to the unprimed system,
things get a bit more complicated. To see this, suppose that the origins of the unprimed



and primed coordinate systems coincide, and they remain the same, but that the primed
coordinate system rotates with respect to the unprimed system. Let @ be the angular
velocity of the primed system. For instance, imagine painting a coordinate system on a
disk and then setting the disk spinning with angular velocity w. The disk would
represent the primed frame of reference while the ground would be the unprimed frame.
Since the origins of the coordinate systems coincide, R, =0, so that by (1) 7 =7". That
is,

xi+yj+ k= x5+ Vi k"
Once again, assuming the unprimed coordinate system is inertial (and hence not rotating),
then differentiating yields )
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Here v is the velocity of point P as measured in the unprimed frame of reference; V' is
the velocity of that same point but measured in the primed (rotating) frame of reference;
and the final three terms in the equation correct for the fact that the measurement is made
in a rotating frame of reference. In a problem below, you will show that

de’ N
—_ =Z%P
dt $

and similarly for the other unit vectors, so that
v=v'+oxr (5)
Repeating this process yields the acceleration transformation:

(!31:(!;1"+%$!r"+2#|7‘$\!/"+,éf$(¢lz‘$!r') (6)

The left hand side represents the acceleration as measured in the non-rotating (inertial)
frame. The first term on the right hand side represents the acceleration an observer in the
rotating frame would measure, the second corrects for the possibility that the rotation rate
of the frame is not constant, the third term is the Coriolis term, and the fourth term is the
centripetal acceleration term. These last three terms can be thought of as the price you
pay for measuring the acceleration with respect to a rotating set of coordinate axes.

We can combine equations (4) and (6) to arrive at a general transformation between
coordinate systems, where the primed system is both accelerating and rotating with
respect to the unprimed system:

I ol 1 | I !
21=21’+Cil—wxi"'+2d)x{/+d)x(cbxi”)+Ao 7).
t

Problems:



1. A pendulum is held at rest with respect to a subway car. When the car accelerates, it is
observed that the pendulum is deflected backward by an angle, ! .

a. Show that Newton’s Second Law does not apply when measurements are made in the
frame of the subway car.

b. Determine the acceleration of the subway car as a function of gand ! .

2. Fill in the gaps in the derivation of the equations for measuring velocity and
acceleration in rotating coordinate systems. In particular,

a. show that dd_Ft) =#$P.

b. derive equation (5).
c. derive equation (6).

3. A rotating restaurant is typically set to complete a revolution in one hour. Consider a
patron walking 1.2 m/s radially out from the center at a distance of 10m from the center.
Estimate the size of the centripetal acceleration and the Coriolis acceleration for the
patron. Will either acceleration likely be noticed by the patron? On what basis can you
decide that?

B. Projectile Motion

Following the approach in Fowles and Cassiday’s Analytical Mechanics, note that for an
object suspended by a string and at rest in a frame of reference attached to the surface of
the earth, Newton’s 2" Law combined with equation (7) yields
" F=ma

! ! !

T+mg,=mA,

T+ m(g, #4,)=0
where @, is the acceleration due to gravity at the earth’s surface as computed by the
Universal Law of Gravitation and T is the tension in the string. Had we ignored the fact
that that the earth’s surface is non-inertial, we would have written (as is common in first
year physics books)

T+mg=0
Tlhusl what we typically measure as the acceleration due to gravity is

g = go - Ao
From now on, we will use § to represent the measured acceleration due to gravity. It has
incorporated in it a correction for the fact that any point on the earth’s surface is
accelerating. Treating the center of the earth as inertial, then Ao just represents the
centripetal acceleration of a point on the earth’s surface, whose direction points in
towards the axis of rotation (not generally the center of the earth) and whose magnitude is
" 2# where " is the rotational velocity of the earth and # is the distance from the point on
the surface to the axis of rotation.



Now consider a projectile near the earth’s surface. Neglecting air resistance,
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The second term on the right hand side is zero, assuming the earth rotates at a constant
rate. The last term on the right hand side is generally smaller than the others and hence
can be dropped. Thus we have

J'= g #28 % )

The angular velocity vector for the earth points from the south pole to the north pole.
However, when making measurements on the surface of the earth, we generally use a
local coordinate system. Let the x axis point east, the y axis point north (both tangent to
the earth’s surface) and the z axis point vertically upward (equivalently, outward along a
radius of the earth). Let $ be the latitude of the origin of our primed coordinate system
(that is, our observation point on the surface of the earth). In terms of this angle,

w=wcos A + wsin AK’

so that (8) can be rewritten

il = —20(ZcosA - yisinA)
yil = —2wx1 sinA 9)
i = —g + 2wXi cosA

For an object launched from the origin with initial velocity V/, = X{P + ¥{ P + £, these
equations may be integrated once with respect to time to yield

Xi'=#2% (Z'cos94t y"sin % + X,
W'=#2$X"sin %+ Y, (10)
H'=#gt + 2$x"cos%+ g,

Using equations (10) as substitutions into equations (9) and dropping terms of order " 2
equations (9) can be integrated twice to yield



X(t) = %wgt3 cos A —wt*(Z,cosA - Y,sinA) + Xt
y'(t) = yot - wxt*sin A (11)

Z(t) = —%gt2 + Zt + wXt* cos A

Problems:
4. Derive equations (11) from equations (9) and (10) as outlined above.

5. Suppose we were to construct a 100m tall tower and drop a rock from the top of the
tower. The Coriolis effect will cause the rock to land off-center. How far away from the
center of the tower base will the rock land, and in which geographic direction? In
addition, provide a qualitative explanation for why the direction is what it is. Note that
the latitude of Ypsilanti is about 42°.

6. Inspection of equations (11) shows that the maximum height achieved by a projectile is
influenced by the Coriolis effect.

a. In which direction (north, south, east or west) should an object be launched in order to
maximize the peak of the trajectory, and how high will it rise? Assume the angle of
launch (with respect to the horizontal) and the launch speed are not changing.

b. In which direction should an object be launched in order to minimize the peak of the
trajectory, and how high will it rise?

c. For an object launched with a speed of 50 m/s and at an angle of 45°, what is the
difference in heights between (a) and (b)? Take the latitude at the launch point to be 42°,
and neglect air resistance.

Il. Inertial, Relativistic Transformations

I will not re-derive some of the basic equations here, nor go in any detail into how the
postulates of relativity came to be. This material is easily found in almost every Modern
Physics textbook as well as in many introductory textbooks. The purpose of this section
is to introduce the transformations in the context of 4-vectors and to look at energy and
momentum relations in more detail.

Consider two frames of reference, S and S’, such that their origins coincide at t=0 and S’
moves in the +x direction at a velocity V with respect to x. An event observed to take
place at time t and position (X,y,z) in frame S will be observed in frame S’ to take place at
time t” and position (x’, y’, z’), where



y_
Z=2 (12)
t’=y(t—v—i()
c
1
r=T
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If these equations are not familiar to you, now would be a good time to get a Modern
Physics text book and read its introduction to Special Relativity. The rest of this may not
make much sense otherwise.

I will now recast these equations in terms of the components of the spacetime 4-vector:

X=X
o=

? (13)
x3—
X, =ct

It is also useful to introduce %V/c so that y = (l -pB 2)_/2. The transformation equations

are now

X' = #, $ #%,
X2 =X, (14)

X=X,
X, = $#%, + 7K,

I will introduce the following notation: X refers to the conventional 3-component
position vector. X refers to the 4-vector defined by

Sg—
Il

Equations (14) can then be written compactly as
X'= AX (15)

provided we define
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We will adopt as our more general definition of a 4-vector any quantity which, when
measured by observers in frames S and S’ as defined above, transforms according to

q'=#q (17)
where & is as given by equation (16).

For a conventional vector, we calculate its length by a modified Pythagorean theorem:

2z — 2 2 2

|x| =q/x +x; X
A property of this definition of length is that it is invariant under rotations. We can view
equation (17) as the 4-vector generalization of a rotation. In this case, however, the

spatial axes are not being rotated. Rather, the #1 and #4 axes are being rotated. It can be
shown that if we define the 4-vector length as

|
o] = /a2 + G2+ 2 -2 (18)

then this length is invariant under the transformation described by equation (17). The
final negative sign makes this equation look a little odd. As a result, some authors will
incorporate a factor of i into the 4™ component, which then produces a negative sign
when squared. This gets rid of the negative sign in (18) but requires your 4™ axis to be
imaginary.

Problems:

7. Verify that [q|=|q| for any two 4-vectors related to each other by equation (17).

8. Suppose you set up an observatory in space with two synchronized clocks 300.0 m
apart. A miniature probe has been constructed so that it will emit a signal once every
0.0100us. This probe is launched such that it passes parallel to the line determined by the
clocks, and it does so at a constant speed of 0.200c. How many times will the probe emit
a signal as it passes between your two clocks? Answer this question using the
transformation equations (14) (not using simplistic time dilation arguments).

Other 4-vectors

Starting from the transformation,
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we consider two nearby points in spacetime:

, Vdx
If in the unprimed frame of reference, dx=0, then this frame of reference would
correspond to one in which the two events take place at the same position. Such a
situation would arise if you are looking at two events which take place on the same

object, and the object is at rest. In this case,

dt"=#lt $ dt :d—;: 1%& dt"

proper

Time measured in the rest frame of an object is known as “proper time”. This time is
relevant to a clock mounted on a moving object (the clock reads the object’s proper time)
as well as to the time that governs the decay probability for an unstable particle.

It can be shown that if you differentiate the spacetime 4-vector of a particle with respect
to its proper time, the result is a new 4-vector:

If we multiply this by the mass of the particle, we obtain the relativistic 4-momentum:
#nmvxg
%
()/Ol'TlVy (
Wmv_(

z

go"mc (

The first three components are ' times the non-relativistic momentum. In the limit that
v<<c, these reduce to the no-relativistic momentum. The fourth component can be
interpreted as the particle energy, E, divided by c. In particular, if you do an expansion
for v<<c, you find that E=' mc? has as its lead term mc” and its second term, the classical
kinetic energy, 1/2 mv®. The lead term mc? is interpreted as the rest energy of the
particle, or its mass-energy equivalent. Anything in excess of that is the particle’s kinetic
energy. Thus we have:

p:

="V (19)
= ymc? (20)
KE = (y-1)mc’ (21)

o o



With these definitions, then the principles of momentum conservation (in the absence of
unbalanced external forces) and energy conservation apply. These will be explored in
problems below.

Problems:

9. Show that for v<<c, the energy E can be expanded in the form
E=A+Ay*+ A", Determine the constants A, A,, A3, and comment on the
significance/interpretation of each term.

10. Show that
1) 2
a. p¥p =-(mc)
b. E*= (mcz)2 + p’c®. This equation implies that for a massless particle, E=pc, a result
that will be helpful in problem #13.

11. A proton is accelerated in a lab to the point that its kinetic energy is 537MeV.

a. Calculate ' for this proton.

b. The proton collides with a second proton that is at rest in the lab frame. Show that the
center of mass frame of reference, defined as the one in which total momentum of the
system is zero, has a velocity with respect to the lab frame given by

Vo= va . Here vy and ' refer to values associated with the accelerated proton in the

1+y
lab frame (that is, values you dealt with in part a). Note that you cannot solve this
problem by calculating the center of mass velocity in the nonrelativistic approximation.
You should begin by seeing what it will take for the total momentum to be zero. Also
note, that by the time you complete the next part of this problem, there will be several ' ’s
and %s involved, depending on the particle and frame of reference. An additional set is
associated with transforming between the two frames of reference. Identify those with
the “T” subscript.
¢. How much kinetic energy does each proton have in the center of mass frame?
d. Discuss why the total kinetic energy in the center of mass frame puts an upper limit on
the energy available to create new particles, and why this limit is better than using the
kinetic energy in the lab frame.

12. A particle of mass m moves in the +x direction with a speed of 0.75¢c. Determine its
speed in a frame of reference moving in the —x direction at 0.50c. Do this by calculating
the 4-momentum in the original frame of reference, transforming the 4-momentum into
the new frame, and determining the speed from the transformed 4-momentum.



13. A pion ((°) can decay into a muon () and a muon antineutrino (™). The rest

energy of the pion (mc?) is 140 MeV, while that of the muon is 105.7MeV. The muon
antineutrino can be treated as massless (see problem 10).

a. Show that principles of energy conservation and momentum conservation require that
in the center of mass frame, the energy of the neutrino must be 30.1 MeV. Make sure
you use the relativistic energy expression when applying energy conservation.

b. Suppose a pion is moving at 0.68c¢ in the +x direction in the laboratory frame of
reference when it decays. The muon is observed to leave at an angle of 12.2° below the x
axis. In what direction (in the lab frame) will the neutrino be traveling? Hint: there are
two possible solutions. As a check, verify the conservation of the 4-momentum vectors
in the lab frame.

14. In this modified version of the previous problem, continue to assume the pion is
moving in the +x direction at 0.68c, but do not assume anything is known about the
direction of the outgoing muon.

a. Determine the range of possible outgoing angles for the muon. You may either do this
analytically or numerically, but whichever way you approach it, make sure you explain
your reasoning.

b. Plot the energy of the outgoing muon as a function of its outgoing angle.



